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Preface

Preface to the Cambridge University Press Edition

The topic of this book is the analysis and design of radio systems and their constituent subsytems and devices.
Chapters[TH6 cover the basics of radio: antennas, propagation, noise, and modulation. Chapters [BHI8| cover radio
hardware: circuits, device technology where relevant, and the basics of digital signal processing. The intervening
Chapter[7] (“Radio Link Analysis™) serves as the bridge between these two parts of the book by demonstrating how
system-level characteristics lead to particular hardware characteristics, and vice-versa. Appendix [Blserves as a summary
of commonly-encountered radio systems in this context. Appendix [Aladdresses modeling of path loss in terrestrial
channels, building on the fundamentals presented in Chapter [3] (“Propagation”).

This book presumes the reader is interested primarily in communications applications, however most of the material is
relevant to other applications of radio including navigation, radar, radio astronomy, geophysical remote sensing, and radio
science.

The use of the term “systems engineering” in the title of this book bears some explanation. In the parlance of
communications engineers, the scope of this book is limited to considerations at the physical layer and below, with little
coverage of issues at higher layers of the protocol stack. Further, some readers may judge that only Chapters[Il [7, and
Appendix [B] (or maybe just Chapter[7)) address systems engineering, in the sense of complete “end-to-end” system analysis
and design. Nevertheless, the title “Radio Systems Engineering” seems appropriate because each topic — especially those
in Chapters [SHI8] - is presented in the context of system-level design, with extensive cross-referencing to associated topics
in the first half of the book and to Chapter[7l

Intended uses of this book: This book is has been written with three possible uses in mind:

* Primary textbook in senior- and beginning graduate-level courses in radio systems engineering. This book can
serve as a single textbook for a 2-3 semester course sequence. Associated courses typically have titles such as “radio
communications systems,” “wireless engineering,” “wireless systems,” etc. The recommended syllabus would cover
the chapters in present order, from beginning to end. For a two-semester sequence a few chapters or sections of
chapters would likely need to be bypassed; in this case Chapters [12] (“Antenna Integration™), [I8] (“Digital
Implementation of Radio Functions™), and sections from the last half of Chapter[6] (“Digital Modulation™) are
suggested for omission. Alternatively, this book may serve as a textbook for a traditional one-semester radio
communications systems course, using Chapters [IHZ} or a traditional one-semester radio circuits course, using
Chapters[BHI7l In either case the other half of the book is useful as context or supplementary material.

9 ¢

* Reference for practicing radio systems engineers and engineers who require a reference on topics outside of their
primary area. | imagine that I am not too different from many practicing engineers who find themselves proficient
in a few areas, but who occasionally need to function in realms which are less familiar. In this case it is useful to
have a single reference in which all of the most common topics are summarized in a consistent way, and to a
comparable level of detail. To be clear, the intent is not to replace books on anyone’s bookshelf — but it is hoped that
this book will be one of those that you keep at arm’s reach, has the answers to the questions that most often arise,
and points in a productive direction for those topics which fall outside the scope of this book.
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* Supplementary reference in “special topics” courses pertaining to radio. At many institutions, radio and wireless
topics are not taught in systems-oriented courses, but rather through a set of courses in specialized topics. These
courses have titles such as “antennas,” “propagation,” “digital communications,” “amplifiers,” “frequency
synthesis,” and so on — essentially, the titles of chapters of this book. It is possible that instructors will find this book
suitable as the primary textbook for such specialized courses, especially if several such courses are arranged into
“tracks” which students are encouraged to follow in sequence. If the instructor finds that this book does not provide
sufficient depth of coverage for a particular special-topic course, this book can serve as a supplementary reference,
providing the student with some higher-level context and a quick reference for associated topics.

9% <

Assumptions about the reader: This book assumes the reader has university-level training in electrical engineering (EE),
including elementary circuit theory, signals & systems, probability & statistics, basic analog and digital electronics, and
electromagnetics. In most four-year EE programs these topics are covered within the first three years. Practicing electrical
engineers who have been away from academia for a long time should have no difficulty following this book; also those
working in related fields such as physics or engineering science should find this material accessible with little or no
additional engineering training.

Except for a few parenthetical references, I have avoided the use of the Smith chart in this book. It is not possible to avoid
reference to the real-imaginary plane on which the Smith chart is superimposed. However I feel the value of knowing how
to maneuver the circles, arcs, and rotations of the Smith chart is not really apparent until one is comfortable with the
fundamentals of RF circuit analysis and design. No doubt some experienced readers and some instructors would prefer —
for good reasons — to see Smith charts introduced early and used throughout. I am sympathetic to that point of view, and
would like those persons to know that there is no barrier to augmenting this book with Smith charts; the places to do this
(primarily in Chapters[BHIQ) should be obvious.

Acknowledgements: Here’s a list of talented and helpful people who have contributed to this book: Undergraduate student
Joe Brendler built and tested many amplifiers and oscillators in order to identify a few that could be presented in this book
as examples and problems. The survey and characterization of MMIC amplifiers summarized in Figures and[I1.3l was
the work of Ph.D. student R.H. (Hank) Tillman. Paul Swetnam and Ken Ayotte of Dynamic Sensor Systems LLC
graciously provided the phase noise data that appears in Figure I am grateful to Louis Beex, Harpreet Dhillon,
Allen MacKenzie, and Mike Ruohoniemi for their review of various portions of this book. I have subjected many students
at my home institution of Virginia Tech to early versions of the chapters within this book, and they have provided many
useful suggestions. Undergraduate student Jay Sheth volunteered to review some chapters and to work the problems as an
independent study project, which was very helpful. A university is a pretty good place to write a book, and the Bradley
Department of Electrical and Computer Engineering at Virginia Tech was an especially good place to write this particular
book. I appreciate the support of the Department and its staff while working on this project. It has been a delight to work
with Julie Lancashire, Sarah Marsh, and Heather Brolly of Cambridge University Press on this project. Finally, I
appreciate the support of my wife, Karen Peters Ellingson, who also served as photographer and is responsible for the
uncredited pictures appearing in this book.

Preface to the Revised First Edition

The principal revision is the copyright, which is now held by the author via a Creative Commons BYNC license. Thus,
this book is now free of cost and free to modify and redistribute for non-commercial uses. Thanks to Roger Astley of
Cambridge University Press and Anita Walz of Virginia Tech for facilitating this conversion. Thanks to Anita Walz for
negotiating open licenses for figures obtained from IEEE publications, and to Kindred Grey for cover design and
production assistance.

In order to release this book under the new license as quickly as possible, only minor changes have been implemented. All
known errata have been addressed, and various minor issues with text and figures have been addressed. There has been no
significant addition or subtraction to the content of the book. The style of the book has changed slightly; for example,
examples now appear in colored boxes, and some figures now appear in color as opposed to black and white.
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Chapter 1

Introduction

1.1 Radio: What & Why

Radio is the use of unguided propagating electromagnetic fields in the frequency range 3 kHz and 300 GHz to convey
information. Propagating electromagnetic fields in this frequency range are more commonly known as radio waves. In a
radio communication system, a transmitter converts information in the form of analog signals (e.g., voice) or digital
signals (i.e., data) to a radio wave, the radio wave propagates to the receiver, and the receiver converts the signal
represented by the radio wave back into its original form. Radio systems engineering encompasses the broad array of
topics pertaining to the analysis and design of radio communications systems.

Radio is not unique in its ability to transfer information using unguided electromagnetic radiation. As shown in Table [T}
the electromagnetic spectrum also includes infrared (IR), optical, ultraviolet (UV), X-rays, and ~y-rays. In principle, the
only fundamental difference between these phenomena is the associated range of wavelength A\, which is related to
frequency f by the speed of light ¢ as follows:

A =c 1.1

where c is the speed of light; approximately 3.0 x 108 m/s in free space.

In practice, the various forms of electromagnetic radiation are quite different, with their behavior being determined by
wavelength relative to the sizes of structures in the environment in which they propagate, and the nature of the media in
which propagation occurs. Radio propagates relatively efficiently through air and most building materials, and tends to be
scattered — as opposed to being absorbed and dissipated — by structures larger than a wavelength. This is in contrast to IR,
optical, and UV, all of which tend to be much more easily dissipated by propagation through air or building materials.
X-rays and ~y-rays are not as limited by this problem, but are relatively difficult to create and capture, and are relatively
dangerous to human health. So, whereas wireless communication is certainly possible using electromagnetic radiation in
any of these regimes, radio is especially convenient in that it is simultaneously easy to use, has good propagation
characteristics, and is relatively safe.

This is not to say that radio does not also have disadvantages compared to other forms of electromagnetic radiation.
Perhaps the most important of these is that bandwidth is relatively limited. This is for two reasons: First, the span of
available frequencies is limited. Although 300 GHz may seem like a lot, all of the advantages described above are most
pronounced at the low end of the spectrum, and for this reason the vast majority of radio systems operate at frequencies
below about 15 GHz. In contrast, the optical range of frequencies is about 2 PHz (2 million GHz!) wide, and a single
optical communications channel commonly has bandwidth at least as wide as 15 GHz. The relatively small amounts of
spectrum available at radio frequencies motivate the use of relatively sophisticated modulation schemes in order to
increase spectral efficiency; that is, the rate of information that can be transferred effectively over a specified bandwidth.
These more sophisticated schemes require higher-performance hardware, resulting in the imposition of stringent
performance requirements on radios. Comparable measures are not required in higher-frequency portions of the
electromagnetic spectrum, due to the relative abundance of spectrum.
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Regime Frequency Range Wavelength Range  Span
v-Ray >3 x 101 Hz < 0.01 nm

X-Ray 3 x 101 Hz -3 x 10" Hz 10-0.01 nm 103
Ultraviolet (UV) 2.5 x 105 -3 x 106 Hz 120-10 nm 10!
Optical 4.3 x 10* - 2.5 x 10*° Hz 700-120 nm 1095
Infrared (IR) 300 GHz — 4.3 x 10'* Hz 1 mm — 700 nm 103
Radio 3 kHz - 300 GHz 100 km — 1 mm 108

Table 1.1: The electromagnetic spectrum. Note that the indicated boundaries are arbitrary but consistent with common
usage. “Span” is the ratio of highest to lowest frequency.

Band Frequencies Wavelengths  Typical Applications
EHF 30-300 GHz 10-1 mm  WLAN (60 GHz), Data Links

SHF 3-30 GHz 10-1 cm Terrestrial & Satellite Data Links, Radar
UHF 300-3000 MHz 1-0.1m TV Broadcasting, Cellular, WLAN
VHF 30-300 MHz 10-1 m FM & TV Broadcasting, LMR

HF 3-30 MHz 100-10 m Global terrestrial comm., CB Radio

MF 300-3000 kHz  1000-100 m  AM Broadcasting

LF 30-300 kHz 10-1 km Navigation, RFID

VLF 3-30 kHz 100-10 km  Navigation

Table 1.2: The radio frequency spectrum, with ITU band designations. WLAN: Wireless local area network, LMR: Land
mobile radio, RFID: Radio frequency identification.

1.2 The Radio Frequency Spectrum

The radio segment of the electromagnetic spectrum covers eight orders of magnitude in frequency (or wavelength), with
significant variation in properties and utilization over that span. Therefore it is useful to further subdivide the radio
spectrum into bands. One common scheme for defining and naming the bands is the scheme promulgated by the
International Telecommunications Union (ITU), shown in Table[T.2] The acronyms “VLF”, “LF”, “MF" stand for “very
low frequency”, “low frequency”, “medium frequency”, and so on. An alternative partitioning of the spectrum is by bands
designated by the IEEE (Institute of Electrical and Electronics Engineers) as shown in Table[I.3] In both cases band names
are primarily historical, and do not convey any particular technical information. Furthermore, the assignment of band
names to frequency ranges is arbitrary, and one occasionally encounters definitions using somewhat different frequency
ranges. Nevertheless, the schemes shown in Tables[I.2] and [[.3] are widely used and facilitate concise engineering
discussion.

Band  Frequencies Wavelengths
W 75-110 GHz  0.400-0.273 cm
v 40-75 GHz 0.750-0.400 cm
Ka 27-40 GHz 1.111-0.750 cm
18-27GHz 1.667-1.111 cm
u 12-18 GHz  2.500-1.667 cm
8-12GHz  3.75-2.50 cm
4-8 GHz 7.5-3.75 cm
2-4 GHz 15-7.5 cm
1-2 GHz 30-15cm

CwnuAa X AR

Table 1.3: The radio frequency spectrum by IEEE band designations. In addition, the term “P-band” is sometimes used to
indicate frequencies around 300 MHz (1 m wavelength).
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Use of the radio spectrum is determined by both technical and legal considerations. While this book is concerned
primarily with technical considerations, it is useful to know something about the legal framework within which radio
systems operate. A framework for the use of the radio spectrum has been established through a system of international
treaties developed through the auspices of the ITU. An international framework of regulation is important for at least two
reasons. First, some forms of radio communication extend across national boundaries: two prominent examples being
HF-band broadcasting and satellite communications. Second, it is in the common interest to standardize the technical
characteristics of radio systems in order to allow them to be used internationally; two prominent examples here being
personal cellular telecommunications and air traffic control systems.

Within the international regulatory framework, national governments create and enforce additional regulations to further
elaborate on permitted uses of the spectrum. In the U.S., the federal government’s use of spectrum is regulated by the
National Telecommunications and Information Administration (NTIA), whereas non—federal (i.e., commercial, amateur,
and passive scientific) use of spectrum is regulated by the Federal Communications Commission (FCC). FCC regulations
concerning use of the spectrum are codified in Title 47 of the U.S. Code of Federal Regulations (CFR).

Table[L.2lists a few applications associated with each ITU band and which are common to all nations. The vast majority
of radio communications systems operate in the span from 500 kHz (the lower edge of the 500 kHz — 1800 kHz AM
broadcast band) to about 15 GHz, although a few important applications exist at lower and higher frequencies.

Example 1.1. What is the free-space wavelength in the center of the US AM broadcast band? What ITU frequency
band does this fall into?

Solution: The US AM broadcast band is 540-1600 kHz, so the center frequency is 1070 kHz. The wavelength at that
frequency is ¢/ (1070 kHz) = 280 m. This falls in the MF band.

Example 1.2. For a particular application, the free-space wavelength is 3 m. What application could this be, and
what ITU frequency band does this fall into?

Solution: The frequency at that wavelength is (3 m) /¢ = 100 MHz. In most of the world, this frequency is used for
FM broadcasting (in the US, the FM broadcast band is 88—108 MHz). This falls in the VHF band.

1.3 Radio Link Architecture

A radio link is a system employing radio waves to convey information between locations. At the highest level, radio links
can be classified in terms of directionality, topology, and multiple access technique. Some examples are provided in
Table[T.4] It is useful to be familiar with these concepts while considering the lower-level details which are the focus of
this book.

Directionality refers to the intended direction of information flow. There are three primary types, as illustrated in
Figure[L} simplex, half-duplex, and full-duplex. A simplex link moves data in one direction only prime examples being
the link between any AM, FM, or TV broadcasting station and a receiving radio. Another example is wireless telemetry, in
which a device continuously transmits information about itself to a central location, where the information is interpreted
and there is no response. In a half-duplex link, information is sent in both directions, but in only one direction at a time.
When the direction is controlled by users, this scheme is referred to as “push to talk” (PTT). An important class of PTT
half-duplex systems is land mobile radio (LMR). In LMR, the user at one end sends a message, then the user at the other
end of the link responds, and there is no overlap. In contrast, a full-duplex link accommodates simultaneous transmission
of information in both directions; a good example being modern cellular telephonyﬂ

I'This is the formal definition. As will be pointed out shortly, “simplex” may also refer to topology as opposed to directionality.
2Not to confuse the issue, but: Cellular telephone systems can also be used to implement (what appear to the users as) PTT-type links, providing an
LMR-type service to its customers without the need for a physical LMR system.
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Directionality Topology Multiple Access
Backhaul full-duplex point-to-point  (none)
TV Broadcast simplex broadcast (none)
Telemetry simplex point-to-point  (depends)
LMR half-duplex broadcast usually PTT (“manual” TDMA)
Cellular (Voice) full-duplex* point-to-point FDMA/TDMA/CDMA

* typically FDD.

Table 1.4: Examples of radio links to demonstrate the concepts of directionality, topology, and multiple access. See text for
elaboration on the topology of LMR and cellular systems.

]

]

TX a\
RX o
X
RX g
X

Duplexer
RX

_° RX
o X
o RX
o TX
— RX

Duplexer
— TX

Figure 1.1: Top to bottom: Simplex, half-duplex, and full-duplex radio links. “TX” represents a transmitter, “RX” repre-

sents a receiver.



1.3. RADIO LINK ARCHITECTURE 5

RX RX

() (b)

Figure 1.2: Topologies: (a) broadcast, (b) point-to-point. This is a physical perspective; what users percieve depends on the
multiple access technique.

Directionality impacts the design of radios as follows: Simplex radios are either transmitters or receivers, but not both.
Half-duplex radios have both transmitters and receivers, but only one requires access to the radio’s antenna at any given
time. True full-duplex radios also have both a transmitter and receiver, and both are potentially active at the same time.
Simultaneous receive and transmit normally requires frequency division duplexing (FDD), which means receive and
transmit occur at separate, normally widely-spaced frequencies. The receiver and transmitter in a true full-duplex radio
share the antenna through a device known as a duplexer, which serves to isolate the receiver from the high power
generated by the transmitter. High-performance duplexers are difficult to implement, so FDD is sometimes augmented or
replaced with time-division duplexing (TDD). A TDD system is fundamentally half-duplex; i.e., the transmitter and
receiver take turns using the antenna; however users percieve the link as full duplex. TDD offers some relief from the
challenges inherent in simultaneous transmit and receive, but introduces the problem of coordinating the transmit/receive
transition between the ends of the link.

Topology refers to the geometry of the radio link, and there are only two primary types: broadcast, and point-to-point.
These are shown in Figure[[.2l A broadcast link conveys information from a particular radio to all radios within range,
typically over a region which completely surrounds the transmitter. Obviously, AM, FM, and TV broadcasts are examples
of links with broadcast topology. LMR, too, uses a broadcast topology: Any user transmits with the expectation of being
received by any other user within range. A point-to-point link is a link which nominally conveys information from one
radio to a particular radio. A good example of a point-to-point link is a “backhaul” link used in telecommunications
systems to form high-bandwidth connections between two particular sites, such as a cellular base station and a call
switching center (see Section[/.7]for an example). Note that the term “topology” refers to the geometry of the intended
flow of information: Thus, a transmitter may well transmit radio waves in all directions, but the associated link is
considered point-to-point if there is only one intended recipient.

There are cases in which the distinction between broadcast and point-to-point links is not clear-cut. A good example is an
LMR system employing repeaters, crudely illustrated in Figure[T.3] A repeater is an LMR radio which receives user
transmissions and simultaneously retransmits them on a different frequency in order to avoid interference with the original
transmission. Repeaters are typically fixed stations which can employ better antennas and higher power; therefore this
scheme increases the size of the geographical region over which an LMR system may operate. In contrast to repeater-less
LMR systems, an LMR link utilizing a repeater actually consists of two radio links: a point-to-point link from transmitting
user to repeater, and a broadcast link from repeater to receiving users. It should be noted that it is common practice to refer
to LMR systems that do not use a repeater as being “simplex” — a bit confusing, but keep in mind that this is actually a
reference to the topology as opposed to the directionality, which is half-duplex in either case.

Cellular telecommunications system also have “multiple personalities” in this respect: Whereas user information flow is
always point-to-point, cellular networks require control signals which must be broadcast. For example, cellular phones
must broadcast a control signal to make themselves known to base stations within range, and base stations broadcast
information to all cell phones within range, including time and service provider identification.

Multiple Access refers to the method used to manage access to spectrum when the potential exists for multiple users to
require simultaneous access. Not all links require this: For example, AM/FM/TV broadcast systems transmit continuously,
so there is no need to manage access; and LMR/PTT systems have no explicit multiple access methodology; users are
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Figure 1.3: A repeater topology: Point-to-point to the repeater, broadcast from the repeater.
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Figure 1.4: Multiple access strategies: (a) FDMA, (b) TDMA.

expected to monitor the channel and to refrain from transmission while it is in use. In contrast, multiple access is a
paramount consideration in other systems, including cellular telephony, WLAN, and satellite communications systems.
There are three principal categories of multiple access techniques: frequency-division multiple access (FDMA),
time-division multiple access (TDMA), and code-division multiple access (CDMA). In FDMA (Figure [[.4(a)), links are
assigned to dedicated channels (in this case meaning subdivisions of the available spectrum) so that multiple links may be
active simultaneously. In TDMA (Figure [[.4(b)), radios take turns transmitting; i.e., each user gets access to increased
spectrum while other users wait. The tradeoff is self-evident: increased spectrum available to each user, but not available
with 100% duty cycle, and requiring some increased sophistication to precisely coordinate transmission times.

In CDMA (Figure [[.3), radios transmit simultaneously using the same spectrum, and interference is mitigated using a
spread spectrum technique. The spread spectrum technique most commonly associated with CDMA is direct sequence
spread spectrum (DSSS; see Section [6.18)), commonly known simply as “spreading.” Spreading renders the signal as a
noise-like transmission which is uniformly distributed over the spectrum available to all transmitters. Spreading is done in
a deterministic manner that allows the signal to be “despread” at the receiving end. The DSSS form of CDMA is
commonly used in cellular mobile telecommunications systems. Alternatively, a form of CDMA can be implemented
using frequency hopping spread spectrum (FHSS), in which the center frequency of a user changes many times per second
according to a predetermined sequence that is unique to the transmitter. In either DSSS or FHSS forms, the principal
advantage of CDMA is flexibility: In principle any number of users can simultaneously access the entire available
spectrum, and the penalty for increasing the number of users is an apparent increase in the in-band noise.

It should be noted that there are additional multiple access techniques beyond the “big three” of FDMA, TDMA, and
CDMA. For example: In satellite communications systems it is common to use the orthogonal polarizations of a radio
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Figure 1.6: A cellular telecommunications system. Each circle represents a coverage cell served by a base station. Sets of
cells which do not overlap (e.g., the cells shaded in this figure) are in principle able to use the same frequencies without
interference.

wave to implement two links simultaneously without interference. Some wireless data networks employ carrier sense
multiple access (CSMA), which is essentially an unscheduled form of TDMA in which radios are allowed to transmit if
they are unable to sense an active signal in the channel. Also, in some cellular systems, FDMA is employed to divide the
spectrum into channels, and TDMA is employed to accommodate multiple users within each channel.

While we are on the topic of cellular telecommunications systems: The defining feature of these systems is multiple access
in the geographical sense: such systems consist of cells, which are contiguous geographical regions, typically on the order
of kilometers in dimension, containing a single base station and all mobile users nominally being serviced by that base
station. This is illustrated in Figure[[.6l The partitioning of the coverage area into cells allows the same frequencies to be
reused in non-adjacent cells, provided sufficient distance between cells to maintain acceptably low interference. Thus
cellular networks implement what is essentially a spatial form of multiple access. This scheme facilitates reuse of
frequencies within a cellular network, which is essential given the limited availability of suitable spectrum.

1.4 Elements of a Radio Link

Figure [[.7] shows the elements that commonly appear in a radio link. The transmitter accepts the information and
generates a representation of that information that is suitable for radio transmission. This process is known as modulation,
covered in Chapters[3l (modulation of analog information) and [] (modulation of digital information). Frequently,
additional processing of the modulated signal is necessary; for example, to modify the center frequency or to increase
power; these details are addressed in Chapter [I7] (“Transmitters”). Antennas are used to convert the resulting electrical
signals to radio waves and vice-versa, as explained in Chapter[2] Between antennas, the radio wave is subject to several
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Figure 1.7: A high-level representation of a radio link (Chapter numbers are indicated for quick access to discussions of
these particular topics).
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Figure 1.8: A simple transmitter.

forms of loss in addition to a plethora of possible distortions, including multipath interference. We refer to these effects
collectively as propagation, which is the topic of Chapter Bl The signal processed by the receiver is further degraded by
environmental noise; i.e. noise originating from outside the receiver; as well as internal noise; i.e., noise generated by the
receiver itself. Environmental and internal noise are addressed in Chapter dl The remaining steps are counterparts of
processing in the transmitter: RF processing to modify center frequency and apply gain to overcome propagation losses,
and demodulation to convert the recovered signal to recognizable information, typically in its original form. Demodulation
itself may involve quite a few steps; glance at Figure for a preview.

Before plunging into the details of radio system analysis and design, it is useful to know a little more about typical
architectures of transmitters and receivers. Let’s start with transmitters. Figure [[.§] shows a simple and very common
transmitter architecture. Here, the key component is an oscillator, which functions as the modulator. An oscillator is a
device which produces sinusoidal output at a specified magnitude and frequency. In this transmitter, the information signal
controls the oscillator, resulting in an amplitude-modulated (AM) or amplitude-shift keying (ASK) signal when the
magnitude is controlled, or a frequency-modulated (FM) or frequency shift keying (FSK) signal when the frequency is
controlled. The RF processing consists of a power amplifier (PA), whose purpose is to amplify the signal so as to increase
range. This architecture appears in a variety of applications including some AM and FM broadcast transmitters, wireless
keyless entry devices, and certain other devices. When used as shown in Figure[1.8] the variable oscillator is sometimes
known as an exciter.

Whereas the architecture of Figure [[.§]is well-suited to AM/ASK and FM/FSK modulations, the more sophisticated
modulations required for improved spectral efficiency are considerably more difficult to implement in this architecture.
This includes modern digital broadcasting services (both audio and television) and the mobile radios employed in modern
cellular telecommunications; e.g., your cell phone. For these systems it is typically necessary to perform modulation in the
digital domain (i.e., using digital devices), and then to convert the result to analog form. This approach is shown in
Figure[T.9] Here, the information is digital; either inherently so (i.e., the information is digital data) or via conversion from
an analog signal, such as voice. The conversion from analog form to a digital representation is known as source coding
(Section E In either case, modulation converts the data into a discrete-time representation of what we would like to
transmit. To get a radio frequency signal in the analog domain, we first convert the digital representation of the modulator
output to an analog signal using a digital-to-analog converter, which is commonly referred to as a “DAC” or “D/A”
(Section[TZ.3). It is usually not possible to do the D/A conversion at radio frequencies; in this case the conversion is

3In some quarters “source coding” is a synonym for data compression, and does not necessarily imply A/D conversion. In this book we’ll use the term
more generally to include A/D conversion when the source information is analog.
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Figure 1.9: A transmitter employing digital baseband processing.
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Figure 1.10: An all-analog receiver.

performed at a lower frequency and then upconverted to the RF frequency at which it will be transmitted. The upconverter
accomplishes this by combining the signal with one or more local oscillator signals, as explained in Chapter[[4l In some
cases it is possible and desirable to perform the D/A conversion at the intended transmit frequency, in which case the

upconverter can be eliminated. See Figure[[7.1land associated text for a more detailed overview of the architectural
possibilities.

When digital-domain processing is performed using computers (i.e., in software) or in reprogrammable logic devices (i.e.,
in firmware), such architectures may be referred to as software radio or software-defined radio (SDR) architectures.
Generally, however, the term “software radio” is reserved specifically for applications in which the flexibility offered by
software or reprogrammable firmware is intended to be exploited to allow changes to the design after the radio is put into
use. This incurs some additional challenges, as discussed in Section[18.6

Receiver architectures analogous to the “simple” and “digital baseband processing” transmit architectures of Figures
and [[.9]are shown in Figures and[L.T1]l In both architectures we employ a low-noise amplifier (LNA), whose job it is
to overcome propagation loss while not adding too much additional internal noise (Section[10.3). Then we downconvert —
that is, shift the center frequency from the radio band to a lower frequency that is easier to process. Like upconversion, this
is done by combining the input signal with a radio frequency signal generated by an oscillator. The downconverter will
typically need to apply a lot of additional gain, because the gain of the LNA alone will usually not be enough. The reasons
for this will become apparent in Chapters[T0} [[T]and[I3l Also, the downconverter will need to apply some filtering
(Chapter[13) to reject interference (later, we will refer to this filtering as selectivity). Finally, there is demodulation.
Analog demodulators are common, but are typically limited to AM and FM for analog information and ASK and FSK for
data. For more sophisticated modulations, we typically follow the approach shown in Figure [LT1} Digitize the signal
using an analog-to-digital converter (“ADC” or “A/D”; Section[13.2)) and perform the demodulation digitally. In cases
where the demodulation is implemented in software or reprogrammable firmware, we may refer to this as a software radio
architecture. Also, as in the case of transmitters, it is sometimes possible and desirable to digitize the received signal
“directly”, without downconversion; for details on this, see Sections

1.5 Modern Radio Design: Levels of Integration

Separate from the topic of architecture, we would like to consider the issue of integration. As recently as the early 1970’s,
radios were typically comprised entirely from discrete components; i.e., separate resistors, capacitors, inductors,
transistors, transformers, and so on. Some radios continue to be designed and manufactured in this manner; see e.g.,
Figure[[.12(a). Presently most radios, including nearly all new designs, consist of a just a few integrated circuits (“ICs” or
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Figure 1.11: A receiver employing digital baseband processing.
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Table 1.5: Types of specifications for radios.

“chips”), with a sprinkling of discrete components required only to perform a few functions that remain difficult to
integrate: These include resonators, bypass capacitors, certain bandpass filters, and baluns; see e.g. Figure [L12(b). These
ICs are sometimes referred to as radio frequency ICs (RFICs). The development and proliferation of RFIC-based radio
design has evolved for a number of reasons: size reduction for certain, but also cost reduction and improved ability to
implement very complex circuits that are both reliable and repeatable.

The engineer’s ability to design using discrete components continues to be an important skill, for several reasons. First,
RFICs are themselves collections of discrete components. Second, RF functions in some applications continue to be best
handled using discrete component design. Prominent examples include LNAs for cellular base station receivers, which
frequently benefit from the use of highly-optimized discrete transistors; and filters and impedance matching circuits
generally, since these typically require inductive reactance which is difficult and often impractical to implement in RFIC
form.

Thus, aspiring radio engineers should understand both the fundamentals of radio engineering, which are best described in
terms of discrete circuits, and should also be familiar with the unique issues and challenges associated with RFIC design.
In this book, we will approach the material from the perspective of design that will seem initially to pertain to a low level
of integration, and will point out special considerations associated with IC implementations in a separate section in
chapters where this topic becomes particularly relevant.

1.6 Specifications in Modern Radio Design

Table[l.5]illustrates key specifications — and thus the key challenges — in radio design. The design of receivers can be
boiled down to 6 specifications: Sensitivity, linearity, and selectivity, all of which we would like to maximize; and
size/weight, power consumption, and cost, all of which we would like to minimize. Level of integration comes to bear
primarily on size/weight and cost requirements, and power consumption considerations are certainly not unique to radio
design. Let us therefore focus for the moment on the first three receiver specifications.

Sensitivity refers to the strength of the signal arriving at the receiver that is required to achieve a specified minimum
signal-to-noise ratio (SNR) at the output. Improved (“higher”) sensitivity implies that the receiver is able to deliver a
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Figure 1.12: Levels of integration: (a) An all-analog Citizen’s Band (CB) handheld radio exhibiting a relatively low level
of integration; (b) A modern cellular handheld phone with digital baseband processing, exhibiting a relatively high level of
integration. Shown approximately to scale.
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specified minimum SNR at the output given a weaker signal. Within this framework there remain many ways to specify
sensitivity, each being more or less appropriate in particular cases; these details are addressed in Section

Linearity refers to the maximum strength of the signal of interest, or of signals at nearby frequencies, which can be
processed without unacceptable levels of distortion. While “sensitivity”” addresses the ability to process weak signals,
“linearity” addresses the ability to process strong signals. Linearity and sensitivity are typically contradictory goals, and
most receiver designs represent a tradeoff between these goals which is appropriate for the particular application. Like
sensitivity, there are many ways to specify linearity; a primer is provided in Section 1.2}

Selectivity refers to the ability of a receiver to prevent signals at nearby frequencies from interfering with the processing
of the intended signal. A receiver with high selectivity is able to process the signal of interest when its frequency is very
close to that of an interfering signal, whereas the output of a receiver with low selectivity will be degraded under similar
conditions. Selectivity is related to bandwidth, since is it necessary for a receiver to access a segment of spectrum which is
at least as large as the bandwidth of the signal of interest. However some modern receivers are designed to process
multiple signals simultaneously, so selectivity and bandwidth are not necessary the same thing. Selectivity refers to
mitigation of the effects of signals which are separated in frequency from the desired signal, so the width of the passband
is not necessarily the issue. Selectivity is further addressed in Section

Similar considerations apply for transmitters. In place of sensitivity, the analogous specification for transmitters is
effective radiated power (ERP) — a measure of how much power the transmitter can deliver in the form of a radio wave,
which, combined with the sensitivity of the distant receiver, determines the range of a radio link; see Section[Z.3] In place
of selectivity, the analogous concern for transmitters is spectral purity — that is, the ability of a transceiver to avoid
producing undesired signals at unintended frequencies. Linearity — the ability to process strong signals without excessive
distortion — also applies to transmitters, but in the transmit case the strong signal is the one generated locally, and typically
no other signals are relevant.

The overall challenge of radio design can be summarized as follows: There are typically goals or constraints (minimum
specifications) for each of the characteristics shown in Table[T.3] and it is typically difficult or impossible to meet all of
these requirements simultaneously. In this book, we’ll focus primarily on the radio-specific requirements (as opposed to
size/weight, power consumption, and cost), and we’ll find even among these that there are typically painful tradeoffs
required to achieve a realizable design. The reasons for this, and techniques for managing the associated tradeoffs, will be
pointed out along the way.

1.7 Organization of this Book

Above we have reviewed the elements of radio systems engineering at the highest level, and pointed out some sections in
this book in which these elements are discussed. Now a brief overview of the organization of this book may be helpful.

The first half of this book provides a background in four of the five primary aspects of radio systems engineering: antennas
(Chapter[2), propagation (Chapter[3)), noise (Chapter M), and modulation (Chapters[3and[6). The fifth aspect, radios
(Chapters[8HI8), is the focus of most of the second half of the book.

The connection between these two parts is made in Chapter[7](“Radio Link Analysis™), in which examples of
contemporary radio systems are presented in the context of the material presented in the preceding chapters. An outcome
of Chapter[7lshould be an understanding of the requirements that radios must satisfy in different applications: For
example, transmitter power (e.g., why is 100 mW suitable in one application yet 1 KW is required in another), receiver
sensitivity (e.g., why is this specified to be very high in some applications and relatively low in others).

The later chapters of this book focus on radio design, with an emphasis on RF circuit analysis and design, as well as
architectural approaches. We begin with introductions to two essential tools of RF circuit design: Two-port theory
(Chapter[8) and impedance matching (Chapter[9). The remaining chapters address the details of the various elements —
both analog and digital — of modern radio analysis and design.
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Problems

1.1

1.2

1.3

1.4

1.5

1.6

1.7

List advantages and disadvantages of radio for the transfer of information using unguided electromagnetic radiation,
in contrast to other electromagnetic phenomena.

For each of the “typical applications” identified in Table [I.2] briefly explain the application, identify the specific
frequency range used for the application, and characterize the range over which radio links in the application
operate.

For the following frequencies, determine the free-space wavelength, the ITU frequency band, and identify an
application that typically uses that frequency: (a) 450 MHz, (b) 2 GHz.

For the following wavelengths, determine the frequency (assuming free-space), the the ITU frequency band, and
identify an application that typically uses that wavelength: (a) 33 m, (b) 3 cm.

For the following applications, indicate the application-specific frequency range, the associated range of
wavelengths, the associated ITU band(s), directionality, topology, and multiple access technique(s): (a) U.S. Global
Positioning System (GPS), (b) IEEE 802.11b (WLAN).

What determines whether a particular analog or digital modulation is well-suited to implementation using an analog
modulator? Give examples.

Explain the difference between digital information, digital modulation, digital signal processing, and software radio.



Chapter 2

Antenna Fundamentals

2.1 Introduction

An antenna is the interface between a radio and the unguided electromagnetic wave that transfers information between
radios. This chapter presents the fundamentals of antenna engineering. This chapter is organized as follows: Section 2.2l
explains how antennas create radio waves, culminating in an equivalent circuit model for a transmitting antenna.
Section[2.3]addresses the reception of radio waves, culminating in an equivalent circuit model for a receiving antenna.
Sections 2.4 and 2.3 explain the principles of antenna pattern and polarization. Section[2.6] addresses the integration of
antennas with radios; in particular impedance matching and baluns (this topic continues as the primary focus of
Chapter[12). Sections 2.7H2.12] describe classes of antennas most relevant to radio communications applications, including
dipoles, monopoles, patches, beam antennas, reflector antennas, and arrays.

2.2 Creation of Radio Waves

The creation of a radio wave using an antenna is difficult to explain concisely in a completely rigorous manner. However
those aspects of the theory which are most relevant to radio systems engineering are relatively simple, and are presented
here. We begin with a rudimentary physics-based explanation, and conclude with a few key concepts that are sufficient for
understanding the antennas described later in this chapter.

2.2.1 Physical Origins of Radiation

Here are the two essential concepts: First, a radio wave is a coupling of electric and magnetic fields that transfers power
over a distance and which persists in the absence of its source. This is the phenomenon of propagation, which is the topic
of Chapter[3l Second, the source of a radio wave is a time-varying current.

To make sense of these concepts, let us briefly review some principles from undergraduate-level electromagnetics.
Initially, we shall use real-valued quantities, as opposed to phasors. Consider an electric charge which is concentrated at
one point in space; i.e., a point charge. When this charge is stationary, it gives rise to an electric field £ which is static. If
the charge is allowed to move with a constant velocity — that is, at a constant speed and with unchanging direction — then
we have a steady current 7, which gives rise to a static magnetic field 5.

Now consider what happens if the electric charge is accelerated. The acceleration might be a change in speed with time, or
a change in direction with time, or both. The result is that 7 is no longer constant, but rather time-varying. As a result, B
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is also time-varying. It is known that a time-varying magnetic field gives rise to an electric field and the governing
equation is one of Maxwell’s Equations:
0
Vx&=—-=B 21
ot 2D
where “V x” is the curl operator. This equation indicates that the variation in £ over space is related to the variation in 5
over time.

Completely independently, £ should be time-varying because £ decreases with increasing distance from the charge, and
the distance to any particular point in space becomes closer or further away as the charge is moving. A time-varying
electric field gives rise to a magnetic field which is described by another of Maxwell’s Equations:

lV ><B=j—|—egg 2.2)
I ot
where p and e are the permeability and permittivity of the material in which the fields exist. In radio engineering,
propagation normally occurs in air, which is often well-modeled as a medium with € and p equal to the free space values.
This equation indicates that the variation in B over space depends not only on the original charge (now represented as the
current J), but also to the variation in £ over time.

Now, consider what happens if the charge stops moving, or simply vanishes. In either case J — 0, but Equations2.Tland
22lseem to indicate that £ and B may continue to be non-zero. In fact, these equations indicate that £ and BB are coupled
in such a way that the time-varying B becomes the source of £, time-varying £ becomes the source of B, and that this
relationship may continue independently of 7. In other words, time-varying current has given rise to a propagating
electromagnetic field — a radio wave — that may persist in the absence of the current.

Equations 2.1]and [2.2] are simultaneous partial differential equations that, when combined with Maxwell’s equations for
the divergence of £ and B, can be reduced to a partial differential equation for £ and B individually, known as the wave
equation. The solution of the wave equation for £ is the propagating electric field intensity in response to an impressed

current 7. We now leap directly to that solution.

2.2.2 Radiation from Linear Antennas; Far-Field Approximations

We now consider how a transmitting antenna gives rise to a propagating electric field. Figure 2.T]shows an example which
demonstrates the principle. We begin with a current source attached to a section of parallel-wire transmission line that is
open-circuited on the opposite end. Note that the current source cannot have a DC component, since the DC impedance of
the open-circuited transmission line is infinite. However it is possible for the current source to instead provide a steady
sinusoidally-varying current, because in this case the transmission line is able to support a “standing wave” which satisfies
the boundary condition requiring that the current at end of the transmission line must be zero. Thus, the current at other
points along the transmission line can be non-zero, but only if the source is time-varying.

At first glance, it may appear that the structure in Figure [2.1[a) should radiate, but in fact it does not. The reason is that the
currents on the two conductors flow in opposite directions, so as long as the spacing between the conductors is much less
than a wavelength, the vector sum of the currents at any point on the transmission line is effectively zero. However if we
bend the conductors such that they are collinear as opposed to parallel, as shown in Figure 2.1(b), the vector sum of
currents is no longer zero. We have formed a dipole antenna. Since there is now significant time-varying current at each
point along the length of the structure, there is potential for efficient creation of a radiating electromagnetic field.

The electromagnetic field radiated by any antenna depends on the distribution of current on the antenna. Continuing under
the assumption of sinusoidally-varying excitation, we shall employ phasor quantities from this point forward. The simplest
imaginable distribution of current, illustrated in Figure 2.2(a), is the point current moment

J(r)=2T1Ald(r) (2.3)

where J(r) is the current moment at r = £, I Al is the scalar current moment, having units of A - m; and ¢ (r) is the
Dirac delta function. The Dirac delta function is defined by the following properties: ¢ (r) = 0 for » > 0, and
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(b) Same, bent into a dipole

Figure 2.1: Evolution from a transmission line to a dipole. A possible current distribution is shown along side the conduc-
tors.

(@) J(r)=2zIAlé(r) (b) J(r) =2IAlé(r —22)
Figure 2.2: 2-directed point current moment located (a) atr = 0, (b) atr = z2’.

JJJ 6 (r) dv = 1 over any volume including r = 0. Thus, the point current moment is non-zero only at the origin (r = 0).
I and Al do indeed refer to a current and a length respectively, but initially this is not relevant because the point current
moment is non-zero only at a single point. For 7 > A, the electric field intensity due to the point current moment is

Al —iBr
= (sin6) = 2.4)

47 T

Ea (r) = éjnl(

where 7 is the wave impedance (about 1207 22 377 €2 for free space), and 3 is the wavenumber 27w/ (see e.g., [[78]
Sec. 2.3)).

A broad class of antennas of particular interest in radio systems engineering can be represented as a distribution of current
along a line. We may derive the fields radiated by these antennas as follows: Consider the displaced point current moment
shown in Figure 2.2(b). In this case the electric field intensity can be written as a function of the position zz’ of the current
moment by modification of Equation[2.4] as follows:

I(z') (BAD i
dm

e

Ea (r,2) 2 0 jn (sin@")

(2.5)

|r — 22/

where 6’ and ' are defined as shown in Figure 2.2Ib). Additional point current moments may be distributed along the
z-axis, and the resulting fields can be calculated as the sum of the contributions of these individual point current moments.
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Equation[2.3]is dramatically simplified if 7(z") can be assumed to be non-zero only over some length L around the origin;
i.e., if I(z") = 0 for |2'| > L/2; certainly this is true for all practical antennas. Then we note that in most radio
engineering problems, L < r: That is, the size of the antenna is much less than the distance between antennas. Under this
assumption, the vectors r and r — zz’ become approximately parallel, and therefore 6’ =~ 0 and 0’ = 6. Furthermore, the
magnitude dependence can be simplified by noting that 2z’ < r, so

LENPVE (2.6)

|r — 22/ T

Also, the phase dependence can be simplified by taking advantage of 6’ = 6:

e*jﬁ‘rfiz" ~ e*jﬁ(rfz' Cos@) (27)
Using these approximations, we obtain
o I(2 Al ot —jBr
En (r,2') & § jn L) (BAD )4;5 ) (sin ) (eﬂﬁz COS‘)) A - (2.8)

The two simplifying assumptions we have made so far are that the distance to the observation point is large compared to a
wavelength (r > ) and that the size of the antenna is small compared to the distance to the observation point (L < ).
These assumptions are collectively referred to as the far field conditions, and are typically well-satisfied in practical radio
engineering problems

Let us now define a differential current moment by letting I (')Al — I(z")dz’. The associated electric field is
~ I(Z dz' co —jpr
dE (r,2') = 6 jn% (sin 0) (eﬂﬁz COS") - 2.9)
7T r

Now the electric field for any current distribution I(z) satisfying the far field conditions can be calculated as

+L/2
E(r)= / dE (r,2") (2.10)
—L/2
which expands as follows:
R —iBr |1 +L/2 n
E(r)2 657 (sing) & f/ I(2)e+iBe" cos0 @2.11)
2 T A —L/2

Two practical antennas that fit this description and that have high relevance to radio engineering are the electrically-thin,
electrically-short dipole (ESD) and the electrically-thin half-wave dipole (HWD). By electrically-thin, we mean the
maximum cross-sectional dimension is < L, and therefore < \. In this case, the current can be assumed to be uniformly
distributed in circumference and varying only with z.

Let us begin with the electrically-thin ESD, shown in Figure 2.3 The ESD is defined as a straight dipole for which L < \.
We know that I(z’) must be zero at the ends, and equal to the terminal current I7 at the center. Since L < A, we also
know that the variation in current over the length of the dipole must be very simple. In fact, I(z’) should increase
monotonically from zero at the ends to I at the antenna terminals. To a good approximation, this can be modeled as the
“triangular” distribution

I(2) = Ir (1 — % |z'|) (2.12)

Further, since L < ), the factor e™77% <0 jngide the integral must be = 1 over the limits of integration. Evaluating

Equation 2.11] we then find
o—ibr

Epsp (r) 2 0 ;%WnIT (BL) (sin ) (2.13)
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Figure 2.3: Current distribution for the electrically-short dipole (ESD).

Rlass jXA

transmitter Rm d

Iy

o <

Figure 2.4: Equivalent circuit representing an antenna in transmission.

This is the expression we seek: The electric field intensity generated by an electrically-thin ESD in the far field. Note that
our result is in phasor form. If we ever need to know the actual, physical electric field intensity, we may calculate it in the
usual way:

Eesp (r) = Re {EESD (I‘) ej‘”t} (2.14)

where w = 27 f and f is frequency. We obtain:

07| (BL) (sing) SSWt = Ar+m/2 +4) 2.15)

A1
E =60 —

msp (r) 8w r
where 1) is the phase of I7.

The corresponding solution for the electrically-thin HWD is presented in Section 2.7}

2.2.3 Equivalent Circuit Model for Transmission

For the purposes of radio systems analysis, it is useful to model the transmitting antenna as a passive load attached to the
transmitter, as shown in Figure 2.4l In this equivalent circuit model, the antenna is represented as an impedance Z 4 equal
(by definition) to the ratio of the voltage across the antenna terminals to the current through the antenna terminals. The
power dissipated in this load represents the power radiated by the antenna, plus any power dissipated due to losses internal
to the antenna. Radiated power is maximized by conjugate-matching the transmitter output to Z 4, so we are motivated to
quantify Z4 for the antennas we intend to use.

As a starting point, let’s return to the open-circuited stub illustrated in Figure 2.1l(a). Because there is no dissipation of
power within the stub and no transmission of power beyond the stub, the input impedance has no real-valued component
and thus is purely imaginary-valued. For dipole antennas (Figure 2.1[b), including ESDs and HWDs), we expect this

'A commonly-cited third criterion is » > 2L2/), which addresses specifically the validity of the “parallel rays” approximation 6’ = @. This is
typically not an issue except for antennas which are very large compared to a wavelength, like large reflector antennas.
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impedance to be different in two ways. First, we expect the imaginary part of the impedance will be different because the
geometry has changed. Let us label the associated reactance X 4. Second, we now expect the impedance to have a
non-zero real-valued component, because there is power flow from source to antenna and subsequently into a radio wave.
Assuming the antenna structure itself is lossless, this power must be equal to the power carried away by the radio wave. In
recognition of this fact, we refer to the real part of this lossless antenna’s input impedance as the radiation resistance

R, 4. Thus, the input impedance of any lossless antenna can be written

Za = Rraa+jXa (2.16)

If the antenna is not lossless, then some fraction of the power provided by the source is dissipated by the antenna and is not
radiated. In this case, the real part of the antenna’s input impedance is R;yss + Ryqd, Where R4 is the loss resistance.
Thus in general we have

Ly = Rrad + Rloss + jXA (217)

as shown in Figure 2.4]

To determine R,.q4 for the ESD, we proceed as follows: Equation[2.13]tells us the radiated electric field as a function of
the applied terminal current /7. At a distance r > L from the antenna, the radius of curvature of the expanding phase
front is very large, and so the field is well-modeled locally as a plane wave. Using the plane wave approximation, the
power density is

[Egsp(r)”
Sraa(r) = o~
raa(r) oy 12872 "
assuming all quantities are in peak (as opposed to root mean square) units. Note that S,.q4(r) is the spatial power density;
i.e., units of W/m?2. The total power radiated by the antenna can be determined by integrating the above expression over a
sphere of radius > L surrounding the antenna:

\I7|? (BL)? (sin 6)° %2 (2.18)

s 27
Proq = / / Sraa(r) r% (sin @) do do (2.19)
6=0 J $=0
Evaluating this integral, we obtain:
1
Proq = ——n|Ir|” (BL)? (2.20)
487

Note that there is no dependence on the distance from the antenna (r). This is expected, since the total power passing
through any sphere enclosing the antenna must be equal to the power applied to the antenna minus the power dissipated
within the antenna, if any. In fact, from the equivalent circuit model of Figure 2.4] we have

1
Prag = 5 [Lal” Rraa 2.21)

Setting Equations 2.20]and 2. 2] equal and solving for R,.,4 we obtain

(BL)* _qm (LN
Rygq = o 1T (2 2.22
=T T 6\ (2:22)
In free space 1 =2 1207 €2, so we find
N2
Ryqq & 2077 <A> (2.23)

This is the radiation resistance of an electrically-thin ESD.

The reactive component of the impedance is more difficult to derive. A reasonable approximation for ESDs made from
conductors having circular cross-section of radius a < L is known to be [33| Ch. 4]

12002 L
Xq - In{— | -1 2.24
A wL/A[n<2a) } @24
(Another approximation is described in Section[2.7.3l) Note that X 4 — —oo with decreasing frequency. This is to be

expected, as the antenna is becoming increasingly similar to a zero-length open-circuited transmission line, which has
infinite negative reactance.




20 CHAPTER 2. ANTENNA FUNDAMENTALS

Finally, we consider the loss resistance Ry,ss. The resistance AR),ss of a conducting cylinder of length Al and radius a,
assuming constant current over the length of the cylinder, is

Al
ARloss = Rg 2 (2.25)
ma

where Ry is the referred to as the surface resistance. For most metals at radio frequencies, the skin depth is < a. In this

case
\/ uell (2.26)
ag

where o is the conductivity of the material (units of S/m). Using these expressions we find the power dissipation in a
segment of length Al at position zz’ along a linear antenna (such as the electrically-thin ESD) is

1

Rg

1
APZOSS(Z,) = 5 ‘[(2/)‘2 ARloss (227)
Now R;,ss can be calculated by integration over the length of antenna. For the electrically-thin ESD, we find

Ripss = Rs—— (228)

Example 2.1. Estimate the impedance of a straight dipole having length 1 m and radius 1 mm over the HF band.
Assume the dipole is constructed from an aluminum alloy having conductivity 3 x 10° S/m.

Solution: From the problem statement, we have L = 1 m, a = 1 mm, and 0 = 3 X 108 S/m. The HF band is
3-30 MHz (see Figure [[.2). The largest wavelength in this range is about 100 m. Note L < X over this range, and
the dipole can be considered to be electrically-short. Also, L/a = 1000, so this dipole can also be considered to be
electrically-thin. Therefore the equations derived above for the electrically-thin ESD apply. Figure shows the
three components of the antenna’s impedance Z 4, namely R4, X 4, and Ry, calculated using Equations 2.23]
and2.28] respectively.

Note that for an electrically-thin ESD, | X 4| > R,qq4. Thus, effective transfer of power from transmitter to radio wave
using an ESD is not possible without some form of impedance matching to mitigate the reactance. Also note that R,
becomes comparable to or greater than R, .4 at the lowest frequencies. Although the power transferred from transmitter to
radio wave is % |14 |2 R,.q4, the total power transferred from transmitter to antenna includes the power dissipated (not

radiated) by the antenna, which is % |14 \2 Ryyss. The radiation efficiency €44 is defined to be the ratio of power radiated
to power delivered to the antenna. From the above considerations, we see that the the radiation efficiency of any antenna

may be calculated as
Rrad

g = —rad 229
Crad Rrad + Rloss ( )

Example 2.2. What is the radiation efficiency of the electrically-thin ESD in Example 2.1I?
Solution: Using Equation [2.29 we find €,,4 ranges from about 16% to about 86%, increasing with increasing

frequency. In this case the increase in efficiency with frequency is because R,..q increases in proportion to f2,
whereas the increase in R, is proportional to v/f.

2.2.4 The Impedance of Other Types of Antennas

To this point we have considered only the electrically-thin ESD. The same procedures for finding R,..q and R;,ss can also
be applied to other types of linear antennas, such as the HWD (Section[2.7). Unfortunately, estimating X 4 for antennas
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Figure 2.5: Impedance of an electrically-thin ESD (L = 1 m, a = L/1000, and ¢ = 3 x 105 S/m) in the HF-band
(Example 2.1)).
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other than the electrically-thin ESD and HWD is quite difficult except in some special cases. In general, the methods
described above to calculate any of the components of the impedance Z4 become intractable for many important
categories of antennas. This is because the current distribution for these antennas cannot be accurately estimated using
simple mathematical expressions.

So how does one determine Z 4 for antennas in general? Typically, a numerical electromagnetic simulation is used to
determine the current distribution. A very common simulation approach is the method of moments. The method of
moments is a numerical solution of Maxwell’s Equations in integral frequency-domain form, yielding the currents over the
entire structure in response to a voltage applied to the antenna terminals. Given a numerical solution for the current
distribution, Z 4 can then be computed as the applied voltage divided by the terminal current as determined by the
simulation. This method is best suited to narrowband analysis of antennas that are comprised of wires or can be modeled
as grids of wires.

A popular alternative to the method of moments is the finite-difference time-domain (FDTD) method. In this method, the
antenna and its surroundings are modeled as a grid of small surface or volume elements, and the associated current
distribution is determined using a discrete time-domain version of Maxwell’s Equations. This technique has fewer
restrictions on the types of antennas that can be analyzed and yields a time-domain (hence broadband) solution, but also
entails a greater computational burden.

2.3 Reception of Radio Waves

In the receive case, the incident radio wave gives rise to currents on the antenna, which are delivered to the receiver
through the antenna terminals. We now consider the equivalent circuit applicable in the receive case, and use this to define
two new quantities: effective length and effective aperture.

2.3.1 Equivalent Circuit Model for Reception; Effective Length

We noted in Section that a transmit antenna can be described as an electrical load having an impedance Z 4. The
analogous description for the receive case is shown in Figure 2.6l The antenna is modeled as a Thévenin equivalent circuit
with series impedance Z 4 being the same impedance Z 4 that appears in the transmission model. The open-circuit voltage
v 4 is given by

va=E'-1, (2.30)

where E is the electric field intensity of the radio wave incident on the antenna, 1. is the vector effective length of the
antenna, and *“-” denotes the dot product. Since v4 has units of volts (V) and E? has units of V/m, we see 1. has units of
length. Clearly, 1. is a property of the antenna. Also, we see that |v 4] is proportional to |1.| and depends on how closely
the orientation of 1. is aligned with the polarization of Ef

To determine 1. for a particular antenna, one could perform an experiment in which the antenna is illuminated with a
known linearly-polarized electric field E¢ while the antenna was open-circuited. In this case, v 4 is equal to terminal
voltage, which can in principle be directly measured. This procedure can be repeated while rotating the polarization of E*
in order to determine the direction of 1., since the correct polarization should maximize the terminal voltage. Note that the
magnitude and phase of 1. should also depend on the direction from which E? arrives as well as its polarization, so this
process would need to be repeated for all directions of interest. In practice such measurements are quite difficult and
tedious, and are rarely done. Even when such measurements are done, the results are usually expressed in terms of
directivity and polarization (as explained in Section2.4)) as opposed to vector effective length. Nevertheless the concept of
vector effective length is quite useful for a variety of reasons, and so we seek a method by which to calculate it.

2The reader is warned that even though Equation 230]is universal, the definition of vector effective length presented in this section is not precisely the
same as the definition that appears elsewhere; see e.g. [78l Sec. 4.2]. The difference is in whether one considers the polarization of 1l to represent the
polarization of E? (so that the purpose of the dot product in Equation[2.30]is merely to convert a vector to a scalar), or that of the antenna (as it is here).
In most applications where the concept finds application — e.g., co-polarized power transfer in the direction of greatest directivity — the distinction is not
important.
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Figure 2.6: Equivalent circuit representing an antenna in reception. As in transmission, Z4 = R4 + Rjoss + 5 X 4.

A method for calculating vector effective length can be derived from the reciprocity theorem of electromagnetics. This
method is suitable for antennas which can be described in terms of linear current distributions, such as the ESD, although
the method can be generalized. First, one applies a current source to the antenna terminals and determines the resulting
distribution of current on the antenna structure. Let this current source have the value /. éf ) (using the superscript to
distinguish it from the receive current) and let the resulting current be I(*)(z’). Once this current distribution is known, the
vector effective length may be calculated as

1 +L/2
l.=2— / I (2"dz' (2.31)

Note that for straight wire antennas, 1. is oriented precisely as the antenna is oriented.

We can now calculate the vector effective length for the ESD using the current distribution given by Equation We find

L
5 2.32
22 (2.32)

1%

lc

(The details are left as an exercise; see Problem[2.3l) Note that the effective length turns out to be about one-half of the
physical length of the antenna. Generalizing, one finds that the effective length is proportional to the physical length, and
is less by an amount having to do with the uniformity of the current distribution.

Let us now consider the transfer of power from an incident radio wave to a receiver. Continuing with the equivalent circuit
model, the receiver can be modeled as a passive load having an input impedance Z, attached to the antenna terminals.
Then the voltage vy, across the antenna terminals and current <7, through the receiver are

Zr,

_ 2.
VL= vag— (2.33)
. VA
e 2.34
ir Zit 72 (2.34)

Once again assuming phasor quantities in peak (as opposed to root mean square) units, the power delivered to the receiver
is

1 ) 1 - 2 VA

Pp=-Re{vpij} = -Red |[E- L] —2 (2.35)

2 2 |Za+ Zy|
Of interest is the maximum power P, ,,q, that can be delivered to the receiver. First, let’s assume R;,ss < ;.4 so that
we may neglect any power dissipated by losses internal to the antenna. Next, we note that Py, is maximized if 1. is
perfectly aligned with E*; in this case ‘EZ . le| = |Ez| le where [, = |L.|, known simply as the effective length. We also
know from elementary circuit theory that power transfer is maximized when Z;, = Z7; in this case Z4 + Zj, = 2R, 4q4.
Thus we find that the maximum power that can be transferred to the receiver is

—c (2.36)
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Of course if the antenna is not conjugate-matched to the receiver (i.e., Z4 # Z} ), then P, < Pp, 1,4, We have already
seen in the case of the electrically-short ESD that conjugate-matching may not be straightforward or even practical, so for
that class of antennas we might reasonably expect P, < P, 4 1S the best we can do in practice. For other antennas
encountered later in this chapter conjugate matching is not out of the question, but is difficult to achieve over a large
bandwidth. These issues often make the power loss due to impedance mismatch a major consideration in the design of
antennas and their integration with receivers: More on this topic in Chapter [121

Finally, the concept of effective height bears mention. Effective height is effective length for an antenna which is intended
to be vertically-polarized (although the term is sometimes used as a synonym for effective length even when the antenna is
not necessarily used in this manner). The concept most often finds application in AM broadcasting, which uses
predominantly monopole-type antennas attached directly to earth ground.

2.3.2 Effective Aperture

Alternatively, the incident radio wave is described in terms of power density 5%, having units of W/m?, and which is
related to the incident electric field intensity by
BT
St =+— (2.37)
2n

In this case it is common to define an effective aperture A, for the antenna, which defined through the expression
Ppimaz = AcS' (2.38)

so A, has units of m? and quantifies the power delivered to a receiver by a lossless antenna for which 1., is perfectly
aligned with E? and for which Z 4 is conjugate-matched to Z;,. Combining Equations 2.36] 2.37] and [2.38] we find

12
A, = Nte

= 2.39
4Rrad ( )

To determine A, for an ESD, we note [, & L /2, and use R,.,q from Equation[2.22] yielding a maximum value (i.e., for
broadside orientation) of

A, 2 0.12)2 (electrically-thin ESD) (2.40)

Remarkably, the result does not depend on length. In other words, The maximum power that can be delivered by an ESD
to a conjugate-matched receiver depends only on frequency, and not at all on the length of the antenna. At first glance this
seems to mean ESDs can be made arbitrarily small, which would be marvelous news for developers of small radios.
However, this is not quite the whole story, because — once again — the antenna must be conjugate-matched to the receiver
in order to achieve this condition.

Equation was derived in a manner which is specific to electrically-thin ESDs, however effective aperture can be
determined for any type of antenna. For other kinds of antennas, A, may or may not depend on physical dimensions and
frequency in a simple way. A class of antennas for which A, does increase in a simple way with increasing size is
reflectors, addressed in Section[2.10.2]

2.4 Pattern and Reciprocity

Clearly, an antenna used for transmission delivers more power in some directions than others. The same antenna used for
reception captures more power from some directions than others. These “best directions” are the same. In this section we
quantify the performance of antennas as a function of direction using the concepts of directivity and pattern, and establish
the equivalence of these concepts in the transmit and receive cases.
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1.5 1.5

Figure 2.7: Directivity of the ESD in the E-plane (left) and H-plane (right). Linear scaling.

2.4.1 Transmit Case

The variation in power density as a function of direction can be characterized by the directivity D(0, ¢), defined as the
ratio of the power density (i.e., W/m?) in the specified direction (6, ¢) to the mean power density over all directions. Since
the total power radiated by the antenna is not a function of distance, D (6, ¢) is not a function of distance.

To demonstrate the concept, let us determine the directivity for the electrically-thin ESD. The total radiated power P, .4 is
given by Equation[2.201 The mean power density (S,..q) at the some distance r is therefore P,,4 divided by the area of a
sphere of radius r; i.e., 47r?. Therefore

L1 |
<S7’ad> - 1927727]|IT| (ﬂL) 7"2 (241)
and, now using Equation 2.18]
D(0,¢) = Srad g pein?p (2.42)
<Srad>

In general, directivity is a two-dimensional function in spherical coordinates which can be difficult to visualize. For this
reason it is common to describe directivity in terms of E-plane and H-plane directivity. The E-plane is the plane in which
the electric field vector, determined in the direction of maximum directivity, lies. The H-plane is the plane perpendicular
the E-plane in which the directivity is maximum; this is also a plane in which the magnetic field vector lies. The directivity
of the ESD is illustrated in Figure For the ESD, the maximum directivity is 1.5 (1.76 dB) as determined in

Equation 2.42] and is achieved in all directions in the z = 0 plane. Thus, any plane of constant ¢ can be considered to be
the E-plane of the ESD. The H-plane is § = 7/2, or, equivalently, the « — y plane. Note that for the ESD, D(0 = /2, ¢)
is constant (and equal to maximum directivity); that is, the H-plane directivity of the ESD is constant. The E-plane
directivity of the ESD goes to zero for § = 0 and # = 7; these are referred to as nulls, and indicate that no power is
radiated in these directions.

It is frequently of interest to characterize the directivity associated with a particular polarization. For example: The
electric field radiated by the ESD is always §-polarized (see Equation [2.13)); thus we might say that we previously
calculated “Dy (6, ¢)”, and that “D (8, ¢)” was identically zero.

If the antenna is intended to be mounted in a fixed position and orientation, then the best mounting orientation is probably
that for which the other end of the link is in the direction of maximum directivity. Thus, antennas are frequently specified
in terms of maximum directivity (a single number), as opposed to directivity as a function of direction (a pattern). In fact
this usage is so common that the term “directivity”’, when used as a specification, is normally interpreted to mean the
directivity in the direction in which it is maximum, and for the polarization anticipated to be used by the antenna at the
other end of the link. For example: For the ESD, the directivity would typically be stated as 1.76 dB, since this is the
maximum value, corresponding to § = 7 /2 and 6 polarization of the electric field.
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Note that the minimum possible value of the maximum directivity of any antenna is 1. This is because the maximum value
of the directivity cannot be less than the mean value of the directivity. Furthermore, if the maximum directivity is 1, then
the directivity must be a constant value of 1 in all possible directions. Such an antenna is said to be isotropic. An isotropic
antenna transmits equal power density in all directions. Truly isotropic antennas do not exist in practice; in fact, it is quite
difficult to develop a practical antenna with directivity significantly less than that of the ESD; i.e., 1.76 dB. However the
concept is useful as a reference for comparing practical antennas. For example, an antenna having a maximum directivity
of Dy is often said to have a directivity of 10log;, Dy dBi, where the “i” means “relative to isotropic”. Again using the
example of the ESD, we would say its directivity is 1.76 dBi.

The directivity of antennas is often specified as gain. This can be very confusing for the uninitiated. The term “gain” used
in this context is not referring to an increase in power; this should be obvious since antennas (as we have been describing
them) are passive devices. Instead, “gain” refers to increase in power density. However there is an additional distinction in
that the use of the term “gain” also implies that losses associated with the antenna have been taken into account. Thus, we
may formally define the gain G(0, ¢) as follows:

G(0,9) = €raaD(0, ) (2.43)

and, similarly to directivity, it is common to use the term “gain” to refer to the maximum gain for the intended
polarization.

One final note on this terminology: It is common to use the term “gain” in lieu of the term “directivity” independently of
how losses contributing to radiation efficiency are taken into account. In particular, this practice is employed in Chapters
and[Z} This confusing state of affairs requires the engineer to be careful to identify what precisely is meant by “gain”
whenever the term is employed: It might be directivity, it might be gain as defined in Equation[2.43] or it could be gain
with some other combination of losses taken into account.

Example 2.3. Characterize the maximum gain of the electrically-thin ESD considered in Example 2.11

Solution: The maximum directivity of this antenna is 1.76 dBi. €, for this antenna was determined in Example 2.2]
to vary from 16%—-86% for 3—30 MHz. So, the maximum gain of this antenna following the formal definition
(Equation[2.43)) is —6.2 dB to +1.1 dB (or “dBi” if you prefer), increasing with increasing frequency.

Characterizations such as in Figure 2.7 (another example is Figure[2.19) are generally referred to as patterns. Broadly
speaking, there are four categories of patterns. A pattern which is uniform in all directions is said to be isotropic, as
explained above. Although no antenna is truly isotropic, many antennas are uniform in one plane; such antennas are said
to be omnidirectional. For example, the ESD is omnidirectional because its H-plane pattern is uniform. Antennas which
are not omnidirectional can be informally categorized as low gain or high gain. Unfortunately this is another example of
inconsistent nomenclature: Almost always the terms “low gain” and “high gain” are referring to directivity as opposed to
gain, and thus are not intended to reflect any particular level of radiation efficiency. Antennas are typically considered
“low gain” if their maximum directivity is less than about 4 dBi, whereas “high gain” antennas have maximum
directivities greater than about 4 dBi, with the threshold of 4 dBi given here being completely arbitrary. High gain
antennas have relatively complex patterns; we shall address this in more detail in Section
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2.4.2 Receive Case

In Section2.3.2] we found that the power delivered by a receive antenna to a receiver varies as a function of direction and
polarization. We saw in the previous section — for the transmit case — that directivity has a similar functional dependence.
For the ESD, for example, the open-circuit voltage v4 on receive is maximum for an electric field which arrives with
polarization aligned with 1, and this polarization and direction of arrival also corresponds to the maximum directivity of
the ESD on transmit. This suggests a more general relationship between the receive and transmit characteristics. The
derivation is beyond the scope of this text, however a useful result is worth noting:

AT A6, ) (2.44)

D(o.6) =

where A, (6, ¢) is defined similarly to A, except that the assumed direction of incidence is (6, ¢) as opposed to the
direction which maximizes power transfer. Note that the relationship between D and A, depends only wavelength; that is,
frequency. In this sense, we may consider directivity to be a characteristic of receive antennas, even though we developed
the concept from transmit considerations. Consequently, we may refer to “transmit antenna patterns” described in the
previous section also as being the “receive antenna patterns”.

2.5 Polarization

Polarization refers to the orientation of the electric field vector radiated by an antenna in transmit, or the orientation of the
incident electric field vector to which a receive antenna is most sensitive. By reciprocity we expect these orientations to be
the same for transmit and receive, and so it suffices to address the transmit case only.

A linearly-polarized antenna generates an electric field whose orientation for any path taken from the antenna is fixed
(relative to the antenna) as a function of time. Many antennas — including dipoles — exhibit linear polarization. For the
ESD, this can be confirmed using Equation 2.13t The orientation of the radiated electric field of a z-oriented dipole is 0
and does not vary with time.

The other category of polarization commonly employed in radio systems is circular polarization. The orientation of a
circularly-polarized electric field rotates in the plane transverse to the direction of propagation. This is perhaps most easily
seen by example, as follows: A common method to generate circular polarization is to feed two orthogonally-oriented
dipoles with signals that are identical except that a 90° phase shift applied to one of the dipoles. This is shown in

Figure 2.8 The 90° phase shift might implemented either as a quarter-wavelength of additional transmission line, or using
an electronic phase shift circuit (see Figure for a simple example). When the phase of a sinusoidal signal applied to
the phase shifter is zero, the magnitude of the (real-valued, physical) electric field from dipole A is maximum, and the
magnitude of electric field from dipole B is zero. Similarly when the phase of a sinusoidal signal applied to the phase
shifter is 90°, the magnitude of the (real-valued, physical) electric field from dipole A is zero, and the magnitude of
electric field from dipole B is maximum. At all other times, the magnitudes of electric field radiated by each dipole are
intermediate between the maximum positive value and the maximum negative value. Thus, the orientation of the total
radiated electric field vector rotates as a function of time. Furthermore, the direction of rotation may be reversed simply by
swapping the connections between the phase shifter and the dipoles.

The two possible directions of rotation of the electric field vector are identified as right circular and left circular. These
two conditions are orthogonal in precisely the same sense that the linear polarizations of individual orthogonally-oriented
dipoles are orthogonal. Thus, an antenna system which is intended to optimally receive left circular polarization must
itself be designed for left circular polarization, and the response of an antenna system with right circular polarization to the
same signal would be zero. This makes it pretty important that everyone involved agrees on the definitions of “right” vs.
“left” circular polarization. The definition most commonly employed in radio engineering is the standard promulgated by
the IEEE: Point the thumb of your right hand in the direction of propagation; then right circular polarization is rotation of
the electric field vector in the direction in which your fingers curl. Thus, the antenna in Figure 2.8] produces right circular
polarization. If the electric field vector rotates in the opposite direction, you have left circular polarization.
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Figure 2.8: Generation of right circular polarization using orthogonally-oriented dipoles fed 90° out of phase.

Circular polarization is useful in applications in which it is impossible to predict the mutual orientation of the transmit and
receive antennas. This is commonly the case in communications links with non-geosynchronous satellites, since these
satellites may precess in orientation relative to the ground as they orbit the Earth, and the orientation of the antennas used
in mobile ground stations might not be predictable. Using circular polarization as opposed to linear polarization makes
these uncertainties irrelevant, as long as both ends of the link use the same (i.e., left or right) circular polarization. The
penalty for attempting to receive circular polarization using a linearly-polarized antenna (or vice-versa) is a factor of
one-half in power (i.e., 3 dB).

When the orientation of the electric field vector rotates but also changes in magnitude as function of orientation, we have
elliptical polarization. Elliptical polarization is typically not desirable, but occurs naturally when the direction of
propagation (or direction of incidence) is a direction in which the pattern gains of the constituent linear polarizations is not
equal. For example, the polarization of the dual-dipole antenna shown in Figure 28] transitions from circular to elliptical
as the direction of interest moves from away from the common broadside axis toward the plane in which the dipoles lie. In
the plane in which the dipole lie, the polarization reaches the extreme limit of elliptical polarization, which is linear
polarization.

2.6 Antenna Integration

When antennas are connected to radios, two issues immediately arise: impedance matching and current mode
compatibility. A sufficiently complete discussion of these issues requires an introduction to the fundamentals of two-port
theory and impedance matching presented in Chapters[8 and O] respectively, as well as an introduction to noise theory
which is provided in Chapter[dl With these fundamentals covered we may then productively address the topic of antenna
integration, which is presented in Chapter[I2] For now, a brief introduction to these issues is sufficient to get us through
the next few chapters.

2.6.1 Impedance Matching

Most antennas do not naturally provide a real-valued impedance corresponding to one of the convenient “standard”
impedances commonly used in radio engineering, such as 50 + j0 © or 75 4 50 Q. In Chapters [0 and[[2] we consider
methods that may be used to match the impedances of antennas and radios, and find that it is often not possible to obtain a
close match over the desired bandwidth. Therefore it important to be able to characterize the impact of the mismatch. This
characterization is typically in terms of voltage standing wave ratio (VSWR) and sometimes in terms of transducer power
gain. In the context of transmission, VSWR is a measure of the degree of reflection from the interface between the
transmitter and antenna. When there is reflection from the antenna due to impedance mismatch, the incident and reflected
fields in the transmission line connecting transmitter to antenna combine to form a standing wave pattern. The ratio of the
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maximum to minimum voltages in the standing wave pattern is the VSWR. This is most commonly expressed as

1+ T
VSWR = 24
S 1—1T (245)
where I is the voltage reflection coefficient
Za—Zg
'=—-—->+ 2.46
Za+Zs (2:40)

where Zg is the source impedance. Reflectionless impedance matching requires Z4 = Zg, which yields I' = 0 and
VSWR = 1. To the extent that Z4 is not equal to Zg, |I'| > 1 and VSWR > 1. Typically — but certainly not always —
antennas are designed to have VSWR close to 1 at some nominal (perhaps center) frequency, and are specified to have
VSWR < 3 or so over the bandwidth over which they are designed to operate. The concept of VSWR also applies to the
receive-mode operation of an antenna, in the sense that increasing VSWR implies that an increasing fraction of the
arriving power is scattered by the antenna as opposed to being delivered to the receiver.

Sometimes it is useful to have a more direct assessment of power delivered to to antenna (when transmitting) or to the
receiver (when receiving). This is known as transducer power gain (TPG). The concept of TPG is addressed in detail in
Section[8.4} for now it suffices to define TPG as the power Pp, delivered to the load relative to the power P4 “available”
from the source. Available power P4 is defined as the power that the source can deliver to a conjugate-matched load (not
the actual load), which is the maximum power that the source could deliver to a load, period. Let us consider the transmit
case. In this case, the transmitter can be modeled as a voltage source in series with a source impedance Zg, attached in
series with the antenna impedance. In this case we find after a short bit of circuit analysis:

P, 4RsRa

TPG= — = ——————— (2.47)
Pa |Zs+ Za)?
where Rg is the real part of Zg. If Xg = 0 or X4 = 0, then one finds
TPG=1-|T 2 if X or X 4 (or both) are equal to zero (2.48)

The above equation may be familiar from an undergraduate electromagnetics course.

Finally, we note that optimum VSWR requires reflectionless matching (Z4 = Zg) whereas optimum TPG requires
conjugate matching (Z4 = Z3). If the associated reactances are negligible, then optimization of VSWR implies
optimization of TPG, and vice versa. This is the most commonly encountered condition in radio systems engineering.
However if either of the associated reactances is non-negligible, then optimization of VSWR and optimization of TPG
may be contradictory goals. Said differently, optimum TPG may entail unacceptably high VSWR. Resolution of this issue
depends on the application, and is addressed in detail in Chapter [12}

2.6.2 Current Mode Matching; Baluns

Dipoles are intrinsically balanced devices exhibiting a differential current mode. However many circuits and transmission
lines (coaxial cable, in particular) utilize a scheme in which one terminal is grounded (hence, a current sink) and the other
terminal is exclusively used to convey the signal. Such devices are said to be unbalanced in the sense that they exhibit a
single-ended current mode. Ideally antennas and radios are not only impedance-matched, but also current mode-matched.
So, for example, the proper transmission line for a dipole is a balanced transmission line, such as parallel-wire
transmission line. If an unbalanced (intrinsically single-ended) transmission line such as coaxial cable is used instead, then
the current mode mismatch results in a fraction of the current traveling on the outside of the cable, which in effect makes
the cable radiate and receive as part of the antenna system. This is typically not desirable.

Nominally the interface between a coaxial cable and a dipole would be accomplished using a balurB, which converts a
single-ended current mode to a differential mode, and vice-versa. Baluns have applications beyond antennas and are
discussed in detail in Section[12.7] For a primer on the theory of differential (vs. single-ended) circuits and signals, see
Section[8.71

3This term is often said to be a contraction of the term “balanced-to-unbalanced”; although baluns are typically fully bi-directional.




30 CHAPTER 2. ANTENNA FUNDAMENTALS

/\ L=5\/4

/\/\ N

—ar

L=3)\/4

/\ s

—

Figure 2.9: Current distributions for straight thin dipoles of the indicated lengths, computed using Equation
2.7 Dipoles

In previous sections we have used the electrically-thin ESD as an example for demonstrating antenna concepts. The
broader class of dipoles includes many practical antennas which vary in length, thickness, feed location, and exist in a
number of useful topological variants.

2.7.1 General Characteristics

To begin, a convenient generalization of the current distribution for L/a > 1 (reminder: « is the radius) in response to a

terminal current I is

sin (B [L/2 — |=[])
sin (BL/2)

Note that this expression yields the required values I(0) = Iy and I(£L/2) = 0, regardless of L. Also note that this
expression yields the expected nearly-triangular distribution for the ESD (L < A, Equation[2.12] and Figure 2.3)).
Although Equation 2.49]is presented here as an “educated guess”, the validity of this approximation is easily confirmed
using rigorous theoretical and/or numerical methods. Figure shows current distributions computed using Equation
for a variety of dipole lengths.

I(2) ~ Ir (2.49)

Electrically-thin straight dipoles of arbitrary length can be analyzed using the methods of Sections Results for
the dipoles shown in Figure 2.9 (as well as for the ESD) are shown in Table 2.1l (For R,..4, only the “at center” column is
relevant for the moment). In all cases the patterns are omnidirectional and very similar to those of the ESD (Figure [2.7);
the primary difference is a reduction in angular extent of the E-plane pattern. This is quantified in terms of the half-power
beamwidth (HPBW) in Table [2.]l HPBW is defined as the angle over which power density is at least one-half the
maximum power density.

Note that dipoles longer than L = 5\ /4 are not shown in Table 2.1] as these suffer from bifurcation of the main lobe and
are therefore generally less useful in radio applications.
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Riad E-plane
L/ D at center  at current max. HPBW
< 1 (ESD) 1.76 dB  Eq.2.23 same 90°
0.50 (HWD) 2.15dB 73 Q2 same 78°
0.75 2.75dB 400 Q 186 €2 64°
1.00 (FWD) 3.82dB — 00 200 ©2 48°
1.25 5.16dB 160 Q 106 © 32°

Table 2.1: Characteristics of straight thin dipoles of the indicated lengths. All radiation resistances should be considered
approximate.

As for the ESD, the reactance X 4 depends on radius a and is relatively difficult to compute; numerical methods such as
the moment method or FDTD are typically used instead. Figure shows Z 4 (both real (R,.4) and imaginary (X 4)
components) plotted as function of dipole length L in wavelengths. (Again, only the “terminals at center” results are
relevant for the moment). Note that this plot may alternatively be interpreted as Z 4 as function of frequency for a
fixed-length dipole.

We now consider a few special cases of thin straight dipoles of particular interest.

2.7.2 Electrically-Thin Half-Wave Dipole

The electrically-thin half-wave dipole (HWD), has length L. = \/2. The resulting current is proportional to one-half of a
sinusoid, as shown in Figure (bottom). This distribution can be described mathematically as

I(z) = Iy cos (w%) = I cos (27r§) (2.50)

(This is of course accurate only at the frequency at which L = \/2 exactly, and is only an approximation for nearby
frequencies.) Using this in Equation[2.31] the effective length is found to be A/, which is about 64% of the physical
length. Note that this is somewhat larger than the value of 50% for the ESD. The directivity of the HWD is found to be

2

D(0,¢) = 1.64 w 2.51)
The maximum directivity is 1.64 = 2.15 dBi, which is slightly larger than that of the ESD.
The maximum effective aperture of the HWD is nearly the same as an ESD (see Equation and associated text):
A, 220.13)%  (electrically-thin HWD) (2.52)

as might have been guessed from the lack of length dependence in the derivation of A, for the ESD.

The radiation resistance can be determined using the same procedure employed in Section 2.2.3]for the ESD; the result is
R,qq = 73 Q. Note that this is much larger than the radiation resistance of the largest dipole which can be considered
electrically short.

The reactance X 4 of an infinitesimally-thin HWD is about +42.5 Q. X 4 can be “tuned” to zero by slightly reducing
length (as is apparent from examination of Figure or by slightly increasing radius. Either modification also slightly
reduces R,.q, so the impedance of a lossless dipole operating near its half-wavelength resonance is typically about

70 + 70 €. The fact that the magnitude of the reactance of the HWD is small compared to the radiation resistance makes
impedance matching for maximum power transfer much easier than for the ESD.

The loss resistance for the HWD is found to be

1 A
Ripss 2 Rg——— 2.53
! S92 1 (2.53)
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Figure 2.11: Center-fed and offset-fed full-wave dipoles.

For the metals typically used in the construction of HWDs, R;,ss < R,qq4, and therefore €,,4 == 1 is typically a good
approximation for HWDs in free space.

2.7.3 Electrically-Thin Dipoles with \/2 < L < \; Off-Center-Fed Dipoles

As length increases beyond A/2, directivity and radiation resistance continue to increase and HPBW continues to
decrease, as indicated in Table 2.1l However the current distribution changes such that the center of the dipole is no longer
a current maximum, as is evident in Figure[2.9] This reaches an extreme condition when L = ), for which the current at
the center of the dipole goes to zero. This is a full-wave dipole (FWD). Since the terminal current of a FWD is zero, the
radiation resistance of a FWD is infinite. At first glance, this would seem to preclude the use of a FWD in any practical
application, since there appears to be no possibility of power transfer to or from the antenna. Furthermore, examination of
Figure[2.10seems to indicate that dipoles throughout the range 0.7\ < L < 1.2) have R,,4 and X 4 so large as to make
impedance matching intractable.

A simple modification that makes these dipoles useable is to simply move the terminals from the center of the dipole to the
position of a current maximum. This is shown for the FWD in Figure 2.11l With this modification the impedance of a
FWD is much easier to accommodate, and there is no change in the current distribution or characteristics other than the
impedance. The impedance for terminals located at the current maximum is indicated in Table 2.1l and Figure 2. 10l Such
dipoles are commonly-referred to as being off-center-fed.

In principle dipoles of any length can be off-center-fed. In general, moving the terminals to a position of lower current
increases the radiation resistance. Thus, shifting the position of the terminals may be used to assist in matching the dipole
to its associated electronicsf]

2.7.4 Electrically-Thin 5/4-\ Dipole

As L increases beyond 5\ /4, the main lobe of the dipole bifurcates into two lobes and a null emerges in the broadside
direction. This pattern has diminished applications in most radio applications. However L = 5\ /4 — i.e., just before
pattern bifurcation — is of great interest because this dipole achieves the greatest broadside directivity and minimum
HPBW of any straight dipole, and is relatively easy to match even when center-fed. This dipole finds applications in base
station applications in the UHF range and above, where the length (2.5 times that of a HWD) is of little consequence.

4One might consider using this trick to increase the radiation resistance of an ESD. The limitation in practice is that the gap associated with the
separation between the terminals becomes significant compared to the length of the dipole, so the results are typically disappointing.
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Figure 2.12: An equivalent circuit representing the impedance of a lossless straight dipole, from [79].

2.7.5 Equivalent Circuits and Numerical Methods for Straight Dipoles of Arbitrary Length
and Radius

It is often convenient to have an equivalent circuit model for the dipole impedance Z 4, consisting of discrete resistors,
capacitors, and inductors. Such a model has the advantage that Z4, = R,,q + jX 4 can then be computed as a single
quantity using simple circuit theory methods, as opposed to having separate procedures for determining R,..q and X 4
from relatively complex electromagnetic theory. Equivalent circuits also provide a relatively simple means to account for a
variety of dipole thicknesses L/a.

A variety of solutions to this problem exist; here we present two. The equivalent circuit proposed by Tang, Tieng & Gunn
(1993) [79] is shown in Figuremﬁ The component values are given below in terms of the length L in meters and the
thickness parameter b = L/a:

6.0337L

C = g b 07205 P (2.54)

Co=1L ( Ofi)%? - 0.02541) pF (2.55)
(logy b) —0.861

Ly =0.1L [(1.481310g10 ) 0.6188} pH (2.56)

Ry = 0.41288 (log, b)* + 7.40754b092389 _ 7 27408 k(2 (2.57)

This method yields R,,q which is accurate to within about 1% and X 4 which is accurate to within about 15% for
L < 0.6\ and L/a > 300.

For dipoles longer than about 0.6, a different equivalent circuit model is needed. One possibility among many is the
model of Hamid & Hamid (1997) [23]], which models the impedance of dipoles having L > /2 using circuits of
increasing numbers of components with increasing length. The center-fed impedance is determined, which must
subsequently be adjusted if the dipole is intended to be off-center-fed as described in Section 2.7.3]

When the dipole is very thick (e.g., L/a less than about 100) or consists of less-good conductors (such as brass), or when
accurate pattern or directivity data are also required, it is somewhat more common to use a computational
electromagnetics technique such as the moment method or FDTD. This approach is typically required when the dipole is
located close (e.g., within a few wavelengths) to other antennas or structures.

31t is worth noting that this model is single-ended, whereas a dipole is actually differential. In applications where a differential model is necessary, see
Section[8.7]for tips on how to modify the equivalent circuit.
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Figure 2.13: A planar dipole implemented on a printed circuit board.

2.7.6 Planar Dipoles; Dipoles on Printed Circuit Boards

Dipoles are routinely implemented on printed circuit boards (PCBs); an example is shown in Figure 213 This is
obviously convenient when possible, since typically most or all of the electronics in a radio are also implemented on a
PCB. However a PCB dipole has two features not previously considered: First, the proximity of dielectric material. As
long as the dielectric is electrically thin (e.g. comparable to a) and there is no ground plane on the opposite side, the effect
of the dielectric is typically very small. Second, the dipole is necessarily planar, as opposed to cylindrical, in cross-section.
As long as the maximum dimension of the cross-section is very small compared to both L and A, a planar dipole having
width w is approximately equivalent to a cylindrical dipole having radius a = w/4 [9]. In all other respects, PCB dipoles
behave similarly to cylindrical dipoles in free space.

Of course it is possible to create “free standing” planar dipoles independent of PCB implementation, in which case the
above rule-of-thumb also applies.

2.7.7 Other Dipole-Type Antennas

Practical dipole-type antennas exist in an astounding number of variants — some barely recognizable as dipoles. Although
the scope of this book precludes a detailed discussion, Figure 2.14] shows a few variants that are too popular not to
mention:

* A sleeve dipole (Figure2.14(a)) is a HWD formed from coaxial cable: The center conductor forms one arm of the
dipole, and the shield is turned back on itself to form the other arm of the dipole. When properly designed, the
doubled-back shield section also serves as a quarter-wave balun which properly mitigates the difference between the
unbalanced current mode of the coaxial cable and the balanced mode of the HWD.

* A folded dipole (Figure2.14(b)) is formed from two half-wavelength sections: One is a more-or-less traditional
HWD, whereas the other is essentially a short-circuited HWD. The sections are connected at the ends. The spacing
between sections is < ), so there is strong interaction between the sections. The result is effective length and
pattern similar to a HWD, but with increased bandwidth and Z 4 which is about 4 times greater than that of a HWD;
i.e. roughly 292 + 5168 €2. This higher impedance is more convenient for certain types of transmission line; in
particular “parallel conductor” line which has a nominal characteristic impedance of 300 (2. The folded dipole is
also convenient for 4-element arrays because 4 folded dipoles fed in parallel have a combined impedance which is
close to the impedance of common transmission line types (i.e, 50 Q and 75 2); more on this in Section 2.111

 The bowtie (Figure[2.14l(c)) and comparable antennas are examples of “fat dipoles”: dipoles with very small
“effective” L/a, but not necessarily exhibiting the cylindrical cross-section presumed to this point. The principle
advantage of this topology is increased bandwidth, which can be up to about 25% depending on the particular
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Figure 2.14: Other commonly-encountered dipole-type antennas.

definition of bandwidth employed. These antennas are typically constructed from wire grid as opposed to solid sheet

so as to reduce weight and wind loading.

e The batwing antenna (Figure 2.14(d)) is a wire grid fat dipole employed primarily for broadcasting in the VHF and
UHF bands. Batwing antennas are typically arranged as furnstile arrays consisting of pairs of batwing antennas
arranged collinearly along a tower; see Section 2,111

The pattern and impedance of these antennas is typically determined by experience, measurements, or by numerical
methods such as the method of moments or FDTD, especially when response over a range of frequencies is required.
Additional details about these and various other useful dipole variants is well-covered in a number of antenna textbooks

and handbooks including [[10} [78]].

2.8 Monopoles

In many applications where a dipole might be used, one or both of the following problems emerge: (1) the electrical
interface to the radio is single-ended (e.g., one terminal is grounded), (2) mounting of the dipole is awkward due to space
constraints or the proximity of a large conducting surface which affects the dipole’s performance. Monopoles are typically
used in these cases. Let us first describe the monopole, and then discuss why monopoles are often favored when

conditions (1) or (2) apply.
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Figure 2.15: Relationship between dipoles and monopoles from the perspective of image theory. In this figure, the midpoint
of the dipole and ground plane of the monopole lie in the z = 0 plane.

2.8.1 General Characteristics

The fundamental concept of the monopole is illustrated in Figure Beginning with a dipole, an ideal monopole is
obtained by replacing one “arm” with a flat, perfectly-conducting ground plane that extends to infinity in all directions.
From electromagnetic image theory, we know that the currents on the remaining arm should be identical to the currents on
the corresponding arm of the original dipole, and that the electromagnetic fields radiated by the monopole above the
ground plane should be identical to those of the dipole in the same region. Below the ground plane, however, the fields
radiated by the ideal monopole must be identically zero.

The facts allow us to quickly determine the directivity and impedance of a monopole, given the characteristics of the
corresponding dipole. Recall that directivity is power density divided by mean power density over a sphere enclosing the
antenna. Below the ground plane, D(6, ¢) = 0 since no power can be radiated into this region. Above the ground plane,
D(0, ¢) is twice the value for the corresponding dipole, since the power density is equal whereas mean power density is
reduced by one-half because D (6, ¢) = 0 below the ground plane. Similarly the total power radiated by a transmitting
ideal monopole is one-half that for the corresponding dipole given the same terminal current I, so from Equation 2.2T] we
see R,qq for the ideal monopole must be one-half the corresponding value for the dipole. In fact, it is possible to show
(although beyond the scope of this text) that Z 4 (i.e., both real and imaginary components of the impedance) for the ideal
monopole is one-half Z 4 for the corresponding dipole.

It should be apparent that the electrical interface to the monopole is intrinsically single-ended, where the ground plane can
be interpreted as the datum. This is particularly convenient when the connection between antenna and radio uses coaxial
cable, which is also intrinsically single-ended.
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2.8.2 Electrically-Thin Electrically-Short Monopole

The monopole which corresponds to the electrically-thin ESD is an “electrically-short monopole” (ESM). From the above
considerations, we find that the maximum directivity and impedance of an ESM are 4.77 dBi and

n\? 1 h 300 h
Za 24072 ( = S bl § P (R R | 2.
A= a0m <A> MRETTE R Y5y H) } (2%)

respectively. The effective aperture and effective length are the same as those for the corresponding dipole.

2.8.3 Electrically-Thin Quarter-Wave Monopole

The monopole which corresponds to the HWD is a quarter-wave monopole (QWM). In this case we find that the
maximum directivity and impedance are 5.16 dBi (twice the HWD value) and

Z4 2365+ j21Q (2.59)

(half the HWD value). Just as in the case of the HWD, we can zero the reactive impedance of the QWM by slightly
reducing length or slightly increasing thickness, yielding Z 4 ~ 35 ().

2.8.4 The 5/8-)\ Monopole

Around 800 MHz a wavelength is about 37 cm and a QWM is just 9 cm long. Base station and vehicular installations can
easily accommodate antennas much larger than this. A larger antenna is beneficial since increasing h increases effective
length and therefore directivity. A convenient modification from the ideal QWM in this case is simply to increase h to
about 5\ /8. This corresponds to a dipole having L = 5\ /4; see Section2.7.4] for a discussion as to why this the longest
antenna that is typically considered acceptable. Although a 5/8-\ monopole is 2.5 times longer than a QWM, this is only
about 23 cm at 800 MHz. Referring to Table[2.1land keeping in mind the principles of dipole—-monopole duality, we see the
that the broadside directivity of a 5/8-A monopole is expected to be 8.16 dB — very large compared to every other antenna
considered so far. Thus monopoles of this type prevail over QWM s at frequencies in the upper UHF range and above.

It is usually not practical to feed a monopole off-center, since this would require terminals above the ground plane. For
this reason “half-wave monopoles” (corresponding to FWDs) typically do not appear in practical applications. Similarly it
is uncommon to modify a monopole’s impedance using the off-center feeding technique.

2.8.5 Practical Monopoles

Monopoles are favored over dipoles when operating in the proximity of large conducting surfaces because a monopole can
use the conducting surface as its ground plane. An example of this concept is shown in Figure 2.16(a), where the roof and
trunk of a vehicle are being used as ground planes. The same approach is also frequently employed for aircraft antennas.
For both automobiles and aircraft it is apparent that the structure which has been co-opted for use as a ground plane is far
from flat and infinite in extent. Nevertheless, such installations work well enough as long as the radius of curvature of the
ground plane is large compared to a wavelength, and as long as the minimum dimension of the ground plane is at least /2
or so. In fact it is not really even necessary for the ground plane to be a plane: Figure 2.16(b) shows a common variant of
the QWM in which the ground “plane” is formed from four quarter-wavelength radials. Of course, significant variations
from the impedance and pattern of the ideal QWM are to be expected when the ground plane is implemented in this
manner.

As in the case of the dipole, the number of important variants is large and and a summary of these variants is beyond the
scope of this book; recommended starting points for additional information include [10] and [86]. However it is worth
keeping in mind that essentially every dipole variant has a corresponding monopole variant.
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Figure 2.16: Practical monopoles: (a) Mounted on the roof and trunk of a sedan, (b) A mobile radio base station QWM
using 4 radials in lieu of a ground screen.
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Figure 2.17: Patch antennas.

2.9 Patch Antennas

A patch antenna consists of a planar metallic radiator which is separated from a ground plane by a slab of dielectric
material having thickness < \. Figure 2.17(a) illustrates the design of a typical patch antenna; in this case, for a handheld
GPS receiver. The patch may be fed using a conductor which protrudes through the ground plane to some point on the
patch (as in Figure[2.17[a)), or alternatively using a microstrip transmission line connected to an edge of the patch. In
either case an electric field is created between the patch and the ground plane, which subsequently radiates from the edges
of the patch.

Analysis of patches is difficult compared to dipoles and monopoles, and is beyond the scope of this text. However, a few
generally-applicable statements are in order. The patch antenna exhibits greatest directivity in the direction perpendicular
to the ground plane. The maximum directivity of traditional patches is usually within a few dB of 8 dBi. This may be
confirmed by the following informal analysis: Assume the radiation from the patch is well modeled as the radiation from
two parallel dipoles separated by the width of the patch. Then each dipole contributes a directivity of roughly 2 dBi, which
is increased by roughly 3 dB by the presence of the ground plane, since power remains constant whereas accessible solid
angle is reduced by one-half. Combining these dipoles increases the directivity by about 3 dB, yielding 8 dBi.

The impedance and polarization are determined by the dimensions and shape of the patch, and the point of connection.
Square patches fed from near the center of the patch (as in Figure 2.17(a)) are typically resonant (i.e., have reactance
which is low relative to the radiation resistance) when the perimeter of the patch is about A/,/€, , where ¢, is the relative
permittivity of dielectric spacing material. The point of connection is slightly off-center, resulting in circular polarization.
Square patches which are fed from an edge are typically resonant when the electrical length of the perimeter is 2)\/ /€.,
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Figure 2.18: Mobile phones for 900/1800/1900 MHz GSM cellular systems using PIFA-type antennas. All dimensions are
in mm. ©2012 IEEE. Reprinted and released under CC BY 4.0, with permission, from [69].

and are linearly-polarized. The impedance may be further modified using shorting connections which connect the patch to
the ground plane at additional locations.

Example 2.4. The patch shown in Figure 2.17(a) is 20 mm x 21 mm in size and uses a ceramic material having
relative permittivity = 5.4. Confirm that this patch is suitable for GPS.

Solution: The perimeter of the patch is 82 mm and therefore patch should be resonant when A/+/5.4 = 82 mm. This
yields A = 19.4 cm and thus f = 1574.4 MHz. This is very close to the GPS L1 center frequency of 1575.42 MHz.

Because patch antennas consist of metalization above a ground plane separated by a dielectric, they are a natural choice
when implementation on a printed circuit board (PCB) is desired. In particular, it is quite simple to add a patch antenna to
a radio circuit which has been implemented on a PCB.

Patches have the additional attractive feature that their size can be reduced by increasing the dielectric constant of the
spacing material. For a typical €, of 4.5 (corresponding to a popular type of fiberglass epoxy material commonly used in
PCBs), a square patch can be made to resonate efficiently when its side length is only about A/10. This makes patch
antennas extremely popular in consumer electronics, including mobile phones and mobile computing devices.

A commonly-encountered patch antenna is the planar inverted-F antenna (PIFA), shown in Figure 2. 17(b). The PIFA is
formed by shorting one side of the patch such that the patch, feed conductor, and shorting section form an “F” shape as
viewed from one side. Many of the antennas used in modern mobile electronics operating at UHF or above utilize some
variant of the PIFA.

Example 2.5. Figure 2.18|shows some examples of PIFAs used in cellular mobile phones. The convoluted shape of
the PIFA patch combined with parasitic (unconnected) elements results in low reactance at multiple frequencies,
facilitating multiband operation.
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Figure 2.19: Features of the pattern of a typical high-gain antenna.

The principal drawbacks of patch antennas, relative to dipoles and monopoles, are radiation efficiency and bandwidth.
Patches typically have poor radiation efficiency partially because the dielectric spacing material has some loss, but also
because the antenna may interact strongly with nearby lossy materials when embedded in devices such as mobile phones.
In mobile phones in particular, radiation efficiency for a resonant PIFA is on the order of 50%, and sometimes much
lower[§ The bandwidth issue arises because resonant patches are much smaller than resonant dipoles or monopoles. As we
shall see in Chapter[I2] the bandwidth that an antenna can accommodate is inversely related to its overall dimensions

relative to a wavelength.

2.10 High Gain Antennas

Dipoles, monopoles, and patches are low-gain antennas. Sometimes, higher directivity is required or desired. There are at
least three broad classes of high gain antennas: beam antennas (Section [2.10.1)), reflector antennas (Section 2.10.2), and

certain types of arrays (Section 2. 1T).

From a transmit perspective, higher directivity is achieved by increasing the power density in a specified direction.
Because an antenna is passive, the total radiated power is constant. Therefore increasing directivity one direction results in

reduced directivity in other directions.

The pattern of a typical high-gain antenna is shown in Figure High directivity inevitably results in a more complex
pattern consisting of a main lobe, sidelobes, and (sometimes) a backlobe. As explained earlier in this chapter, Half power
beamwidth (HPBW) is the angular distance between points on the main lobe for which the directivity is one-half that of
the maximum directivity. Since E-plane and H-plane patterns may be different, E-plane HPBW may be different from

H-plane HPBW.

Lobes other than the main lobe are referred to as sidelobes. Typically the sidelobes adjacent to the main lobe have the
greatest directivity. The ratio of the directivity of a sidelobe (typically the largest sidelobe) to that of the main lobe is
known as the sidelobe level. A backlobe is a sidelobe which is directly opposite the main lobe. Not all high-gain antennas
have an identifiable backlobe. When a backlobe exists, the ratio of maximum (i.e., main lobe) directivity to the maximum
directivity within the backlobe is known as the front-to-back ratio.

6 As will be pointed out in Chapter[[2] some part of this loss may be deliberately introduced as a technique for improving bandwidth.
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Figure 2.20: Evolution from dipole to a beam antenna: (a) dipole, (b) adding a reflector, (c) adding a director. (d) is a
practical example of a beam antenna having multiple directors to further increase gain.

2.10.1 Beam Antennas; The Yagi

Beam antennas consist of a driver antenna whose directivity is increased through electromagnetic (“parasitic”) interaction
with elements similar to the driver[] A beam antenna consisting of a HWD driver and dipole-type parasitic elements is
commonly known as a Yagi-Uda antenna or simply as a Yagi; see Figure 2.20(d) for an example. In a Yagi, the parasitic
elements consist of a reflector and some number of directors, and the direction of maximum directivity is in the direction
of the directors. The driver, reflector, and directors are joined using a beam, which exists only for mechanical purposes and
normally has only a small effect on the electromagnetic characteristics of the antenna. Beam antennas can be alternatively
be constructed from loops and certain other kinds of low-gain elements.

The operation of the Yagi depends on electromagnetic interactions between the driver, reflector, and directors that cannot
be described using simple closed-form equations. However it is useful to know some basic design concepts. Beginning
with a HWD driver, the addition of a reflector which is slightly longer than the driver and which is separated by
0.1X-0.25), as shown in Figure 2.20(b), results in an increase in directivity in the direction opposite the reflector by about
3-5 dB, to about 5-7 dBi. A similar improvement can be achieved by adding a director which is slightly shorter than the
driver and with a similar spacing from the driver, as shown in Figure 220(c). These effects can be combined; a
properly-designed 3-element Yagi consisting of a driver, reflector, and director typically has a gain of about 9 dBi. Further
increases in gain are achieved using additional equally-spaced directors. Figure 2.20(d) shows an example of a Yagi using
5 directors, having directivity of about 11.5 dBi. In principle directivity can be made arbitrarily large using increasing
numbers of directors; albeit with diminishing returns.

The impedance, directivity, and pattern of practical beam antennas are quite difficult to determine without resorting to a
numerical method (once again, method of moments and FDTD are popular choices) or to empirical solutions (e.g., tables

"Here we should note another common example of potentially confusing nomenclature: The term “beam antenna” is sometime used to mean any high-
gain antenna; i.e., “beam” is taken to mean that the main lobe dominates the pattern. By this definition, reflectors and arrays are also “beam antennas”.
That is not quite what we mean here.
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Figure 2.21: A gamma match used to interface coaxial cable to the driven element of a Yagi.

showing results for particular designs). For an introduction to practical analysis and design techniques for beam antennas,
reference [[78]] is recommended.

Beam antennas are extremely popular for applications requiring moderate gain at frequencies in the UHF band and below.
These applications include reception of terrestrial broadcast television and wireless data communications between fixed
points. Beam antennas are less common above UHF, because (as noted above) greater directivity can typically be achieved
using reflector antennas (the topic of the next section) having smaller overall size and a more convenient mechanical
design.

A common method for feeding a beam antenna using a coaxial cable is to use a gamma match. An example is shown in
Figure 2211 In this scheme the shield is grounded to center of the driven element, and the inner conductor is connected to
the driven element a short distance from the center via a capacitive tuning stub. This allows the driven element and the
shield to be directly connected to the metallic boom, yeilding a simple and sturdy interface that obviates the need for a
balun.

2.10.2 Reflectors

A paraboloidal reflector can be used to dramatically increase the directivity of a low- to moderate-gain antenna, known in
this application as a feed. The concept is shown in Figure[2.22] The method of operation is most easily understood in
terms of geometrical optics (also known as ray optics), which is applicable if the minimum dimension and surface radii of
curvature of the reflector are much greater than a wavelength. According to geometrical optics, the electromagnetic field
scattered from each point on the reflector is approximately equal to the field reflected by an infinite conducting plane
tangent to the surface. If the feed is located at the focus of the paraboloid defining the reflector surface, then the field
reflected from each point on the reflector travels in the same direction; that is, in parallel with the axis of revolution of the
paraboloid. Furthermore it can be shown that the phase of the reflected contributions is equal in any plane perpendicular to
the axis of the paraboloid. Thus the total reflected field is a plane wave traveling along the axis.

The directivity of a reflector antenna system is limited by two factors: First, spillover; that is, some fraction of the feed
pattern does not illuminate the reflector. Second, diffraction from the edges of the paraboloid results in some fraction of
the power from the feed being scattered in other directions.

A good engineering approximation of the far-field pattern of a reflector antenna can be obtained using the following tenet
of antenna theory: The electric field in a planar aperture is related to the far-field pattern by the two-dimensional Fourier
transform. In this case, we define a circular planar aperture in front of the dish, and note that according to the geometrical
optics approximation, the electric fields within that aperture have uniform phase, and that the electric fields outside this
aperture are identically zero. The pattern is therefore the Fourier transform of a two-dimensional function having
constant-phase within a circular aperture. The details of this derivation are beyond the scope of this text, but the results can
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Figure 2.22: Use of a paraboloidal reflector to increase the directivity of a low-gain antenna (the feed).

be summarized as follows. For a circular aperture of radius a, the HPBW is found to be

A
HPBW = %a (electrically-large circular aperture) (2.60)
a

and the directivity is found to be

20\ 2
D = 7? ( ;) (electrically-large circular aperture) (2.61)

We can calculate the effective aperture using the above expression in Equation we find
A, = wa? (electrically-large circular aperture) (2.62)

Note that a? is the area of a circle of radius a. This area is referred to as the physical aperture, Aphys; 80 more concisely
we may say that the effective aperture of a reflector is nominally equal to its physical aperture.

In practice, A, is significantly reduced by factors including spillover, diffraction, and variations in the magnitude and
phase of the reflected field over the aperture due to feed antenna limitations. The reduction in A, relative to the nominal
effective aperture Ay, is quantified by the aperture efficiency, €,, as follows:

Ap = €aAphys (2.63)

The aperture efficiency of practical reflector antenna systems is typically between 0.5 and 0.8 (50-80%). Aperture
efficiency applies independently of radiation efficiency: that is, €, is a modification to directivity, whereas both €, and €;.44
apply to gain. Thus:

47 4
D = 5 A = ey Apnys (2.64)

and 4
G = 6’r'oLdD = €rad€a TZAphys (265)

In a reflector antenna, ¢,.,4 is ordinarily attributed entirely to the feed.

As high-gain antennas, reflectors have several advantages over beam antennas. First, reflector antennas have large
bandwidth, since the mechanism of reflection has no bandwidth dependence; at least in the sense that geometrical optics
applies. Instead, the bandwidth of a reflector antenna is normally limited by the bandwidth of the feed antenna, and typical
feed antennas have larger bandwidth than high-directivity beam antennas. Second: Unlike a beam antenna, the directivity
of a reflector antenna of a given size increases with increasing frequency. Beginning in the high UHF range, it is usually
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(b)

Figure 2.23: Practical reflector antennas: (a) SHF-band terrestrial microwave data link antennas (feed and reflector surface
covered by a radome). (b) A small offset-fed Ku-band antenna used for satellite communications in support of retail
operations.

possible to devise a reflector with greater directivity than a comparably-sized beam antenna. Of course the opposite is true
at lower frequencies.

Examples of reflector antennas in action are shown in Figure 2.23

Example 2.6. Find the physical aperture, effective aperture, directivity, and gain of a 3 m diameter reflector antenna
at 1.5 GHz. Assume that spillover and diffraction effects result in aperture efficiency of 55%, and assume ideal
radiation efficiency.

Solution: Here, the aperture is defined by a circle of diameter 3 m, so the physical aperture A,y,s = 7.07 m?. Thus
the aperture efficiency A, = €, Apnys = 3.89 m?. At 1.5 GHz, A = 0.2 m, so D = 47 A, /A\?* = 1221 = 30.9 dBi
Assuming ideal radiation efficiency, €,,4 = 1 so in this case G = D = 30.9 dBi.

2.11 Arrays

An array is a set of antennas which are used in a coordinated fashion. Here, we consider specifically arrays in which the
antennas are combined to form a single antenna with increased directivity. This process is sometimes referred to as
beamforming.

The principle of beamforming is simple to demonstrate for a transmitting linear array consisting of identical and
equally-spaced antennas, as shown in Figure 2.241 A single signal is divided N ways, with each output being a signal
having 1/N of the power. Each signal drives a separate, identical antenna, so the applied current is less than the input
current by a factor of 1/ V/N. The electric fields radiated by the antennas add in-phase in directions perpendicular to the
array (e.g., along the horizon, if this array is vertical), and out-of-phase in other directions. Compared to the case where all
the power is applied to just one antenna, the electric field from the array has increased by a factor of N/ VN =N
broadside to the array. Consequently the radiated power density in the broadside direction has increased by a factor of

( VN )2 = N. In the special case that the separation between antennas is /2, it is possible to show that the directivity is
increased by a factor of N (see e.g. [78], Sec. 8.5). The factor of IV in this case is referred to as the array factor (AF).

If the antenna spacing is decreased from A /2, then directivity will also decrease. If the antenna spacing is increased from
A/2, then directivity will increase, but only up to point. This is because for such spacings, the signals radiated from each
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Figure 2.24: Use of multiple antennas in a linear array to increase directivity (transmit case).

antenna have the opportunity to “phase up” in directions other than broadside. This represents an increase in power
density in directions away from broadside, which reduces the power radiated in the broadside directions, and thereby
reducing directivity. In fact, the maximum possible directivity for the N = 4 array considered here is achieved when the
spacing is about 0.85\. By reciprocity, the above argument also applies for arrays operating in receive mode, just as we
have assumed for other antenna systems examined in this chapter.

Example 2.7. A common example of the type of array described above is the vertical array shown in Figure 2.23(a)
(look toward the right edge of the photo). In this case the array consists of 4 folded dipoles, each about \/2 long.
Estimate the broadside directivity of this array and characterize its pattern.

Solution: Here, N = 4. Array broadside corresponds to the H-plane of the constituent dipoles. The directivity of a
folded dipole is about 2 dBi. The element spacing appears to be about A/2, so the broadside directivity of the array is
= 10log;, 4 + 2 dBi = 8 dBi. The array has an omnidirectional pattern with high directivity along the horizon in all
directions, and nulls toward the zenith and nadir. This array finds application in certain broadcast and LMR
applications.

Another commonly-encountered array is the planar patch array. This array consists of patch antennas arranged vertically
on a common ground plane. Modern cellular base stations often use vertical stacks of patches to achieve high gain over a
specified sector, which is an angular region typically covering about 120° in azimuth. Many of the white panels in
Figure are individual patch arrays having gain in the range 10-20 dBi. Some of these panels are arrays using dipoles
as opposed to patches.

A planar array is an array consisting of antennas distributed over a planar surface as opposed to being distributed along a
line. This results in a main lobe which is highly directional in both dimensions; similar to that of a beam or reflector
antenna. Planar arrays of patches are commonly employed when a high-gain antenna is required but space considerations
require require the antenna to be conformal to an existing surface. A common application is in mobile very small aperture
terminal (VSAT) satellite communications systems installed in vehicles such as buses and aircraft, in which the beam can
be “electronically” steered to track the satellite and in which a mechanically-steered beam or reflector antenna would be
impractical. Planar patch arrays are also increasingly used as “low profile” wall-mountable high-gain antennas in outdoor
point-to-point WLAN links.
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Figure 2.25: The antenna tower of a modern cellular site, supporting several UHF and SHF-band cellular systems.
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Figure 2.26: Other commonly-encountered antennas: The horn, axial-mode helix, normal-mode helix, and loopstick.

2.12 Other Commonly-Encountered Antennas

The previous sections have described a few classes of antennas that see widespread use in radio applications. This section
describes a few more classes of antennas that are also commonly-encountered, but for which a more detailed discussion is
beyond the scope of this text.

The horn antenna, shown in Figure 2.26(a), is a moderately-directive antenna which is frequently employed as a feed in
reflector antenna systems. The horn antenna also appears in a variety of applications requiring a compact, efficient antenna
with more gain than a dipole or patch, but less gain than an beam or reflector. Horn antennas typically employ a
monopole-type antenna located in the “throat” of the horn. The use of a monopole facilitates simplified interface to coaxial
cable, which is desirable in many applications. In transmission, the power radiated from the monopole is directed to an
opening having much larger cross-sectional area than the throat. From this opening, the source of the radio wave can be
interpreted to be the electric field distribution which has been created in the opening aperture. As in the case of the
reflector antenna, the nominal directivity is roughly 47 A, s /A? where Ay, s is the physical area of the aperture. Also as
in the case of the reflector, the maximum directivity is less due to non-uniformity in the magnitude and phase of the
electric field created in the aperture.

The axial-mode helix antenna, shown in Figure 2.26|(b), is a high-gain antenna which is qualitatively similar to a beam
antenna. This antenna is essentially a coil having a circumference of about 1\ and a pitch of about 0.25\ at the desired
center frequency of operation. Each turn of the coil plays a role analogous to a director within a beam antenna. An
important difference is that this antenna is circularly-polarized, which is a requirement in certain applications — e.g., space
communications — where the relative orientation of the antennas on either end of the link is unknown or variable. An
advantage of this antenna is relatively large bandwidth (typically = 20%) compared to most beam antennas.
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The normal-mode helix antenna, shown in Figure 2.26]¢), is a coil whose circumference and overall length are both less
than or much less than \/4. This results in a dipole-like pattern which is omnidirectional in the plane perpendicular to the
axis of the coil. The normal-mode helix has an advantage over electrically-short monopoles of comparable size in that they
tend to have somewhat higher radiation resistance. For this reason they are sometimes used as external antennas in
handheld radios. The coil is typically enclosed in a plastic or rubber-type material for protection, which often gives the
false impression that the antenna is a short monopole.

We conclude this chapter with the humble loopstick antenna, shown in Figure 2.26(d). The loopstick appears in various
forms in applications in the MF bands and lower; in particular, in portable AM and shortwave broadcast receivers. At
these frequencies, electrically-short monopoles, dipoles, helices and high-¢,. patches are all unacceptably large and have
hopelessly narrow bandwidth. To achieve small size and roughly frequency-independent performance, the loopstick uses
an alternative approach quite unlike that used by any other antenna discussed previously. This antenna is essentially a
coil-type inductor. On receive, the magnetic component of the incident radio wave induces a time-varying current in the
coil which is proportional to the inductance. This current is delivered with very low impedance but can be sensed and
transformed into a moderate impedance signal using an appropriate amplifier (typically known as a “transimpedance”
amplifier). However very high inductance is required in order to obtain currents of usable magnitude, which requires that
the coil have a very large number of turns around a ferrite core. This in turn means high ohmic loss, and thus very low
radiation efficiency, which is the primary disadvantage of the loopstick compared to other electrically-small antennas.

Problems

2.1 A monopole having L = 3.25 cm, @ = 1 mm, and made from aluminium (assume p = o and o = 3 x 10% S/m) is
being considered for use in a 433 MHz radio telemetry transmitter. Calculate the impedance, radiation efficiency,
directivity, and gain.

2.2 Repeat the analysis shown in Figure [2.5]for the antenna described in the above problem. Consider the range
300-500 MHz.

2.3 Derive Equation[2.32] (vector effective length of an electrically-short dipole).

2.4 Derive the result that A, = 0.13)\? for the electrically-short dipole, starting with the expressions for A, and R,
for this antenna (Equations and2.22] respectively).

2.5 Equation2.44](D = 47 A./\?) is presented without derivation. But it can be checked. Confirm that this equation is
consistent with the independently-derived expressions for the directivity and effective aperture of an
electrically-short dipole.

2.6 Using the same method employed for the electrically-short dipole, show that the radiation resistance of a half-wave
dipole is about 73 €.

2.7 A popular alternative to the quarter-wave monopole is the 5/8-\ monopole. As the name implies, h = 5A/8. Sketch
the current distribution for this antenna in same manner shown in Figure What advantages and disadvantages
does this antenna have relative to the quarter-wave monopole? Consider size and gain.

2.8 Calculate the directivity of a z-aligned half-wave dipole at § = 45°. Give your answer in dBi. Repeat for the
electrically-short dipole, and both corresponding monopole versions. Compare.

2.9 A particular handheld receiver design requires that the GPS patch from Example 2.4]be reduced in area by 20%.
You may modify the size of the patch and the dielectric constant, but not the height of the dielectric slab. What are
the required dimensions and dielectric constant for the new design?

2.10 A reflector intended for satellite communications at 4 GHz is circular with a diameter of 3 m. The aperture
efficiency is 75% and the feed has a radiation efficiency of 95%. What is the gain of this antenna in dBi?

2.11 A certain patch antenna has a gain of 4.2 dBi. Seven of these are arranged into a vertical stack array. What is the
directivity of this array in dBi?



Chapter 3

Propagation

3.1 Introduction

In Chapter2] a radio wave was defined as an electromagnetic field that transfers power over a distance and persists in the
absence of its source. In this chapter our primary concern is what happens to radio waves between antennas, and how the
information borne by radio waves is affected. This chapter is organized as follows: In Section[3.2] we begin with the
simplest possible case — propagation in free space — and introduce the concept of path loss. In Section [3.3| we review
reflection and transmission, including the important problems of reflection from the Earth’s surface and scattering by
buildings and terrain. In Section[3.4] we derive the path loss associated with ground reflection. In Section 3.5l we consider
the effect of scattering in the terrestrial propagation channel, develop models for the channel impulse response, and
introduce metrics used to concisely describe these models in terms useful for practical radio systems engineering. Then we
get specific about the nature of propagation in 30 MHz — 6 GHz (Section 3.6), 6 GHz and above (Section3.7), and

30 MHz and below (Section[3.8). This chapter concludes with a discussion of a few additional mechanisms for
propagation that are sometimes important to consider (Section [3.9).

3.2 Propagation in Free Space; Path Loss

Consider an antenna transmitting a sinusoidal signal in free space; that is, in a region in which there is no ground, terrain,
buildings, or other objects capable of interacting with the radio wave. Assuming the antenna is located at » = 0 (i.e., the
origin of the coordinate system), the radio wave has the following general form in the far field of the transmitter:

e—IBr

E(r,0,¢) = &0, ) Vo(0, 9) (3.

r
where &(6, ¢) is a unit vector describing the polarization of the electric field and V; (6, ¢) represents the antenna pattern as
well as the magnitude and phase of the signal applied to the antenna. Let us temporarily ignore the phase response of the
antenna; i.e., let us assume for the moment that 9V, /90 = 9V,/d¢ = 0. In this case Equation B.1lis a spherical wave; that
is, surfaces of constant phase are concentric spheres centered on the antenna at » = 0. However for large r the radius of
curvature of the phase front becomes so large that it appears “locally” to be a plane wave; that is, from the perspective of
an observer far from the antenna, the phase appears nearly constant over the plane perpendicular to the direction of
propagationﬂ For antennas of practical interest, 9V /96 and 9V, /O¢ change slowly with both 6 and ¢, so this effect
remains after we reintroduce the phase due to the antenna.

A good analogy is the fact that the curvature of the Earth’s surface is not apparent to an observer on the ground; i.e., the Earth appears “locally” to be
flat.

© 2023 S.W. Ellingson CC BY NC 4.0. https://doi.org/10.21061/radiosystemsengineering-revised1st
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A corollary to the derivation presented in Section[2.2.2]is that the far-field electric field intensity is always polarized in the
plane perpendicular to the direction of propagation; i.e., €(6, ¢) - + = 0. Therefore one may write:

&(0, ) = eg(0, ) + dea (0, 0) (3.2)

where

\eB(0.0) +€2(6,0) = 1 (3.3)

This fact will become useful when we consider reflection, since it reduces the number of possible orthogonal components
of polarization from 3 to just 2, both perpendicular to the direction of propagation. In fact # and ¢ are not the only possible
choices for these two components, nor are they necessarily the most convenient choices, as we shall see in the next section.

Once the field is expressed in the form of Equation[31] it is easy to compute the power density S, (W/m?) at any point

(r,0,¢):

|E(T‘, 97 ¢)|2 — |VO(0> ¢)|2
2n 2nr?

Sa'ue (’F, 9, ¢) = (34)

where we have assumed E is expressed in peak (as opposed to RMS) units. Note that the power density decreases by 2
over the same distance. This weakening is typically the dominant mechanism of “loss” in a radio link, and is attributable
entirely to the “spreading out” of power with increasing distance from the antenna.

Usually the quantity S, is not quite what we need. The usual problem is this: Given a certain power Pr (units of W)
applied to the transmitting antenna, what is the power Pp (also units of W) captured by the receiving antenna? A further
wrinkle is that one typically prefers an answer in which the effect of the patterns of the transmit and receive antennas can
be separated from the loss due to spreading and other mechanisms, for more complex channels. The reduction in power
density with spreading is path loss, which we shall now derive for free space conditions.

Referring to Figure [3.]] imagine that Pr is being delivered to an antenna which subsequently radiates this power
isotropically (that is, uniformly in all directions), with |V (6, ¢)| that is constant with respect to 6 and ¢. We no longer
require an explicit global coordinate system, so let us represent the distance between between antennas using a different
symbol, R. S, at a distance R from the transmit antenna is simply Pr divided by the area of a sphere of radius R; i.e.,
Save = Pr/(4mR?). If the antenna is not isotropic but instead has gain G in the direction of the receiver, then the power
density is increased by this factor, so Sg = G Pr/(47R?). Assuming the polarization of the receive antenna is perfectly
matched to the polarization of the incident wave, Pf is related to S by the effective aperture A, of the receive antenna.
A, is given by DrA? /47 (Equation 2.44] of Chapter2)), where Dy, is the directivity of the receive antenna in the direction
of the incident signal. Accounting for loss within the receive antenna, we have A, = GrA?/4r and the relationship
between Pr and Pr can be written succinctly as follows:

A\ 2
Pr=PrGr|—) G 3.5
r = PrGr ( y R> R (3.5)
This is known as the Friis transmission equation for free space propagation. The third factor is the reciprocal of the free
space path loss L,o; i.e.,

A —2
Lyo = (M> (3.6)

A suitable definition of free space path loss, inferred by Equation[3.3] is that L, is the ratio of of transmit power to
receive power (i.e., Pr/Pr) when the transmit and receive antennas have unit gain (i.e., Gy = G = 1) along the path of
propagation. When we consider path loss in non-free space conditions later, the definition will remain the same.

The utility of the path loss concept is two-fold: (1) Py is directly related to Pr without having to determine power density
first, and (2) the effect of antenna pattern (i.e., gain as a function of direction) is conveniently factored out as a separate
consideration. Note however that path loss is not a description of propagation alone: It applies specifically to the power
captured by an antenna, and is not simply a ratio of the received power density to transmit power density. In fact, the
contribution of the receive antenna in Equation is represented by a factor of 47 /A2, and the remaining factor of 47 R?
is describing spherical spreading.
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along path

Figure 3.1: Scenario for the development of the Friis transmission equation.

Example 3.1. A satellite at an altitude of 800 km transmits a signal to a ground station directly below it. The
satellite transmits 5 W into an antenna having a gain of 6 dBi, and the ground station’s antenna has a gain of 10 dBi.
The center frequency of the transmission is 1.55 GHz. What is the path loss and the power delivered to the receiver?

Solution: From the problem statement we have Pr = 5 W, G = 6 dBi, Gg = 10 dBi, and R = 800 km. It seems
reasonable to assume free space propagation in this case, and if we also assume antennas which are well-matched in
impedance and polarization then Equation 3.3l applies. Since A = 19.4 cm at 1.55 GHz, the free space path loss Ly
is 154.3 dB. Thus we have Pr = 7.38 x 10~ '* W, which is —131.3 dBW or —101.3 dBm.

Obviously, not all situations of practical interest are well-represented by Equation A first step in generalizing this
result is to account for the possibility of path loss L, which is different from that encountered in free space; thus:

Prp = PrGrL,'Gg 3.7)

Figuring out ways to estimate L, in scenarios which are not well-modeled as free space is a primary objective of this
chapter. We’ll take the the Friis transmission equation one step further in Chapter [7] (Section [7.2), where we will make
further modifications to account for other effects such as antenna impedance mismatch and polarization mismatch.

Before moving on, a caveat about terminology: One should be aware that the generic term “path loss” is often used in lieu
of a specific quantity such as free space path loss, average (mean or median) path loss, path gain (i.e., the reciprocal of
path loss), and so on. In practice, it usually possible to infer the specific meaning from context, so this is typically not a
barrier to understanding.

3.3 Reflection & Transmission

Aside from free space propagation, the simplest thing that can happen to a radio wave in free space is that it can encounter
a planar boundary with some semi-infinite homogeneous dielectric material as depicted in Figure[3.2] This is a pretty good
description of two important cases: (1) A radio wave incident on the ground; and (2) a radio wave at frequencies in the
upper VHF band or higher encountering certain kinds of terrain, or the wall, floor, or side of a building. When a radio
wave encounters such a boundary, we expect a reflected wave with magnitude and polarization determined by the material
properties of the surface. We now work this out using some results from basic electromagnetic theory.

3.3.1 Reflection from a Planar Interface

We established in Section [3.2]that a radio wave in free space, in the far field of the antenna which created it, can be
approximated locally as a plane wave. Figure [3.2]depicts the situation when this plane wave encounters a semi-infinite
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Figure 3.2: Plane wave incident on a planar boundary between free space (top) and a lossy dielectric (bottom). Note &
points toward the reader.

homogeneous and potentially lossy dielectric medium which meets free space at a planar boundary. The incident electric
field intensity at a point of incidence Q is most conveniently written in following form:

E'(Q) =é.E(Q) + ¢/ E|(Q) (3.8)

where € is a unit vector which is perpendicular to the plane of incidence, defined as the plane containing the unit normal
vector to the planar boundary, n, and the direction of incidence, §*, as follows:

€] = 77——0 (3.9)
|§¢ x 0|
and éﬁ is defined to be orthogonal to both & | and §°, as follows:
éﬁ =6, x§ (3.10)

Note that the “ 1" and “||” components of the incident field correspond to “horizontal” and “vertical” polarization,
respectively, when 6* &~ 7/2, as is the case in terrestrial radio links.

In terms of Equation o
&(0,0) = e1e1(0,0) + &€} (6,9) G.11)

which is essentially Equation [3.2] but now written in terms of a different set of unit vectors. The reason for expressing the
incident field in this particular way, as opposed to using 6 and ¢ as in Equation[3.2] is that this particular decomposition of
the incident field leads to a relatively simple solution for the reflected field at Q:

E"(Q) =é.T E (Q)+ ¢ E|(Q) (3.12)

where
‘s

e =eL xs" (3.13)
8" is the direction in which the reflected plane wave travels, and I' ;. and I'|| are the reflection coefficients. Symmetry
requires that §” lies in the same plane as §* and 0, and Snell’s Law requires that §” = 6°; together these determine §". The

reflection coefficients are given by
ro— cos 91: — /€, — sin® 91: (3.14)
cos 0 + \/€, — sin? ¢
Nr 02 - ~7’ — sin? 02
ry = € COS ' vV € —sin - (3.15)
€, cos 0 + /¢, — sin? @

In the above expressions, €, is the relative complex permittivity of the material upon which the plane wave is incident.
This quantity represents both the permittivity and conductivity of the material and is defined as follows:
o

gT‘ = € — _]760 (316)
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where €, is the (physical, real-valued) relative permittivity, o is the conductivity (typically expressed in S/m),
€0 = 8.854 x 10723 F/m is the permittivity of free space, and the media are assumed to be non-magnetic (that is,
permeability equal to the free space value).

The derivation of this solution for the reflected field at Q is beyond the scope of this text (a recommended reference is [44,
Ch. 6]), however it’s straightforward to check this solution for the special case in which the reflecting media is
perfectly-conducting material. For a perfect conductor, ¢ — co. In this case, Equation[3.16]indicates €, — —j00, so the
reflection coefficients I' | — —1 and FH — +1 and are independent of #*. These are as expected from basic
electromagnetic theory, and a quick check of the result in this case is to note that it satisfies the electromagnetic boundary
condition that the component of the total electric field (E*(Q) + E"(Q)) which is tangent to the surface of the perfect
conductor must be zero.

After reflection, the wave continues to propagate as a spherical wave in the direction §” according to
e—iBd
d

E’(d) = E"(Q) (3.17)

where d is the distance from QQ along the ray S”.

Before moving on, note that if either |T"j | or |I‘H | are significantly less than 1, then some of the incident power is
transmitted into the medium as opposed to being reflected. We won’t need these, but the relevant expressions for the
transmitted field are readily available in basic texts on electromagnetics and propagation (again, [44] is recommended).

3.3.2 Reflection from the Surface of the Earth

Reflection coefficients for reflection from the surface of the Earth depend on frequency, permittivity, conductivity, and
angle of incidence. The relative permittivity of the surface of the Earth depends on the specific material composition,
which depends on geography; and moisture content, which depends on weather. A typical value for ground (i.e., soil) is
€ ~ 15. The conductivity of the ground is normally in the range 10~ S/m for moist soil, such as farmland, to 10~3 S/m
for dessicated soil typical of rocky or sandy conditions. Assuming typical values ¢, = 15 and ¢ = 1072 S/m in
Equation B.16] we obtain

(3.18)
where fjyq; is the frequency in MHz.

Let us now consider the effect of frequency for this particular case. When fyig, = 12, €, ~ 15 — 515; i.e., the real and
imaginary components are equal; thus the ground can be characterized as a highly lossy dielectric. When fyg, > 12,
€- ~ 15; i.e., the real component dominates over the imaginary component, so the ground behaves as a high-permittivity
dielectric with negligible loss. When fyg, < 12, €. ~ —5180/ fyvip, and the ground is not at all like a dielectric, and
instead behaves as an imperfect conductor. In terms of defined frequency bands:

¢ In the upper VHF band and above, the surface of the Earth is well-approximated as a lossless dielectric with
€, ~ 15. The reflection is a plane wave in the same sense that the incident field is locally a plane wave.

¢ In the MF band and below, the Earth is an imperfect conductor with €, that depends on frequency. However in this
regime A > 100 m, so antennas are typically located within a small fraction of a wavelength of the ground, and
therefore it is not reasonable to assume that the radiated phase front can be interpreted as a plane wave incident on
the ground. A more sophisticated analysis is required in this case. It turns out that the dominant mechanism is
neither “direct” nor reflected, but rather groundwave propagation. See Section [3.8] for more about this.

¢ Behavior in the HF and lower VHF bands is transitional between the above cases.

Whereas the situation is a bit murky for HF and below, we may productively continue by restricting our attention to
frequencies in the upper VHF band and above, making the assumption that the ground is well-modeled as a low-loss



3.3. REFLECTION & TRANSMISSION 55

1
0.8 H
0 :‘
o) 180 .:'
T | T {
0.4 e {
. e / o
.0 /180
02 ™ ‘I
\ ,:"
0 d
0 10 20 30 40 50 60 70 80 90

6" [deg]

Figure 3.3: Magnitude of reflection coefficients for typical Earth ground (€, = 15) at frequencies in the upper VHF band

and above. Phase is also indicated.

dielectric having €, ~ 15. The associated reflection coefficients are shown in Figure 3.3l The key finding here is that for §°
close to 90°, both "y and I are both approximately equal to —1. This finding holds true over a wide range of constitutive
parameters and frequencies. (Problem [3.9]offers the opportunity to explore this.) This approximation greatly simplifies the
analysis of VHF terrestrial propagation involving ground reflection, as we shall see in Section 3.4}

3.3.3 Scattering from Terrain & Structures

The results of Section[3.3.1] can be used to analyze reflection from certain terrain features, such as mountains; as well as
artificial structures, such as interior and exterior walls, ceilings, and floors. However there are some caveats and additional

considerations.

First, we must be careful to restrict our attention to frequencies at which the associated wavelength is small relative to the
area available for reflection, and the surface must be approximately smooth and flat relative to a wavelength; otherwise the
scattering is not well-modeled as plane wave reflection. Mountains often meet the “size” and “smooth & flat”
requirements in the lower VHF band, but fail the latter requirement at higher frequencies. Buildings may have dimensions
on the order of tens of meters and are smooth to within a centimeter or so, so the analysis of Section[3.3.1]is valid in the

UHF and SHF ranges if the surface radius of curvature is large relative to a wavelength.

The material composition of buildings is often complex. Interior and exterior walls are typically constructed from various
combinations of concrete@, brick, wood, gypsum board, and glass; and sometimes from granite, marble, and other
rock-type materials. All of these materials have ¢,. in the range 1.5-12, with relatively low loss; i.e., with

Im{é.} < Re{&,}. For the purposes of the analysis we are about to do, it is a reasonable approximation to consider
them to be low-loss dielectric materials with negligible variation with frequency. The resulting reflection coefficients
behave similarly to those identified in Figure 3.3] (which was calculated for €, = 15). The principal effects of smaller
values of ¢, is to reduce the magnitude of the reflection coefficients for values of 6% which are not close to grazing
incidence (0" — = /2), and to shift the value of 0" at which F” = 0 to lower values of #%. Also, it should be noted that

2 Actually, structural concrete is typically reinforced with steel rods (“rebar”); however this is a complication that we may overlook for our immediate

purposes.
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Figure 3.4: Types of scattering from buildings.

because walls are vertically-oriented, the mapping of horizontal and vertical polarizations to L and || polarizations is
opposite the mapping for ground reflection: Assuming terrestrial propagation, L corresponds to vertical polarization and ||
corresponds to horizontal polarization.

From a radio wave propagation perspective, floors and ceilings fall into two broad categories. In residential structures and
certain commercial structures, walls and floors are constructed primarily of wood, which has €, ~ 2. Thus wood floors
and ceilings reflect in a similar manner as the ground, but with a much lower ¢,.. In most commercial structures, the space
between levels is constructed from various combinations of steel and steel-reinforced concrete, often with sufficient
additional metallic content from HVAC ducts and other utility structures to result in behavior that is closer to that of a
perfectly-conducting ground plane.

There are two additional considerations which often foil attempts to model scattering in and around buildings as simple
reflection (see Figure 3.4). First, because walls have limited thickness, transmission into the structure may be important.
In particular, a radio wave may penetrate into a structure and then be subsequently scattered back out of the structure with
significant power density remaining. At frequencies in the lower UHF band and below, absorption losses internal to
buildings may result in out-scattered power density which is significant relative to the power density reflected from the
exterior. Predicting out-scattered propagation is extraordinarily difficult. The second additional consideration is
diffraction, which is scattering from edges and corners. In contrast to reflection, diffraction scatters power in all directions.
Thus, significant power density may be diffracted into exterior regions which are not accessible to the field reflected from
exterior walls. Estimating the diffracted field is possible, but is an advanced topic beyond the scope of this text. (A
recommended introduction to this topic and to propagation in and around buildings generally is [6].) It should also be
noted that diffraction from terrain — in particular, mountain summits and ridges — is also frequently important, for similar
reasons [44].

3.4 Propagation Over Flat Earth

A broad class of terrestrial propagation scenarios can be modeled as shown in Figure[3.3] in which the total electric field
intensity E(R) arriving at the receiving antenna consists of a “direct path” component E; (d; ) experiencing free space
propagation over a path length d;, plus a component Es (ds) that has been singly-reflected from the ground and travels
over a total path length dy = db + dj. Thus, E(R) = E1(d;) + Ea(dz). This is the simplest and most common example
of the phenomenon commonly referred to as multipath. Let us now derive expressions for E(R) and consider the
implications for power density and path loss.

3.4.1 A General Expression for the Wave Arriving at the Receiving Antenna

First, note that we may simplify the problem by decomposing E(R) into its |- and ||-polarized components, resulting in
simpler scalar expressions. Assuming R is much greater than both antenna heights h; and ho, 6° will be very close to /2.
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Figure 3.5: Geometry for two-ray propagation associated with ground reflection.

In this case we know from Section [3.3.2] that the reflection coefficient is approximately —1 for both polarizations.
Therefore it suffices to perform the derivation in scalar form for just one polarization, since the results must be the same
for both polarizations. Following Equation 3.1l we describe the electric field intensity incident on the receiving antenna
via the direct path as follows:
e—JBd1

di

The reflected path consists of two segments: A segment of length d’ from transmitting antenna to point of reflection, and
segment of length d5 from point of reflection to receiving antenna. The field incident on the point of reflection is

Ei(d) = Vi (3.19)

o e—iBd3
E5(ds) = Vo p (3.20)
2

This expression is approximate because the pattern of the transmit antenna will lead to a slight difference in the value of
Vo between Equation [3.19]and B.201 However this difference will usually be small for antennas of practical interest, which
typécally have patterns that vary slowly in elevation; and will certainly be negligible when R is much greater than h; and
ha

The reflected field at the point of reflection is Equation [3.20| multiplied by the reflection coefficient I'. To account for
propagation from the point of reflection to the receiving antenna there must be an additional factors that account for phase
accrued along the remaining path length as well as the continuing reduction of power density. The appropriate expression
is:

e—JBd;y
(db + dg) /d
The justification for the factor of (dé + dg) /db in the denominator may not be obvious. The argument for this factor is as
follows: Because the ground is flat and has I' = —1, image theory appliesH Since the field incident on the ground is a
spherical wave, the field reflected from the ground must therefore be a spherical wave which appears to emanate from the
image of transmitting antenna. The total path length from the image of the transmitting antenna to the actual receiving
antenna is db + d%, so the product of the factor of d in the denominator of Equation[3.20]and the associated factor in
Equation B2l must be d5 + d5. Therefore, this factor in Equation 32Tl must be (dj + d5) /d5.

E3(ds) = E3(d})T (3.21)

Substituting Equation into Equation we obtain:

B = vre ) et 3.22
2(dz) = Vo dy+dy 0 dy (3:22)

Now the total field incident on the receiving antenna is the sum of Equations and[3.22

e—JiBdy e—JBd2
E = El(dl) + E;(dg) =~V d +T d (3.23)
1 2

3Problem [3.9]gives you the opportunity to test this and other approximations.
4See Section[2.8]for a reminder of what image theory entails.
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Figure 3.6: Electric field intensity (rms) at a mobile station antenna 2 m above the ground in response to a base station
antenna 15 m above the ground, at 450 MHz. The two solid curves correspond to the L and || polarizations (Solution
to Example 3.2). The two dashed curves are solutions computed assuming free space propagation (Equation and
approximate flat Earth (two-ray) propagation (Equation[3.36)).

Example 3.2. In an LMR system operating at 450 MHz, the base station antenna is at a height of h; = 15 m, and the
mobile station antenna is at a height of ~; = 2 m. Plot the magnitude of the electric field intensity at the receiving
antenna as a function of R when V; = 10 V rms. Assume the material properties of the ground are given by
Equation 3. 16 with ¢, = 15 and 0 = 10~2 S/m.

Solution: The solution is shown in Figure which uses Equation 3:23] with reflection coefficients calculated using
Equations 3. 14l and [3:13]

Example 3.3. Repeat Example [3.2] with the modification that both antennas are at a height of 2 m.

Solution: The solution is shown in Figure 3.71

Comparing the solutions of the two examples above, we see that a decrease in antenna height leads to a significant increase
in path loss, particularly at longer ranges. This is the primary motivation for mounting antennas as high as possible. Close
to the transmitter, we observe a large, quasi-periodic variation around the prediction of the free-space model. This
variation is constructive and destructive interference as the relative phase of the ground-reflected component varies with
increasing R. Beyond a certain distance, we observe that the field strength drops at a rate of 40 dB for each factor-of-10
increase in R; i.e. path loss is proportional to R*. The value of R at which we transition to R* behavior is known as the
breakpoint. We see in Figures 3.6l and [3.7] that the breakpoint occurs at ~ 800 m and ~ 100 m for h; = 15 m and 2 m,
respectively. Radio links of this type have usable ranges up to 10s of kilometers, so the range dependence of path loss
beyond the breakpoint is of primary importance. We consider this in more detail in the next section.
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Figure 3.7: Same as Figure[3.6] except now with both antennas 2 m above the ground (Solution to Example 3.3).
3.4.2 Flat Earth Path Loss; Breakpoint Analysis
In this section we derive a simple approximate expression for field strength beyond the breakpoint in flat Earth
propagation, which allows us to then derive a simple expression for the breakpoint distance.

To begin, we observe that the factors of d; and d5 in the denominators of the two terms in Equation are both
approximately equal to R when R is much greater than %; and hy. Thus:

v , .
B EO [e—Jﬁdl + Fe—Jﬂdz] (3.24)

Note that it is not valid to apply the same approximation to the phase factors in the numerators; see Section[2.2.2]for a
reminder of why this is so. Next, it will be convenient to extract a factor of e 7#%1 from within the square brackets in the
above expression:

Ex %e*jﬁdl |14 Te 8] (3.25)

Now we seek an expression for dy — d1, as it appears in the above expression, in terms of R, i1, and ho. This is
accomplished as follows. First, note that d; and d» can be expressed exactly as follows:

hi — ho)?
hi + ha)?
dy = \/(h1 + h2)” + R2 = R\[1 + % (3.27)
The square root appearing in the above expressions can be linearized using the binomial approximation:
(1+2)"=21+nx for <1 (3.28)
Takingn =1/2and z = (hy £ h2)2 /R?, we obtain:
1 (hy — ho)?
d = R|1+ 5% for (hy —ho)® < R? (3.29)
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1 (hy + ho)?

2 2
R for (hi+ hs)’ < R (3.30)

de = R

We now subtract the above expressions. After some algebra, we find:

2
M for R?> 3h2

do — di = o (3.31)
since (hy + h2)2 = h% + h1ho + h% < 3h2 __ where hy,qy is the greater of hy and ho. Substituting this expression back

into Equation 3.23] we obtain
E= %e*jﬂdl (14 TemsPahna/m)] (3.32)

The above expression can be simplified further, as follows: We expand e~78(2#172/E) in a Taylor series around
hl hg/R =0:

e—iB(Emha/R) _ 1 _ g <2h1h2> + ... (3.33)
R

where the ellipses represent terms including the factor (hihe/R)" with n > 2, and which are therefore negligible for

h2,.. < R?/3, as we have already assumed. Thus:
Vo . 2h1hsy
Ex e P14+ — 4T 3.34
R [ B\ —5 (3.34)
Next we note once again that for h2,,, < R?/3, 6" is very close to 7/2 and therefore I' 2 —1 for both the | and ||

polarizations, assuming realistic ground conditions. Thus:

2 B
E = BV, ( 252) e ifh (3.35)

Substituting 3 = 27/ and taking the magnitude, we find

47 h1 hQ
E| = |W ——~ 3.36
This equation is used to compute the curve labeled “Flat Earth Propagation” in Figures and 3.7} note that the
approximation is quite accurate for sufficiently large R.
Finally, we compute the power density:
E)? _ |Vo|” 167 h3h}
Sve = E| ~ Vol T nhihg (3.37)

n n )\2 R4

(here, | E| in rms units). Path loss is inversely proportional to power density, so we are now ready to make some
conclusions about path loss L,, for flat earth propagation when R? > 3h2, . . First, note that L,, < R?, as opposed to R?
for free space propagation, as was originally noted in the discussion following Examples[3.2]and 3.3l Next, note that

L, x hf2h§ 2. i.e., path loss increases as the inverse square of antenna height. This is also apparent by comparing
Examples[3.2] (Figure 3.6l 41 = 15 m) and B3] (Figure 3.7 h1 = 2 m). We clearly see here strong motivation for mounting

base station antennas at the greatest possible height.

It is often useful to have an estimate of the breakpoint; that is, the distance R beyond which Equation applies, and the
above conclusions about path loss are valid. The derivation indicates that these conclusions hold for R? > 3h2 ., but
what we would prefer is a particular value that does not require a subjective estimate of what it means to be “much greater
than”. Such a value can be obtained by solving for the value of R for which the magnitude of the free space electric field

intensity (Equation 3.19) equals the value predicted by Equation[3.36] This gives:

4m hiho

1
— = —_ 3.38
|V0|d1 Vol N R (3.38)
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where R = Ry, is the breakpoint. Since d; = R for the purposes of magnitude calculation, we find

4
Ry T”hth (3.39)

Example 3.4. Determine the breakpoint in Examples[3.2]and B3]

Solution: Equation[3.39] gives R, =2 565 m and 75 m for Examples[3.21and 3.3] respectively. These values are
roughly 25% less than the value of R, that might be determined “by eye”. This level of error is typical of the
uncertainty associated with other aspects of propagation analysis, and so Equation turns out to be quite useful as
a rule of thumb.

3.5 Multipath & Fading

In the previous section we noted that terrain and structures may create significant scattering which may be subsequently
perceived as multipath by the receiver. This impacts not only path loss, but can also distort the temporal and spectral
characteristics of the transmitted signal. These effects are prevalent in terrestrial propagation in all bands from VHF and
above. These effects are also prevalent in HF propagation, where the primary culprit turns out to be the ionosphere, as we
shall see in Section[3.8

3.5.1 Discrete Multipath Model for Terrestrial Propagation

For the moment it will be convenient to describe a single path as a time-domain electric field being used to convey a
message signal s(¢). Either polarization of the signal at a reference point close to the transmit antenna can be described as

E(t) = Eos(t) (3.40)
If there is only one path and we neglect polarization effects, the wave incident on the receive antenna may be written
_1
E(t) =[Lp(R)] 2 &(t—7) (3.41)

where 7 is the delay associated with path length. Next we envision a scenario where there is not just one, but rather N > 1
viable paths between antennas. At least one of these paths is likely to involve reflection from the ground. The additional
paths are the result from scattering from buildings and terrain features. The n-th such path can be expressed as

[me(Rn)]_l/ * &(t — 7,,) where the subscript 7 is used to denote parameters unique to the n-th path. The total received
signal is simply the sum over the NV paths:

E) =D [Lypn(Ra) V2 &t — 1) (3.42)

To simplify further, we now define average path loss L,(R) such that the path loss for the n-th path may be expressed
exactly as:

Ly (Ra)] /2 = [L,(R)] " an (3.43)

for each n, where a,, are unitless, path-specific values. (We’ll return to what specifically we mean by “average path loss”
later.) We may now write Equation[3.42]as follows:

N
() =& [LR)] ™" Y ans(t—m) (3.44)
n=1
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We now wish to separate the signal s(¢) from the effect of the propagation channel, represented by a,, and 7,,. This can be
done by writing rewriting the above expression as follows:

E(t) =& [Lp(R)] V2 s(t) + [Z an 6t — Tn)] (3.45)
n=1

7L

where “x” denotes convolution,; i.e.

+oo
s(t) x6(t — ) = / s(u) 0(t — 1y, — u) du (3.46)

—00

which is just s(t — 7,,). The factor in square brackets in Equation[3.43]is known as the channel impulse response (CIR). It
is convenient to assign the CIR its own symbol:

N
h(t) =) an 6(t — 1) (3.47)
n=1

so now Equation may be written compactly as:

—1/2

E(t) =& [L(R)] " s(t) * h(t) (3.48)

3.5.2 The Static Channel: Channel Impulse Response

Although we arrived at the notion of CIR through the development of a model, the concept applies generally. In practice,
CIR is typically defined so as to exclude mean path loss and the transfer functions of the antennas, as we have done above.
By “impulse response”, we mean that the CIR is the response when the input is an impulse. Since we defined the channel
as consisting of N discrete paths in the previous section, the CIR of Equation [3.47] consists of the sum of N impulses.

The utility of decomposing the propagation channel into separate factors associated with L,, which is constant over a
relatively large area, and CIR, which captures the magnitude and phase behavior of the channel over small distances and
times, is that CIR behaves in a qualitatively similar way independently of R and across a wide variety of scenarios.
Furthermore, differences between CIRs can be conveniently expressed using a concise statistical description as opposed to
deterministic functions. These features turn out to be quite convenient, as we shall see later.

CIRs are often depicted as power delay profiles (PDPs), which are essentially plots of the squared-magnitude of the CIR.
Figure 3.8 shows a typical PDP for a UHF-band cellular link, obtained by measurement. (For other examples of measured
CIRs, an old but good reference is [13]].) To facilitate some numerical analysis, consider the simulated PDPs shown in
Figure Figure[3.9(a) is the type of PDP that would typically be associated with radio links between base stations and
mobile stations in rural and suburban scenarios, where the CIR tends to be dominated by a few scatterers close to the
mobile station, and ground reflection. Exponential decay is typical. Often, the number of significant close-in scatters is so
large that the PDP appears not as discrete impulses, but rather as a continuous (but “lumpy”) exponential decay, as
suggested by the dashed line. Figure 3.9(b) is a type of PDP that would typically associated with environments consisting
of tall buildings or hilly terrain. In these environments, the situation depicted in Figure [3.9)a) is repeated several times,
with each instance associated with a particular building or terrain feature. These instances are sometimes referred to as
fingers, and are also evident in the PDF of Figure 3.8

The two primary metrics that are used to describe a CIR are delay spread and coherence bandwidth. Delay spread is the
effective length of the CIR; in practice, the time span over which multipath contributions to the CIR are considered to be
significant. Therefore a CIR consisting of N = 1 path has zero delay spread, whereas a CIR which has significant
multipath contributions with delays ranging over a duration A7 is said to have a delay spread of A7. The difficulty in the
latter case is determining what constitutes a “significant” contribution. An arbitrary but commonly-used metric is root
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Figure 3.8: A measured power delay profile (PDP) for a 850 MHz link between antennas at heights 9.1 m and 1.8 m,
separated by about 1 km in a small US city. ©1988 IEEE. Reprinted and released under CC BY 4.0, with permission, from
[16].

mean square (RMS) delay spread o, defined as the standard deviation of the PDP-weighted delay

J2 =77 () dt
J3Z () dt

Q
3
Il

(3.49)

where 7 is the mean of CIR-weighted delay:
Jo© tIh(t)|* dt
Jo~ I dt

7

(3.50)

The above definitions are generally valid. If the CIR can be reasonably approximated using the discrete multipath model
(Equation [3.47), the integrals reduce to sums over the paths as follows:

N 2 2
2on=1 (Tn = T)" |an]

gr = N 2
Zn:1 |an|

(3.51)

and N )
Zn:l Tn |(Ln |

T= N 2
anl |an|

(3.52)

Example 3.5. The CIR depicted in Figure[3.9(a) is given by (71 = 0 us,a; = 1), (12 = 0.75 ps, az = 0.325), and
(13 = 1.55 us, ag = 0.098). Calculate the RMS delay spread.

Solution: From Equation[332] 7 = 0.08 us. From Equation[3.31] the delay spread o, =2 0.26 pus.

5Magnitude brackets (“|...|”) are included to accommodate the option (not yet discussed) to express the CIR in complex-valued “baseband” form, in
which the a,,’s may be complex-valued.
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Figure 3.9: Power delay profiles (PDPs) representative of a radio link between a base station and a mobile station in (a)
rural and suburban environments (b) environments consisting of tall buildings or hilly terrain. See Examples[3.3]and
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Example 3.6. The first finger of the CIR depicted in Figure B9(b) is identical to the CIR of Figure[3.9(a) (see
Example[3.3). Subsequent fingers are identical to the first finger, but delayed by 1.5 us and 3.0 us, and scaled by 0.6
and 0.4, respectively. Calculate the RMS delay spread.

Solution: From Equation[332](now with N = 9), 7 2 0.75 us. From Equation B3] o, = 1.05 ps.

These delay spread statistics are typical for mobile radio systems in the VHF band and above. More on this in Section 3.6

Let us now consider the frequency response H (w) of the propagation channel. This is a concern because the propagation
channel has the potential to act as a filter which distorts the signal s(¢) which is sent through it. The frequency response of
the channel is simply the Fourier transform of the CIR; i.e., H(w) = F {h(t)}. For the discrete multipath model, we find:

N
H(w) = ane ™ (3.53)
n=1

For an N = 1 channel, H(w) = ay; that is, constant with frequency, and the frequency response is said to be flaz. In other
words, if there is only one path, there can be no distortion of s(t) aside from simple delay. For N > 2, H(w) has the
potential to vary with frequency. If, on the other hand, the delay spread is sufficiently small, then the variation with
frequency will be small; perhaps even negligible relative to the bandwidth of the signal. Thus, it is useful to have some
metric which indicates the bandwidth over which the variation in H (w) can be assumed to be negligible, and to have this
be related to the delay spread.

The metric we seek is coherence bandwidth, B,.. Like all specifications of bandwidth, a formal definition depends on some
criterion which is typically arbitrary; e.g., the difference relative to a nominal value that is used to determine frequency
limits. In the analysis of CIR, one instead typically settles for an informal estimate in the form:

1

mo,

B, ~

(3.54)

where typical choices for values of m are 5, 10, and 50; all based on empirical experience combined with some preference
for how much variation is considered acceptable. The usefulness of the concept of coherence bandwidth is limited to
identifying whether channel frequency variation is expected to be significant, or not, over the span of one’s signal. A
useful determination of the extent to which the variation is significant requires a more careful analysis in terms of the
specific modulation and CIR characteristics (more on this in Chapters 3 and [6).

Example 3.7. Compute |H (w)| for the CIR of Example [3.5]and use this result to assess Equation [3.54]

Solution: |H (w)]| is shown in Figure 3.10(a), evaluated in a 1 MHz span around 871 MHz. This frequency is chosen

for demonstration purposes only; there is no expectation of significant differences at higher or lower frequencies. We
previously determined o = 0.26 us, so B, is estimated to be in the range 77.4 kHz to 774 kHz for m = 50 and

m = 5, respectively. The associated variation is | H (w)] is seen to be less than 1 dB or so for m = 50, and up to a few
dB for m = 5.

Example 3.8. Repeat the previous example for the CIR of Example

Solution: |H (w)]| is shown in Figure B.10(b), again evaluated in a 1 MHz span around 871 MHz. We previously
determined o, = 1.04 us, so B, is estimated to be in the range 19.1 kHz to 191 kHz for m = 50 and m = 5,
respectively. The variation in | H (w)| corresponding to a given value of m is found to be similar to that found in the
previous example.

Comparing the above examples, the consequence of increasing delay spread is evident as an increase in the variability of
| H (w)]. This situation is commonly known as frequency-selective fading. Note that the interpretation of a propagation
channel as being “frequency-selective” depends on the bandwidth of interest B, That is, any channel for which B, is

Note that By, might be either the bandwidth of the signal or the bandwidth of the receiver, but typically it is the former.
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(b) B. = 19.1 kHz, 191 kHz for m = 50, 5; respectively.

Figure 3.10: Frequency response |H (w)| corresponding to the CIRs depicted in Figure 3.9] plotted in dB relative to mean
value over the displayed span.
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Figure 3.11: Determining the change of path length due to a transmitter, receiver, or scatterer moving at a constant velocity.
Note we assume that the elapsed time At is vanishingly small such that ¢,, remains approximately constant.

significantly less than B,, is “frequency-selective”, whereas any channel for which B, is significantly greater than B,,, is
“ﬂat” .

For an example of actual observed frequency-selective fading, see Figures [6.38 and [6.411

3.5.3 The Dynamic Channel: Doppler Spread & Fading

To this point we have assumed that neither the transmitter, receiver, nor scattering structures are in motion. Let us now
consider the consequences of motion. We begin with a modified version of the discrete multipath model (Equation[3.47)) in
which the path parameters — including the number of paths — are now functions of time:

N(#)

h(t) = an(t) 5(t — ma(t)) (3.55)

n=1

Let us limit our attention to the behavior of the channel on the shortest timescales over which we expect to see significant
variation. If there is any motion, then 7(t) is continuously changing, whereas N (¢) and a,, (t) might reasonably be
assumed to vary much more slowly. Therefore 7,,(¢) should be the initial focus of our attention, and we assume that over
some time frame it is reasonable to express Equation[3.33]as

N
h(t) 2 an 6(t — 7a(t)) (3.56)

Now we need to know something about the form of 7, (¢). Referring to Figure 3.11] note that a transmitter, receiver, or
scatterer moving at a constant speed v over a distance d = vAt causes the path length 7,, to change by d cos ¢,,, where ¢,,
is the angle between the direction of motion and the incident wave. Next, let us assume a linearly-varying delay of the
form 7,(t) = 79,5, + unt Where 79, is 7, at some earlier reference time common to all n, and

Oty . dcosép/c v

Uy = 5 = At p CoS ¢y, (3.57)

Thus we have N
h(t) 2 an 6 ([1 = un]t — 70.0) (3.58)
n=1

Note that acceleration and other higher-order forms of motion are also possible and could be modeled in a similar way.
However for our purposes the present assumptions will suffice to reveal the behaviors that dominate the behavior of
realistic channels.

If the bandwidth of s(¢) is small relative to B,, then the effect of the channel is well-described as a time-domain variation.
This is known as flat fading, and applies to many signals of practical interest, so it worth considering here. This is most
easily demonstrated by representing s(¢) as an analytic signal modulating a sinusoidal carrier:

s(t) = Re {m(t)etive} (3.59)
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where m(t) is the message signal, centered at zero frequency and assumed to have bandwidth B,, < w, the
complex-valued exponential factor is known as the carrier, and w, is the carrier frequency. Now applying the CIR to
obtain y(t) = s(t) * h(t):

N
y(t) =Re {Z an m ([1 = up] t = 70,) etIeellimumltzron) } (3.60)
n=1

In any scenario of practical interest, v < ¢ with considerable overkill. Therefore
m([1 — up]t — 7o) = m(t —T0.n) (3.61)

since the time scaling of the message signal will be undetectable in the limited time frame already established for this
analysis. We may invoke the narrowband assumption 7y, < B;,! to further simplify:

m(t —To.n) = m(t)e I0T0n (3.62)

i.e., we assume that the phase variation in the spectrum of m(t) associated with 7 ,, (relative to the other 79 ,,’s) is
sufficiently small that it may be approximated as a constant phase shift over the bandwidth. This is already assured
because we have assumed that B,,, < B.. For the carrier we have

e+jwc([1_un]t_7'0,n) _ e+j(wc_wd,n)t e IweTo,n (3.63)

where
v v
Wd,n = We— COS Py, = 27TX COS ¢y, (3.64)
c

and where )\ is the wavelength at w,.. The quantity w ,, is recognized as a Doppler shift. Equation [3.60lmay now be
written as

N
y(t) 2 Re {Z anm(t) et We—wan)t g=jweton } (3.65)
n=1

The result is N copies of s(t), each scaled in magnitude by a,,, rotated in phase by w7y ,,, and appearing to be at a
slightly different carrier frequency w. — wgq . The associated spectrum will therefore consist of IV copies of the spectrum
of s(t), each displaced by wy,,, in frequency. This effect is known as Doppler spreading.

We may now rearrange Equation[3.65]as follows:

y(t) = Re {m(t) y(t) et7'} (3.66)
where we have made the definition
N
V() =D ay e7Iant geeTon (3.67)
n=1

Note that y(¢) describes the CIR in a manner that is completely independent of m(¢). Comparing Equations and[3.66]
we find that the effect of the CIR can be represented as a multiplicative process, as opposed to convolution. Specifically,
the CIR transforms m(t) into m(¢)(t), and therefore the variation in the magnitude of y(¢) due to the CIR is proportional

to |7].

Let us now examine the behavior of |y(t)| using an example.

Example 3.9. Simulate |(¢)| for a typical UHF mobile radio propagation channel at 871 MHz (A = 36 cm) and a
typical vehicle speed of v = 24 km/h. Use Equation[3.67lwith N = 10, a,,’s equal to 1, and w,_,,’s randomly
distributed over +27rv/c.

Solution: See Figure[3.12]
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Figure 3.12: A simulation of |y(¢)| for f = 871 MHz and v = 24 km/h (see Example B.9).

The striking feature of this result is the prevalence of deep nulls — up to 10’s of dB, occurring roughly every A/2 on
average. This particular aspect of flat fading is known as fast fading, with the term “fast” referring to the fact that the
variation over distance is much “faster” than the R? to R* variation associated with the average path loss L.

It is often useful to know the statistical distribution of |y(¢)| as well as something about the rate at which |y(¢)| changes.
First, let us consider the statistical distribution. The cumulative distribution function (CDF) of a random variable X is
defined as P (X < q) for some g. For present purposes it is convenient to define X as a sample taken from the
deterministic quantity |y| /7, where 7 is defined as the mean value of |y(¢)|. That is, we define the CDF of X as the
probability that |y(¢)|, normalized to have a mean of 1, is less than or equal to the threshold g. Figure B.13 shows the CDF
of X, computed directly from the same data used to generate the results shown in Figure 3.12] Since ~y(¢) has
“voltage-like” units, we have elected to plot the horizontal (“¢”) axis in dB.

Note that the probability that |y(¢)| at any moment is < 10 dB below its mean value is 2 10%. Said differently, the
fraction of time that the instantaneous power is < 10 dB below its mean value is = 10%. Similarly, note that the fraction
of time that the instantaneous power is < 20 dB below its mean value is = 1%. This particular statistical distribution is
known as the Rayleigh distribution, and so fading which is well-modeled by Equation with large IV is known as
Rayleigh fading. The CDF of any random variable drawn from a Rayleigh distribution is given by

PX<qg=1-—¢"9 (3.68)

as can be confirmed by spot-checking values plotted in Figure

Example 3.10. Field measurements indicate an average power of —105 dBm is received by a particular radio as it
moves about in a region in which the channel is believed to exhibit Rayleigh fast fading. The bandwidth of the
receiver is much less than the coherence bandwidth. What fraction of the time can the received power be expected to
drop below —123 dBm?

Solution: The bandwidth of the receiver is B,,,. From the problem statement, B,, < B, so flat fading may be
assumed. The Rayleigh flat fading distribution is given by Equation In this case, we wish to know the fraction
of time the received power is —123 dBm — (—105 dBm) = 18 dB below the mean. Therefore ¢ = —18 dB = 0.126.
Applying Equation we find P (X < 0.126) = 0.016: The received power is expected to be below the threshold
1.6% of the time.
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Figure 3.13: CDF of observed values of |y| /4 from the example described in Figure 312

Coherence time T is the duration over which variation in the CIR can be considered insignificant. The rate at which the
CIR varies overall is roughly the same as the rate at which the CIR varies within a coherence bandwidth, so T is roughly
the same as the time over which variation in +y(¢) can be considered to be insignificant. A more precise definition of 7. is
problematic, because different applications are more or less sensitive to this time variation. In wireless communications
applications, coherence time is typically calculated as

! = A (3.69)

T.= ——
Nfd,max j2ay

where fg maqr = v/ is the maximum Doppler shift and ;¢ depends on the application. Note that this definition
corresponds to the time required to traverse a distance equal to \/u, whereas the null-to-null distance in Rayleigh fading is
roughly A/2. Therefore T, computed using Equation[3.69] corresponds to a duration over which the variation is very small
only if ¢ > 2. Most mobile wireless communications systems are robust to large variability in the CIR, so values of p
tend to be in the range 1 — 6 in those applications (¢ = 1, 2.36, and 5.58 are popular choices; for details, see [[63]). In
other applications a “tighter” definition with larger ;+ may be more appropriate.

Example 3.11. What is the coherence time in Example [3.9] (Figure 3.12)) assuming p = 5?

Solution: Using Equation [3.69] 7. = 10.3 ms, which is the time required to traverse 0.4\.

3.5.4 Spatial Autocorrelation & Diversity

Fading of the type depicted in Figure 3.12]imposes severe limitations on the performance of radio communications
systems, and one is motivated to find ways to mitigate its effects. It is instructive to consider the worst case scenario: This
is that the channel variation should slow or halt while |-y| is at or near a minimum. In this scenario, the receiver may
experience a signal-to-noise ratio which appears to be stuck at a level 10’s of dB below the nominal mean power.

A solution in this case is spatial diversity, in which two or more antennas separated by some distance d are employed to
create an effective channel with more favorable fading characteristics. To see how this might work, first note that the curve
traced out in Figure B.12 could equally well represent || while varying d at some instant in time. The relationship
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Figure 3.14: Spatial autocorrelation in Rayleigh fading. Note that this is equivalently the temporal autocorrelation using
the change of variables indicated by Equation [3.70)

between elapsed time At and d is

d vAt
1= famaz At (3.70)

A distance of d = \/2 is shown for scale on Figure 312 Clearly d for effective space diversity should be at least this
large. Further, it makes sense that larger d should be more effective than smaller d, since one expects the correlation
between |y(t)| and |y(t + At)| to decrease with increasing At. Thus, the autocorrelation of the function () as a function
of d/\, or equivalently as a function of fg 44, is of interest. The latter is easier to work out since we already have a
suitable time-domain expression; namely Equation 3.67] The autocorrelation of «y(t) in the time domain is:

+T/2
p(At) = lim —/ ~F(@E)y* (¢t — At)dt (3.71)

T—o00 T —T/2
After substitution and some math, we find that for large V:

p(At) _ _ d
W = J() (wd,ma:pAt) = JO (271')\) (372)

where J () is the zero-order Bessel function of the first kind.

This result is plotted in Figure 314l Observe that spatial correlation decreases with increasing separation, but does so in an
oscillatory manner within a slowly decaying envelope. Also note the result is consistent with Figure 3.12] which suggests
that antenna separation less than about \/4 always results in highly-correlated signals.

Now an important caveat: This result is specific to the Rayleigh fading model on which it is based. When fading is better
described using a different model, the spatial autocorrelation — and specifically the positions of the zero-crossings — will be
different. Therefore there is no point in attempting to “tune” antenna spacing to correspond to zeros in the spatial
autocorrelation. Nevertheless, some form of the decaying oscillation exhibited in Figure 3.14lis generally observed in
channels which exhibit flat fading. Therefore the most effective strategy is simply to use the largest possible antenna
separation, and separations on the order of 10 or so are well-justified.

Given two or more antennas with separation sufficient to realize channels with low correlation, there are a number of
schemes for combining them so as to mitigate the effect of magnitude fading. Principal among these are selection
combining and maximal ratio combining (MRC). In selection combining, one simply uses the antenna whose output is
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currently largest. This is demonstrably suboptimal, but has the advantage of being very simple to implement. In MRC, the
output is a linear combination of the antennas with combining coefficients that are selected to maximize the
signal-to-noise ratio of the output. MRC is optimal but is more difficult to implement. For additional discussion of MRC
including expected performance, see Section[6.14.3] For additional information on spatial diversity and spatial
characteristics of the propagation channel generally, [32] and [43] are recommended.

Example 3.12. Spatial diversity is commonly employed on the uplink (mobile station to base station link) of cellular
telecommunications systems. Assuming frequencies around 850 MHz, A =~ 35 cm. To satisfy the 10\ criterion
suggested above in this frequency band requires antennas spaced apart by about 3.5 m. This is close to the limit of
what a conventional cell tower can accommodate; see Figure for an example.

3.5.5 Summary

In this section we have found that the prevalence of scattering in terrestrial radio links results in propagation channels
which are potentially complex and liable to significantly distort radio signals in a variety of ways. Before moving on, let
us take a moment to summarize what we have found. The propagation channel can be characterized in terms of the
following metrics:

* The coherence bandwidth B, which is inversely proportional to (thus, essentially the same information as) the
delay spread o,. The former indicates the largest message bandwidth (B,,,) that can be accommodated without
spectral distortion; the latter will prove useful in assessing the extent to which delayed copies of the message signal
create interference for earlier copies of the message signalﬂ

* The coherence time T, which is inversely proportional to (thus, essentially the same information as) the Doppler
spread. T, is useful to know for the analysis and design of modulations which are sensitive to the temporal variation
of the channel. The time variation of the channel is due to motion, so 7. can be equivalently be represented as a
coherence distance equal to T,.v, which is on the order of \/2.

* The statistical distribution of |7y|. The two distributions identified so far are the constant distribution associated with
free space propagation, and the Rayleigh distribution associated with the discrete multipath model, but known to be
a reasonable description of actual channels (other possibilities will be identified in Section[3.6.3). This distribution
should be considered in the analysis and design of modulations, transmitter power control, receiver automatic gain
control (AGC), and antenna diversity schemes.

« Now coming full circle: The average path loss L,. We can now be more specific about what we mean by “average”:
We mean the average at one location over some time > T, or, equivalently, averaged over a region of size >> the
coherence distance. The point is that LT,, represents the variation in path loss over relatively large temporal and
spatial scales, whereas || represents the variation in path loss over relatively small temporal and spatial scales.

3.6 Terrestrial Propagation Between 30 MHz and 6 GHz

The free-space wavelengths at 30 MHz and 6 GHz are 10 m and 5 cm, respectively. This is a regime in which the ground,
terrain features, buildings, and vehicles are potentially large relative to a wavelength, and therefore may be efficient
scatterers of radio waves. In this case, Sections and[B.3]provide a cogent description of terrestrial propagation as is. In
this section we need simply to elaborate and fill in a few relevant details. The situation is significantly different at lower
frequencies (< 30 MHz) and higher frequencies (> 6 GHz), so we shall consider these regimes separately, in Sections 3.8]
and 3.7l respectively.

"In Chapter[6lwe will refer to this as intersymbol interference.
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Figure 3.15: Radio horizon for an antenna located at point a. Point b shares a radio horizon with point a, whereas point c is
below the radio horizon of point a.

Figure 3.16: Extension of a radio link beyond the radio horizon by diffraction from intervening terrain.

3.6.1 Radio Horizon

With just a few exceptions (see Section[3.9), the useful range of terrestrial signals at frequencies in the VHF band and
above are limited by the curvature of the Earth. The limit itself is the radio horizon; that is, the range at which the line of
sight from an antenna becomes tangent to the sphere representing the surface of the Earth, as shown in Figure This

]angels
“ 412 k]ll 3.;3

where h is height of the antenna above the average terrain height [43]. Since the range to the radio horizon increases with
h, antenna height is important in determining the maximum effective range of a terrestrial radio link in this frequency
regime.

Example 3.13. A UHF television broadcast antenna is mounted at a height of 100 m. Assuming flat terrain and
receive antennas which are very close to the ground, what is the maximum effective range of this antenna?

Solution: From Equation[3.73] the distance to the radio horizon is about 41 km, so this is the maximum effective
range for receiving antennas at ground level.

Effective range can be increased by increasing the height of the receiving antenna. A receiving antenna has its own radio
horizon, and the link can be closed if the radio horizon of the transmitter overlaps with the radio horizon of the receiver.

Of course the surface of the Earth is not smooth. The presence of terrain or buildings results in maximum range which
may be less than — or greater than — the range implied by radio horizons. When terrain or buildings obstruct free space
propagation, the route to the receiver must involve some combination of transmission through the obstacle or diffraction
around the obstacle, greatly increasing the path loss. On the other hand, propagation beyond the radio horizon is
sometimes possible by diffraction from the peak of intervening terrain and structures, as shown in Figure Although
the diffraction itself is weak, this is effective because there may be reduced scattering along the path to and from the peak.
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3.6.2 Delay Spread and Coherence Bandwidth

The PDPs shown in Figure are representative of PDPs commonly encountered in this frequency regime. The form
depicted in Figure 3.9)a) is typical of rural or suburban environments when at least one of the antennas is mounted well
above the height of any scattering objects. The delay spread in this case is found from measurement studies to be O (1 us)
or less. Using Equation[3.534] B. is found to be in the range ~ 10 kHz to ~ 1 MHz for the m = 5 and m = 50 definitions
of delay spread, respectively. The form depicted in Figure B.9(b) is typical of scenarios in which paths include efficient
scattering from nearby tall buildings or hilly terrain; each finger being associated one of these paths. The delay spread
associated with each finger may be similar to the delay spreads in the previous scenario, but the overall delay spread
depends on the separation between the fingers, which may extend to O (10 us). The resulting coherence bandwidth in
such cases is typically less than 100 kHz.

Similar results emerge in indoor environments, but only at somewhat higher frequencies. This is because reflection from
walls and other indoor features becomes efficient for wavelengths of roughly 1 m or less, corresponding to a
low-frequency limit on the order of 300 MHz as opposed to 30 MHz. Because the distance between walls and ceilings is
on the order of meters, indoor delay spreads are typically on the order of 10s to 100s of nanoseconds, and the associated
coherence times are on the order of 100s of kHz to 10s of MHz.

3.6.3 Fading Statistics and Coherence Time

As in Section[3.3.3] let us now restrict our attention to a bandwidth < B, and consider fading and coherence time. We
observed earlier that the discrete multipath model gives rise to fading with Rayleigh magnitude statistics and with 7. given
by Equation[3.69] This model is found to be so widely applicable that it is common to simply assume this behavior in the
analysis and design of modulation schemes and radio links. There are, however, at least three important cases in which a
different model may be more appropriate:

* Two-Ray Fading. In scenarios in which an unobstructed line of sight path exists and other scattering mechanisms
are negligible, the propagation channel may be well-modeled using the discrete multipath model with N = 2,
corresponding to the direct path plus the ground-reflected path. Two examples where this occurs are in
communications between high-directivity antennas both mounted high above ground, and in air-to-ground
communications when the ground station is located in a region of low scattering. Since ground-reflected paths have
reflection coefficients very close to —1, the received signal exhibits a near-perfect null every half-wavelength,
resulting in magnitude statistics somewhat more severe than those of the Rayleigh distribution.

* Ricean Fading. Sometimes the CIR will be more or less as anticipated by the discrete multipath model, except that
one of the paths will dominate over all others. This is commonly encountered in rural and suburban environments
when one or both antennas is much higher than surrounding terrain and buildings. This leads to fading magnitude
statistics which are less severe than Rayleigh by an amount which depends on the ratio of the power in the dominant
path to the combined power of all other paths. This is type of fading is well-described by the “Rice- K distribution,
and so is commonly referred to as Ricean fading.

* Nakagami Fading. When the CIR consists of multiple well-resolved fingers (as in Figure[3.9(b)), one might assume
that the fading associated with each finger individually has Rayleigh statistics. In this case, the fading statistics for
all fingers combined will have magnitude distributed according to the “Nakagami-m” distribution. This hypothesis
is supported by measurements of actual CIRs, which indicate that Nakagami distributions are a somewhat better fit
to the observed magnitude statistics, especially for channels with longer delay spreads. The Nakagami-m
distribution is essentially a generalization of the Rayleigh and Rice distributions, and the distinction becomes
important in certain problems in which the results may be sensitive to the precise form of the fading distribution.

In all cases, T is roughly the same and Equation [3.69]is applicable. Since wavelengths in this frequency regime range
from 10 m to 5 cm, and assuming speeds ranging from 1 m/s (e.g., walking) to 30 m/s (typical highway speed), we find
coherence times ranging from 333 us to 2 s, respectively. Any practical system covers a much smaller frequency range; for
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example, a PCS cellular telecommunications system operates at roughly 2 GHz and therefore must accommodate 7 in the
range 1-30 ms.

3.6.4 Average Path Loss

We noted in Section[3.4.2]that path loss in the flat Earth model was proportional to R* beyond the breakpoint distance
R = Ry, and at shorter distances was roughly proportional to 2, albeit with additional fading. The situation is
dramatically more complex in terrestrial channels, because terrain and buildings may effectively block and scatter radio
waves in the 30 MHz — 6 GHz regime. Let us now consider some ways in which average path loss may be estimated.

Breakpoint - Power Law Model. In this model, we simply assume free space propagation (L, (R) = Lyo(R)) up to the
breakpoint distance, and then

~

n
“(R) = T(Ry) (1}%1) . R> R, (3.74)
for greater distances. In this model, n is known as the path loss exponent. This model strikes a useful balance between
simplicity and the ability to describe a wide range of commonly-encountered propagation conditions. In particular, n = 2
corresponds to free space propagation, and increasing n to 4 provides a “piecewise log-linear” approximation to the flat
Earth model. Similarly, it is found that a very wide variety of actual propagation channels are well-characterized by
appropriate choices of R, and n. Appropriate values of n are found to be in the range 2 — 5. Sometimes, a better fit is
obtained using multiple breakpoint distances with the intervening distances each being assigned the appropriate path loss
exponent. To be clear, this approach has order-of-magnitude accuracy at best; on the other hand, differences between more
sophisticated models and actual propagation measurements are often this large. Thus, this approach is sufficient in many
applications.

Example 3.14. The link from a base station antenna to a mobile user operating a compact handheld phone operates
at 1900 MHz. The mobile is 10 km from the base station. The propagation path is well-characterized by
Equation[3.74 with L,,(R;) = 128.3 dB, R, = 1 km, and n = 3.2. What is the mean path loss at the mobile?

Solution: From Equation [3.74] we have L, (10 km) = 160.3 dB.

Location-Specific Path Loss Models. Sometimes the power law approach is unable to capture aspects of the environment
that have a big impact on path loss. A prominent example can be found in the engineering of broadcast radio and
television systems. Such systems use very high antennas, resulting in radio horizon distances on the order of 10s—100s of
kilometers. In this case attenuation and scattering by terrain are important considerations, so geography must be
considered. In the location-specific approach, one gathers details about the geometry and material composition of the
buildings and terrain at a specific site and along a particular path, and then the problem is solved as an electromagnetic
scattering problem. Since practical scenarios are typically too complex to analyze rigorously, various simplifications are
made to make the calculation tractable. A popular model using this approach is the Longley-Rice model (also known as
the irregular terrain model (ITM))E

Empirical path loss models. An empirical model consists of a mathematical function which is fit to measurements. There
is no expectation that the resulting model will yield accurate estimates of L,, on a case-by-case basis; however the model
will typically be good enough on a statistical basis to permit informed design of specific radio links and to facilitate
engineering analyses of radio links generally. Popular empirical models include the Hata model [23]], the COST231
extension to the Hata model [38], and the Lee model [43]]. Appendix [Alprovides an introduction to empirical path loss
modeling, including a detailed description of the Hata model.

There is one additional aspect of propagation in the 30 MHz — 6 GHz regime which is important to consider: slow fading.
Slow fading is additional variation in average path loss with R which is much “slower” than fast (i.e., |y|) fading. This
variation is normally attributable to shadowing by terrain and large structures, and therefore is not always observed. In

8The ITM has somewhat diffuse origins. Suggested references include (in chronological order): [80], [48], [29], and [57].
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environments in which it is prevalent (and in which location-specific modeling is not desirable or possible), the additional
fading can be modeled as following a log-normal distribution [6].

3.7 Propagation Above 6 GHz

The principal difference between propagation at frequencies in the SHF and higher bands, compared to propagation at
lower frequencies, is the primacy of path loss in determining link range. The increased path loss is sufficiently large that
many systems require high-directivity antennas or beamforming systems, and are otherwise limited to relatively short
ranges. The increased path loss is attributable to two distinct issues: Reduction in effective aperture of receive antennas
(Section3.7.1)), and media losses including atmospheric attenuation and rain fade (Section [3.7.2H3.7.4). While these
phenomena certainly exist at all frequencies, they are normally negligible at frequencies below SHF. And, just to be clear,
there is nothing special about 6 GHz in this respect: Others could be justified in arguing that some lower or higher
frequency represents a more appropriate threshold for this distinction.

Separate from the path loss issue, propagation considerations in this regime are essentially the same as in the 30 MHz —

6 GHz regime. Phenomena affecting propagation in mobile radio channels scale as expected with frequency. On the other
hand, the use of highly-directive antennas in point-to-point applications limits the potential for scattering from objects not
close to the line of sight. This may result in a propagation which is very similar to the free-space case, except perhaps for
the additional path loss associated with absorption.

3.7.1 Increased Path Loss Due to Diminished Effective Aperture

This first issue bearing on the problem of path loss at high frequencies has essentially nothing to do with propagation, but
instead concerns the characteristics of antennas and, subsequently, the limitations of power amplifiers. Returning to
Equations[3.3]and [3.6] recall that path loss is proportional to (R/ /\)2, and that the dependence on A is associated with the
effective aperture of the receiving antennal In other words, we say path loss increases with frequency (= ¢/\) squared
because this is the rate at which the effective aperture of the receiving antenna decreases.

In one sense this is merely a consequence of the way we define “path loss”, and one could imagine alternative definitions
where the frequency dependence of the receive antenna’s effective aperture is included elsewhere. Nevertheless, the
associated problem is real. For example, even if one is able to implement an antenna having constant gain over
frequencyl one finds Pr/Pr (the ratio of received power to transmit power) decreases with frequency squared.

To see how this impacts practical radio systems, consider the following example: You obtain acceptable Pr at 6 MHz
using Pr = 100 mW. Increasing frequency to 60 MHz while keeping the gains of the transmit and receive antennas
constant, Pr/Pr is reduced by a factor of 100, so Py must be increased to 10 W to maintain the same range. Similarly,
increasing frequency to 600 MHz requires increasing Pr to 1 kW — already this is impractical in many applications, and
explains why UHF systems commonly have less range than VHF systems in comparable applications.

3.7.2 Increased Path Loss Due to Media Losses; Attenuation Rate

Media loss refers to the tendency of the medium to extract power from the radio wave, thereby eroding power density with
increasing distance. These losses are observed in all media other than free space. These losses are even observed in air,
although the effects are normally not apparent at frequencies in the UHF band and below. In radio systems, the loss
mechanisms of primary concern are atmospheric absorption and rain fade. These mechanisms are sometimes collectively
referred to as extinction.

OTf this is a surprise, review the derivation in the paragraph preceding Equation
10Not out of the question: For example, this can be done with a suitably-designed horn antenna over a surprisingly large frequency range.
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Generally, the effect of media loss is to reduce the electric field intensity of a radio wave traveling over a distance R by an
additional factor of e~ ¥, where « is the attenuation constant . Consequently the reduction in power density is a factor of
(e~@f)2 = ¢=221 (Be aware that attenuation constant is sometimes defined such that e =% is the reduction in power
density, as opposed to electric field intensity. This is not wrong; however it is not consistent with undergraduate
electromagnetics textbooks, and so is likely to create confusion.)

Attenuation rate is defined as this quantity expressed as a loss in units of dB per unit length; i.e.,
10log,, e 2 = —8.69aR dB (3.75)

so for example
attenuation rate = 8.89« dB/km (3.76)

when « has units of km~!. In other words, attenuation rate is the increase in path loss, per unit distance, beyond the path
loss that would be expected in ideal free space.

Note that media loss accrues exponentially, and that the exponent is 2a.R. So, the impact on path loss is small when this
exponent is less than 1; however the impact on path loss becomes important when the exponent increases beyond 1, and
very quickly overtakes the impact of spreading (i.e., R™) loss as the exponent becomes much greater than 1. Therefore a
rule of thumb for when media loss becomes important is R > 1/2«, or equivalently when o > 1/2R.

3.7.3 Atmospheric Absorption

An important form of media loss is atmospheric absorption. Absorption in the Earth’s atmosphere is dominated by the
effect of two constituent gases: water vapor (H,O) and oxygen (O2). At UHF and below the associated attenuation rate is
< 1 dB/km, decreasing with frequency, and is therefore typically negligible. In the SHF and EHF regime this rate can
reach a few dB/km when humidity and temperature are sufficiently high, although quiescent rates are typically at least an
order of magnitude lower.

In a span of roughly 10 GHz around 60 GHz, O5 absorption becomes the dominant loss mechanism, increasing attenuation
rate to 10—15 dB/km independently of humidity or temperature. The especially high path loss makes this band unsuitable
for outdoor communications in most applications. However this same attribute makes this band attractive for unlicensed
indoor wireless networks, where the extraordinarily high path loss can be exploited to reduce interference between nearby
systems.

Example 3.15. At a range of 300 m, how much additional path loss should one one expect at 60 GHz due to
atmospheric absorption?

Solution: At 60 GHz, O absorption is the dominant media loss mechanism. The associated attenuation rate is
between 10 dB/km and 15 dB/km. The increase in path loss at a range of 300 m is therefore between 3 dB and 4.5 dB.

A weaker absorption mechanism is present at about 22 GHz, associated with water vapor. The attenuation rate associated
with this mechanism peaks at about 0.2 dB/km, which is not much greater than the attenuation rate at frequencies above
and below the peak. Nevertheless, this band would not be a wise choice for long-range terrestrial communication.

There is a popular myth that a similar absorption feature exists at 2.4 GHz, associated with water vapor. The myth appears
to be associated with the observation that microwave ovens operate at 2.4 GHz; however the mechanism at work in a
microwave oven is dielectric heating, not absorption by water[]

The characterization of atmospheric absorption in this section leaves out details which may be important in certain
applications. For the whole story, [46] is recommended.

n fact, the reason microwave ovens operate at 2.4 GHz is to keep them from interfering with licensed radio systems in other bands — the same reason
unlicensed WLAN systems operate in that band.
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3.7.4 Rain Fade

Rain fade is a temporary increase in the apparent attenuation rate due to scattering and absorption by rain along the path of
propagation. Like atmospheric absorption, the effect is normally negligible at UHF and below, and emerges into
significance under certain conditions in the SHF and higher bands.

The 10-30 GHz band is commonly used for satellite communications. In this band, rain may increase the apparent
attenuation rate by 0.1-10 dB/km, depending on frequency and rainfall rate. This accounts for the degraded performance
of direct broadcast satellite (DBS) systems, which operate at ~ 12 GHz, in the presence of heavy rain.

A popular empirical model for characterization of rain fade is given in ITU-R Rec. P.828 [31].

3.8 Terrestrial Propagation Below 30 MHz

In the HF band and below, mechanisms for radio propagation are significantly different from those prevalent in the VHF
band and above. An important difference is that buildings and terrain features are not necessarily large relative to a
wavelength (A > 10 m), and therefore tend not to scatter radio waves as effectively as they do at higher frequencies.
Another important difference in this frequency regime — noted in Section[3.3.2]— is that the magnitude of the reflection
coefficient of the ground may be significantly less than 1. Furthermore, a new possibility emerges: skywave propagation.
Let us now sort through these considerations.

We already noted in Section [3.3.2] that the material properties of the Earth’s surface cause groundwave propagation to
dominate at frequencies < 12 MHz. Thus groundwave propagation is important for applications in the MF band and
below, such as broadcast AM radio (0.5-1.8 MHz). In this mode of propagation, the || (=svertical) component of radio
wave is bound to the surface of the Earth and the | (=horizontal) component does not propagate effectively; therefore
antennas must be vertically polarized. Because the groundwave is bound to the surface of the Earth, it spreads primarily in
azimuth and not in elevation, which tends to reduce path loss associated with spreading. However the wave is partially
embedded in the ground, which is behaving as an imperfect conductor, which tends to increase path loss. A more rigorous
analysis of groundwave propagation is relatively difficult and somewhat beyond the scope of this text ([44] is
recommended).

Groundwave propagation can play a role in the HF band, but is typically not the dominant mechanism. Most of the power
radiated by an HF antenna is able to propagate through free space. HF radio waves which follow paths close to the ground
are limited by blocking and scattering in ways similar to radio waves at higher frequencies. However a far more efficient
mode of propagation available in the HF band is skywave propagation, illustrated in Figure Skywave propagation is
refraction from the ionosphere. The ionosphere is a region of free electrons 85—600 km above the surface of the Earth,
created by the ionization of the atmosphere by radiation from the Sun. The gradient in the electron density of the
ionosphere with altitude tends to efficiently refract HF radio waves back toward the Earth. The extreme height of the
ionosphere enables propagation with low path loss between points separated by distances far in excess of the radio
horizon. Furthermore, returning skywaves may be efficiently reflected by the surface of the Earth, leading to two or more
“skips” and greatly increasing range. Under the right conditions, worldwide communication is possibly using just a few
watts of transmit power — much less than is used by radio horizon-limited transmitters operating at higher frequencies.

The efficiency of ionospheric refraction is dependent on a number of factors [[15]. Usually ionospheric refraction is
effective only for frequencies below about 30 MHz, improving with decreasing frequency. The maximum frequency at
which this mechanism is considered effective is known as the maximum useable frequency (MUF). The MUF varies with
latitude, time of day, season, and phase within the 11-year solar cycle. Over a daily cycle, MUF typically varies from

~ 10 MHz to ~ 30 MHz.

The ionospheric skywave channel is normally not quite as simple as Figure 3.17limplies. The electron density in the
ionosphere is irregular on many spatial scales, which creates delay spread. Ionospheric electron densities are constantly
evolving, so path lengths vary, leading to fading. Thus it is possible and convenient to describe the channel using the same



3.9. OTHER MECHANISMS FOR RADIO PROPAGATION 79

Figure 3.17: Skywave propagation in the HF band. Letters indicated named layers of the ionosphere.

terminology established for terrestrial channels at higher frequencies in Section[3.3l For the ionospheric skywave channel:

* Delay spread typically < 1 ms, increasing to O (10 ms) during times of severe ionospheric disturbance.
* Coherence bandwidth ~ O (10 kHz), shrinking to O (100 Hz) during times of severe disturbance.

* When signal bandwidth < coherence bandwidth, fading statistics follow the Rayleigh distribution to a good
approximation.

¢ Coherence time ~ O (10 min), except around sunset and sunrise, and during other periods of disturbance.

At night (and below the MUF), ionospheric skywave propagation has very low loss, so that path loss is limited primary by
spreading, which is not much greater than experienced in free space conditions. During the day, the “D” (lowest) layer of
the ionosphere emerges. Unlike the higher (E and F) layers of the ionosphere, the D layer tends to absorb HF radio waves.
D-layer absorption may contribute as much as 10’s of dB to the path loss, but is time-variable and its effect is notoriously
difficult to estimate.

3.9 Other Mechanisms for Radio Propagation

There are a few other propagation mechanisms which are important in certain applications.

Occasionally, ionospheric conditions become disturbed in a way that allows skywave propagation to prevail even at VHF
frequencies. For example, sporadic E (“E;”) is a condition in which a geographically-limited region of the ionosphere is
temporarily but dramatically enhanced. When this happens, the low end of the VHF band behaves very similarly to HF
below MUEF. The MUF for E; conditions is often as high as 70 MHz, and occasionally much higher. E; is most common
in the northern hemisphere during daylight hours from April through July, and events range in length from a few minutes
to a few hours.

Another phenomenon which can cause VHF to exhibit HF-like ionospheric propagation behavior is meteor scatter.
Meteors entering the Earth’s atmosphere leave a trail of ionization which is an efficient reflector of skywaves throughout
the VHF band. These trails typically last only for seconds, so the channel created by any one meteor is only briefly
available. On the other hand, there is a steady stream of meteors entering the atmosphere, so this propagation mechanism is
always available. Meteor scatter is sufficient to allow communications at VHF frequencies over continental distances [[73|.

Tropospheric scatter is a skywave propagation mechanism in which radio waves in the UHF and lower SHF bands are
scattered from the upper leves of the troposphere, roughly 7-20 km above the surface of the Earth depending on latitude.
Because the scattering is not very efficient, this method requires high transmit power and antennas with very high
directivity (such as reflectors), and range is typically limited to a few hundred kilometers.
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Ducting is a somewhat different mechanism of propagation, in which radio waves in the VHF and lower UHF bands
become trapped by gradients in the index of refraction between adjacent layers of the atmosphere. This allows long-range
propagation following a path of roughly constant height above ground, and with greatly reduced spreading of power in the
elevation plane. This mechanism depends on weather and climate, and is only intermittently available. A common
symptom of ducting is the ability to receive broadcast FM and television stations at distances far beyond the radio horizon.

Problems

3.1

32

33

34

35

3.6

3.7

3.8

3.9

3.10

Equation 2.1T]is the far-field electric field intensity for an antenna consisting of a thin wire oriented along the z-axis.
Write this equation in the form of Equation 3.1] What are &(0, ¢) and V; (6, ¢)?

A data link is established from an aircraft cruising at 10 km altitude and a satellite directly above it in
geosynchronous orbit. The aircraft transmits 10 W into an antenna having a gain of 5 dBi, and the satellite’s antenna
has a gain of 20 dBi. The center frequency of the transmission is 10 GHz. What is the path loss in dBm and the
power in mW delivered to the receiver?

Derive Equation

Reproduce the result shown in Figure 3.3 but now include the effect of conductivity assuming: (a) o = 10~ S/m at
30 MHz, (b) o = 10~ S/m at 30 MHz, (c) o = 102 S/m at 300 MHz, and (d) 0 = 10~! S/m at 300 MHz.
Summarize: How good is the assumption that the ground is a lossless dielectric in the VHF band?

A vertically-polarized 2 GHz radio wave is incident on a 10 m x 10 m brick wall from a cellular base station 1 km
distant. Assume the brick has €, = 4 and o = 0.4 S/m. (a) Confirm that it is reasonable to model this scenario using
the methodology of Section[3.3.1l (b) What is the minimum and maximum possible loss (in dB) incurred in the
resulting reflection, and under what conditions do they occur? Here “loss” means power density of the reflected field
relative to power density of the incident field, both at the point of reflection.

In Section[B.4lit is assumed that '} = I} = —1 because " = /2, and that variation of the elevation plane pattern
of the transmit antenna is negligible over the angular separation between the two paths. How reasonable are these
assumptions? Consider a scenario in which the antennas are vertically-polarized half-wave dipoles mounted at
heights of 10 m and 1 m. (a) Find the minimum separation between antennas for which §* > 85°. (b) Find the
minimum separation between antennas for which the variation in the antenna pattern is less than 1 dB.

A 10 km radio link consisting of antennas at heights of 30 m and 3 m just barely achieves the minimum required
received power. (a) Determine whether it is reasonable to analyze this scenario using the methods of Section
(b) What must be the height of the currently 30 m antenna in order to achieve the minimum required received power
at a range of 25 km? (c) Explain why this result does not depend on frequency.

Consider a link consisting of antennas, both mounted at heights of 5 m, operating at 915 MHz. (a) What is the
breakpoint distance? (b) Flat earth path loss can be approximated as free space path loss up to the breakpoint
distance Ry, and as free space path loss multiplied by (R;,/R?)(R — R;,)* beyond the breakpoint distance. Explain
why this works. (c) Use this method to develop an expression for path loss as a function of distance. (d) Compute
and plot your result from (c) for distances up to 10 km. Use units of dB and km, respectively. (e) Repeat (d) using
Equation [3.23| with I" & —1 and compare.

In Example N was arbitrarily chosen to be 10. What’s the minimum value of N for which a good
approximation to a Rayleigh fading distribution can be expected? (a) As a reference, repeat Example [3.91and
reproduce Figures[3.12]and B.13lfor N = 10, and overlay the simulated CDF with a plot of Equation[3.68] (b)
Repeat for N = 2, and comment. (c) Repeat for the minimum value of IV that yields reasonable agreement between
the simulated and Rayleigh CDFs.

In a Rayleigh flat fading channel, what fraction of the time can the incident power density be assumed to be (a)
below the mean value? (b) less than 15 dB below the mean value? (c) greater than 27 dB below the mean value?
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3.11

3.12

3.13
3.14

3.15

Land mobile radio (LMR) systems operate at frequencies of roughly 30 MHz to 1 GHz, and LMR radios can be
expected to move at speeds from 1 m/s to 30 m/s. Calculate the coherence time for each of the four extreme cases
(min. frequency & min. speed, min. frequency & max. speed, etc.) assuming p = 5.

A UHF television antenna is mounted at a height of 150 m. Assume flat terrain. (a) What is the maximum effective
range assuming worst-case antenna height? (b) What is the minimum receive antenna height for a maximum
effective range of 100 km?

The calculation in Example didn’t depend on frequency. Why not?

Repeat Example assuming (a) free space propagation over the entire path, (b) R* path loss dependence after the
breakpoint.

Rain significantly impacts the path loss in direct broadcast satellite (DBS) television systems, which operate around
12 GHz. Through how much rain must a DBS signal propagate in order to be attenuated by 3 dB? Indicate a range
of values and the associated assumptions.



Chapter 4

Noise

4.1 Introduction

As discussed in Chapter[T] it is noise which ultimately limits the sensitivity of a radio system. Noise is present in a variety
of forms, both internal and external to the receiver. This chapter addresses the fundamentals of noise, beginning with some
basic theory (Sections[4.2]and 4.3)), and continuing with concepts pertaining to the characterization of internal noise
(Section 4.4}, and external noise (Section [4.3)).

4.2 Thermal Noise

The atoms and electrons comprising any material experience random displacements with an associated kinetic energy that
increases with physical temperature. In an electric circuit, the combined displacement of charge-carrying particles —
electrons in particular — is observed as a current. The net difference in electrical potential over some distance can be
interpreted as a voltage. The voltage and current resulting from random displacement of charged particles due to
temperature is known as thermal noise. This specific noise mechanism is also known as Johnson Noise or
Johnson-Nyquist Noise.

Because the displacements of charged particles due to temperature are random, the resulting noise voltage and current
waveforms can only be described statistically. The instantaneous magnitude of noise waveforms are found to
well-modeled as a Gaussian distribution with zero mean. To determine the relevant characteristics of this distribution, let
us consider the example of a resistor.

Figure[4.1a) shows an Thévenin equivalent circuit for a resistor, consisting of an open-circuit voltage v,, in series with an
ideal (noiseless) resistance R. v,, represents the thermal noise generated by the resistor. To learn something about v,, (),
we imagine this circuit being terminated by an ideal load resistor also having ideal resistance R as shown in Figure A.1{b).
The voltage across the load resistor in this circuit is vy, (t) = v,,(t)/2, whereas the current flowing through this resistor is
ir.(t) = v, (t)/2R. The power dissipated in the load resistor is therefore

1 t+71
PL = lim */ UL(ﬁ)iL(t)dt (41)
T—=oo T Jy
1 1 [t o2
=— | lim - ; == 4.2
4R [TEEOT /t ”"(t)dt] iR “2

where o2 is (by definition) the variance of the random variable v, (t).
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(a) Resistor model (b) Equivalent circuit used to determine v,,.

Figure 4.1: Thévenin model of a realistic (noisy) resistor.

The power Py, can be determined independently from thermodynamics: If both resistors are at the same physical
temperature Ty, the

Pr = kTphys B 4.3)
where B is bandwidth and k is Boltzmann’s Constant
k2 1.38 x 1072 joules per kelvin (J/K). (4.4)

The joule is unit of energy, whereas the kelvin is unit of temperature; so Boltzmann’s constant represents the energy
associated with the temperature of the medium, as described in the first paragraph of this section. We seek o,,, which is not
only the square root of o2, but also the root mean square value of vy, (t). Since Equations .2l and E.3] must be describing
the same quantity, we may set them equal and solve for o,,. We find

o = /A Tynys RB @.5)

Example 4.1. Describe the noise voltage of a 1 k(2 resistor at a physical temperature of 20° C, assuming a
measurement with 1 MHz bandwidth.

Solution: Here, R = 1000 2 and T}pys = 20° C = 293 K. Therefore

~ nV’I"’n’LS
On & (4.02 N7 > VB. (4.6)

If we were to measure the noise voltage in a | MHz bandwidth, we would find = 4.02 ¢V, ,s-

The quantity in parentheses in Equation [4.6]is the noise voltage spectral density, which is of interest because it describes
the noise voltage purely in terms of physical parameters of the resistor (i.e., R and T}5y,) and does not depend on
quantities which are measurement-related and thus not intrinsic to the resistor (i.e., B).

Finally, we should note that the Thévenin equivalent circuit of Figure 4.1[(a) is certainly not the only way to model the
thermal noise associated with a passive device. Norton equivalent circuits also have applications, and in some cases it is
useful to model noise sources as a combination of series voltage sources and parallel current sources.

'If we are to be rigorous, it should be noted that this is not exact, but rather is using the Rayleigh-Jeans approximation to Planck’s Law. In practice,
the associated error is negligible for frequencies up to 10s of GHz. Above that, caution about the validity of the approximation is appropriate.
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(a) One-port model (b) Equivalent circuit used to determine v,,.

Figure 4.2: Circuit models used to develop the concept of equivalent noise temperature.

4.3 Nonthermal Noise

Thermal noise is certainly not the only type of noise encountered in radio circuits. Nonthermal noise is an “umbrella” term
for all types of noise which are not thermal in origin. In this section we shall consider two common types of non-thermal
noise — namely, flicker noise and shot noise — and then see how these types of noise can sometimes be represented within
the same mathematical framework as thermal noise.

The fundamental origin of flicker noise is the time variability of the voltage-current relationship in electronic devices.
Although this relationship is normally assumed to be utterly constant, this is never exactly the case, and so the apparent
resistance (being the ratio of voltage to current) is variable. Although all electronic devices suffer from this problem at
some level, this effect is particularly apparent in semiconductor devices due primarily to time-varying “clumping” of
charge near media junctions. The resulting noise spectrum is “colored”, with power spectral density which is highest near
DC, and which decreases in proportion to 1/ f where f is frequency. For this reason, flicker noise is also referred to as
“1/f” noise.

Shot noise is associated with the discrete nature of charge carriers. The description of thermal noise in Section [4.2]
assumes continuous distributions of charge. However, the smallest charge encountered is that of a single electron

(=2 1.6 x 10~ coulomb). Any particular accumulation of charge must consist of an integer number of electrons; thus
charge distributions and the associated currents and voltages are never exactly continuous. The discrete nature of noise
becomes apparent when very low levels of current are considered. At sufficiently low levels, currents and voltages no
longer exhibit Gaussian statistics. Such low levels of current are occasionally encountered in semiconductor electronics.

In the previous section we determined the thermal noise voltage of a resistor. We now consider how we might represent
the noise voltage of any one-port device, regardless of the physical origin of the noise. The applicable concept is
equivalent noise temperature, illustrated in Figure[4.2] The impedance Zg = Rg + j X is the output (“source”)
impedance of the device, vg is the open-circuit voltage of the device in the absence of noise, and v,, is the open-circuit
noise voltage. Let Py, be the power delivered to a load attached to the device. P, is maximized when the impedance of the
load is conjugate-matched to Zg; that is, when the load impedance is Z§ = Rg — jXg. If we now set vs = 0, P, is due
entirely to v,,. The equivalent noise temperature T, is now defined as follows:

P, = kT.,B 4.7

Comparing Figures and we see that T¢, can be interpreted as the physical temperature of a resistor having
resistance R g which would deliver the same power Py, to a load impedance equal to Rg. If the device being considered
actually is a resistor, then T¢q = Tp,hys. For any other device, the product k7, is just an alternate way to describe the
noise power spectral density Pr,/B. In this way, T., can be used to describe noise which is thermal, non-thermal, or any
combination of the two.
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Example 4.2. A laboratory noise generator is designed to have an output impedance of 50€2. The voltage at the
output of the noise generator when turned on but unterminated is found to 5 nV,,,s/vHz. What is the equivalent
noise temperature of this device?

Solution: Since the noise generator is open-circuited, we have measured v, = 5 0V ,5/ VHz. Since R = 50 €, the
power spectral density Pr,/B delivered to a 50¢2 load resistor would be v2 /4R = 1.25 x 10~'? W/Hz. Since

Pr,/B = kT.q, Teqy = 9058 K. A note to those who might be inclined to try this: This is not the recommended way to
determine T, for RF devices in general, because practical devices might not function properly when open-circuited.

Note that equivalent noise temperature is not necessarily related in any particular way to physical temperature: If the
physical temperature of the noise generator in the above example were equal to its equivalent temperature, then the device
would be instantly incinerated! Only for thermal noise is Teq = Tppys.

Before moving on, one comment about the generality of this approach to quantifying nonthermal noise. For this approach
to be valid, the noise must be approximately white and approximately ergodic, as is the Gaussian noise associated with
thermal noise. By “approximately white” we mean the variation in noise power spectral density should be small within the
bandwidth of interest. This does not mean that “colored” noise such as flicker noise cannot be modeled in this ways; it
simply means that the bandwidth of interest must be small enough that the “1/ f” trend does not significantly affect the
analysis. By “approximately ergodic”” we mean that the statistical distribution of v,, should be approximately constant with
time. For example, noise which arrives in pulses separated by relatively less-noisy intervals is not appropriately described
in terms of an equivalent temperature, except within the duration of the pulse or for periods much longer than the duration
of a pulse. For most applications in radio engineering at the system level, ergodic white noise tends to dominate over other
(“defective”) forms of noise, so the equivalent temperature approach is widely used.

4.4 Noise Characterization of Two-Port Devices; Noise Figure

In the previous chapter we considered the noise characteristics of one-port devices; that is, devices that have one output
and no inputs. We now consider the characterization of noise associated with devices with two ports; that is, an input and
and output. We shall demonstrate that the “noisiness” of such devices is aptly characterized in terms of the decrease in the
signal-to-noise ratio (SNR) from input to output.

4.4.1 Single Two-Port Devices

Our model is shown in Figure 3] In this model, the input is perfectly impedance-matched to a source and the output is
perfectly impedance-matched to a load, such that there is a unidirectional flow of power from left to right with no
reflections. The gain of the two-port is GG, which may be either > 1 (normally indicating an amplifier or other active
device) or < 1 (normally indicating a passive device having loss). Under these conditions, input power Pg applied by the
source results in output power G Pg delivered to the load. We also have the possibility of noise arriving at the input of the
two-port, with associated noise power Py . If the two-port contributed no noise, the noise power delivered to the load
would be G Pry. We choose to model the noise contribution of the two-port as a factor F' > 1, resulting in actual noise
power G Py F' delivered to the load. Using these definitions, the SNR delivered to the input of the two-port is

Ps
SNR;,, = — 4.8
P (4.8)
the SNR delivered to the load is Gp SNR
S n
SNR,,: = = 4.9
" GPyF F 4.9)
and thus we find SNR
F = o (4.10)

"~ SNR,ut
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Signal: PS |:> |::> GPS

T Q

Noise: PN |:> I::> GPNF

Figure 4.3: Noise characterization of a two-port device in terms of noise figure.

Signal: Szn|:> |:> GS?,n
G
1,

Noise: kﬂ;nli> q |:> GkTm+GkT€q

Figure 4.4: Noise characterization of a two-port device, now in terms of noise temperature.

The quantity F'is formallﬁ known as the noise factor. Noise factor is customarily expressed in dB, in which case it usually
referred to as noise figure

It is important to understand the relationship between noise figure and equivalent noise temperature, as defined in the
previous section. Figure [£.4] shows the same two-port device under the same conditions, but now interpreted in terms of
noise temperature. Because noise temperature is most closely related to power spectral density (i.e., W/Hz) as opposed to
power (W), all power quantities are now represented as power spectral densities. The input signal power Py is replaced by
the power density S;,,, which becomes G.S;,, at the output. The input input noise power Py is replaced by the equivalent
noise power density £7;,, which becomes GkT;,, at the output. The noise contributed by the device is represented in terms
of the equivalent noise temperature 7,, which is applied at the input and thus appears as GkT, at the output. Since we
are representing the noise contribution of the device as noise added at the input, the quantity T, is known as the
input-referred equivalent noise temperature of the device.

Now we can once again determine the signal-to-noise ratios at the input and output of the device, and subsequently the
noise figure. The SNR delivered to the input of the two-port is

Sin
SNR;,, = 4.11
T (4.11)
the SNR delivered to the load is as g
SNR,,; = ‘ - n 4.12
T GkTin 4+ Tog)  K(Tim + Teg) (4.12)
and we find SNR 4T T
F= in _ ZinTleq gy T 4.13
SNRow, T T *13)

Thus we see that I can be described in terms of T, but only if T3, is specified. This gives rise to a minor quandary. On
one hand, the input-referred equivalent noise temperature is a reasonable and complete description of the “noisiness” of a
two-port device. On the other hand, noise figure frequently turns out to be more convenient, but is not a complete
description of the noisiness of a two-port because it depends on the input noise power. For this reason, it is customary to
define noise figure not in terms of the actual input noise power density, but rather in terms of a reference noise power
density. In other words, the noise figure is normally defined instead as follows:

Teq

F=1
+ T

(4.14)

21t is admittedly a bit odd that the same quantity should have different names depending on whether it is expressed in linear units or dB; nevertheless,
this is the custom. It is also common (perhaps even customary) to refer to the concept of F' generally as “noise figure”, as I do in this textbook.
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where Ty is a reference equivalent noise temperature, or simply reference temperature. It should be emphasized that the
choice of T is both intrinsic to the definition of noise figure, and utterly arbitrary. Most often 7§ is selected to be 290 K,
which is the standard value promulgated by the Institute of Electrical & Electronics Engineers (IEEE). However, T is
sometimes alternatively specified to be 293 K and — to be clear — there is no “wrong” value. The potential for ambiguity in
Ty makes it good practice to state the value of 7 in use whenever noise figure is employed.

The reader should take note that the choice of 7T} is not only arbitrary, but also utterly unrelated to physical temperature.
This is often confusing to the uninitiated, perhaps because 290 K ~ 17° C =~ 62° F is a value that is not too far from room
temperature (albeit a bit on the brisk side). This probably also explains the enthusiasm for selecting 7 = 293 K ~ 20° C
~ 68° F, which gives a nice round number in Celsius and which might be considered “room temperature” in a typical
laboratory.

Example 4.3. An amplifier has a noise temperature of 250 K. What is the amplifier’s noise figure?

Solution: Presumably 250 K is the amplifier’s input-referred equivalent noise temperature. If we take 7 to be
290 K, then

T, 250 K
F=1+-9-14+2"-"" —18=27dB 4.1
T + o0 ¢ = 186 =27d (4.15)

In other words, the noise figure is 2.7 dB for a reference temperature of 290 K.

An important special case of the above analysis concerns passive devices with two ports, such as transmission lines which
have only loss. In this case, the additional noise contributed by the device is Johnson noise. Figure [£.4] applies, although
G < 1. The noise power spectral density delivered to the load is still Gk(T;,, + T.,), however in this particular case we
also know that the output noise power spectral density must be equal to K7}, assuming the two-port is in
thermodynamic equilibrium with its surroundings. (This is the same argument we employed in Section 4. 2]in order to
determine the noise voltage of a resistor.) Therefore

GE(Tin + Teq) = kT phys (4.16)
Solving for T, we find
1
Teq = anhys -1 (4.17)
The noise figure of a passive lossy two-port is obtained by substituting Equation .17l into Equation 4. 14l One obtains:
1Ty,
F = — 2 4.18
G T, (4.18)

If we choose T}, to be equal to the physical temperature, then
1
F= 5 (when Tj;, = phys) 4.19)

Now we see a possible motivation for setting the reference temperature equal to the physical temperature: This makes the
noise factor of a lossy passive two-port equal to it’s loss.

Example 4.4. Consider a coaxial cable which has a loss of 2 dB and a physical temperature of 19° C (66° F). What
is it’s noise figure if 77}, is equal to (a) 7 (the IEEE standard value of 290 K) and (b) the physical temperature.

Solution: A loss of 2 dB means G = —2 dB = 0.631, and 19° C =292.1 K. For T},, = 290 K, we have
F =1.60 = 2.03 dB. For T}, = Tppys, we have F' = 1/G = 2.00 dB.

The small difference found in the above example demonstrates that Equation d.19]is a pretty good approximation for a
wide range of physical temperatures around what most people would consider to room temperature. However, electronics
tend to get very hot; so in each new application it is a good idea to consider whether T}, is sufficiently close to Tj for
the approximation to apply.
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Figure 4.5: A two-stage cascade to be analyzed in terms of noise temperature.

4.4.2 Cascades of Two-Port Devices

Practical radio systems consist of cascades of two-port devices connected in series. Therefore it is useful to have a method
to determine the noise characteristics of a cascade from the noise characteristics of its constituent two-ports. A particularly
simple derivation of the noise figure of a two-stage cascade begins by determining the noise temperature of the cascade[}
The scenario is shown in Figure[£.3] which is a simple extension the single-stage problem first considered in Figure [£.4] In
the earlier single-stage problem, the input noise spectral density k7;,, appears at the output as a noise spectral density

Sout = kTinG + kTeqG =k (Tip + Teq) G (4.20)

In the two-stage problem, this is the output from the first stage:

out —

St = kTG + KTV Gy =k (Tin + TD) G (421

where Te((} ) is the equivalent noise temperature of the first stage. This becomes the input to the second stage. Assuming

perfect impedance matching the output of the second stage is

2 1
SC), =50

(2)

T

Go + kT PGy =k <Tm + T + Gq> G1Go (4.22)
1

Comparing Equations .20 and [£.22] we find that the noise temperature of the cascade is simply

W, L
Tog =T, + e (4.23)
Already, there are two profound conclusions to be made: (1) The noise temperature of a cascade cannot be less than the
noise temperature of the first stage, and (2) the contribution of a subsequent stage can be made arbitrarily small by making
the gain of the preceding sufficiently large.

Driving on to the goal of an expression for the cascade noise figure, we recall that

T.,

F=1
+ T

(4.24)

where T} is an arbitrarily determined reference noise temperature. Setting Ty = T}, and substituting Equation 4.23] we
obtain

Ty + 1 )Gy TS
F=14+—""7-+1-""—+-=F+ — 4.25
+ T 1+ ToGh (4.25)
Applying Equation £.24] to the second term above, we find
-1
F=F +-2 (4.26)

1

3The advantage of going this route is that it avoids the hassle of having to consider a “signal” — which is extraneous anyway, since the noise figure
does not depend on signal level.
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which is the expression we seek. Once again, we find that the noise performance of the cascade cannot be better than the
noise performance of the first stage. The noise figure of cascades having more than 2 stages can be determined by repeated
application of the two-stage expression. The resulting expression is:

-1 F3-1 Fy—-1

FeF
e Y aG T GGG T

4.27)

Example 4.5. The Mini-Circuits GALI-74 monolithic microwave integrated circuit (MMIC) amplifier has gain
25.0 dB and noise figure 2.7 dB at the frequency of interest. The Mini-Circuits GVA-81 MMIC amplifier has gain
10.5 dB and noise figure 7.4 dB at the same frequency. Input and output impedances are 50 {2 throughout. When
used in cascade, what is the combined noise figure?

Solution: Here, G; = 25.0 dB =316, F;, = 2.7 dB = 1.86, and F, = 7.4 dB = 5.50. From Equation .26 we find
F = 1.88 = 2.73 dB. Note F'is only slightly degraded by the large noise figure of the second stage, thanks to the
large gain of the first stage.

Example 4.6. In the above problem, a long coaxial cable inserted between the amplifiers. The loss of the cable is
4.1 dB. Now what is the cascade noise figure?

Solution: The “gain” of the cable is Go = —4.1 dB = 0.39, and we assume impedances are matched at both ends. If
we assume the physical temperature of the cable is equal to the reference temperature (e.g., 290 K), then noise figure
of the cable is F5 = 1/G5 = 4.1 dB =2.57. Now we have what we need to work the problem using either

Equation ©.27] or by two iterations of Equation Either way, we find F' = 1.90 = 2.8 dB. Remarkably, the
cascade noise figure is only 0.1 dB worse than the noise figure of the first amplifier.

4.5 External Noise

In this section we consider sources of noise which originate from outside the radio and its antenna. Such sources fall in to
two categories: anthropogenic and natural. Anthropogenic noise is associated with technology, emanating from machines,
electronic devices, power lines, and so on. Natural noise is a feature of the environment independent from anthropogenic
contributions, and which includes thermal and non-thermal components from a variety of sources. Let us first consider the
concept of antenna temperature, which is a convenient metric for characterization of external noise that can be modeled as
thermal.

4.5.1 Antenna Temperature

In Section 4.2l (specifically, in Figure 4.1)) we observed that a resistor could be modeled as a noise voltage source in series
with an ideal resistance. In Section (specifically, in Figure we observed that an antenna could be modeled as a
voltage source v 4 representing the received radio wave in series with the antenna impedance Z 4. Combining these ideas,
we obtain a model for the noise captured by an antenna, shown in Figure The antenna is modeled as a resistance R,qq
(the radiation resistance, as defined in Chapter 2) whose physical temperature is, in this case, represented by the quantity
T4. We refer to T’y as the antenna temperature. If we terminate the antenna into a conjugate-matched load Z7 in
thermodynamic equilibrium, then the power spectral density delivered to the load is kT'4.

Thus a formal definition is as follows: T4 is the physical temperature of a resistor which delivers a power spectral density
to a matched load equal to that delivered by a specified antenna to a conjugate-matched load. A somewhat simpler but
equivalent definition is that k74 is the power spectral density due to external noise that is delivered by an antenna to a
conjugate-matched load.
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Figure 4.6: Antenna temperature concept.

Implicit in the antenna temperature concept is the assumption that external noise is either thermal in origin, or non-thermal
but well-modeled as thermal noise. This is not the first time we have made this kind of assumption — recall from
Sectiond.3] that one is often justified in treating non-thermal internal noise as if it were thermal. However, the same
caveats apply, and there are certain situations where the non-thermal origins of external noise become apparent and may
have significant effect.

Before moving on, let us consider one such example with the goal of developing the ability to recognize when the
“thermal noise assumption” might not be reasonable. An example of non-thermal radio noise which may or may not be
well-modeled as thermal is the noise from electrical power lines. Carefully installed and well-maintained power lines
produce negligible radio noisefl Over time, however, the devices used to insulate the power line from other conducting
materials degrade, resulting in arcing, the generation of closely-spaced radio pulses having duration on the order of
microseconds. The bandwidth of a radio pulse having a length of 1 ps is on the order of 1 MHz. Therefore, a receiver
having a bandwidth much less than 1 MHz “smears” the pulses beyond recognition, making them appear — to a good
approximation — to be a continuous and ergodic source of noise. In this case, power line noise is well-modeled as an
increase in antenna temperature. On the other hand, a receiver having a bandwidth much greater than 1 MHz does not
smear the pulses, in which case the power line source appears as an pulsating interfering signal, and is not well-modeled as
an increase in antenna temperature.

Other types of impulsive noise that can also be viewed as either an increase in antenna temperature or as a distinct
interfering signal — depending on the bandwidth of the receiver — include internal combustion engines (spark plug
discharges) and many forms of digital electronics (clock signals, other periodic or quasi-periodic signals).

Before moving on, it should be noted that antenna temperature can be alternatively represented as a noise figure. The
relationship between antenna temperature and antenna noise figure is exactly the same as the relationship between
equivalent noise temperature and noise figure for internal electronics, as addressed in Section 4.4l Just as with internal
electronics, it is necessary to specify a reference temperature 7j in order to calculate the antenna noise figure. Just as in
the case of electronic devices, the reference temperature used to calculate antenna noise figure is utterly unrelated to the
physical temperature. In particular — and as we shall see below — we have no particular expectation that the antenna
temperature should be 290 K, even if the physical temperature of the antenna is 290 K.

4.5.2 Natural Sources of Noise

Sources of radio noise that can be important in radio systems are summarized in Table 4.l These sources can be broadly
categorized as either well-modeled as thermal noise, or not. Sources which can are well-modeled as thermal noise can be
characterized in terms of a brightness temperature I'5. Brightness temperature can be defined as the antenna temperature
measured by an antenna with infinite directivity and which is pointed at the source of the emission. To a good
approximation, T’z is equal to the antenna temperature measured by a high-gain antenna whose beamwidth is less than the

#Neglecting here the fact that power lines are sometimes also used for data communications, as in “broadband over power line” (BPL) systems. BPL
systems do generate significant levels of radio noise, which we are not considering here.
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Source T Frequencies Remarks
Terrain < 300K All Thermal
Lightning VHF and below Infrequent
Water vapor 1-300K UHF and above  Thermal
Atmospherics MF and below  Infrequent
Moon = 200K All Thermal; typ. negligible T4
Quiet sun 103-10° K All Thermal; typ. negligible 7'y
Solar flare All Infrequent
Jupiter 1040 MHz Infrequent
Galaxy See Eq. All Synchrotron radiation
CMB 27K All

Table 4.1: Natural sources of noise that may affect radio systems, arranged by increasing distance from a receiver. The
brightness temperature 7'z is indicated for sources which can be well-modeled as thermal.

angular extent of the source. In general, the relationship between antenna temperature and brightness temperature is

™ 27
7, - L / / T5 (6, 6) D (6, ) sin 0d6de (4.28)
A1 Jo—o Jp=0

where D (0, ¢) is the directivity of the antenna and Tz (6, ¢) is the brightness temperature in the same direction.

Sources which are well-modeled as thermal noise include terrain, atmospheric gases, the Moon, the “quiet” sun, Galactic
“synchrotron” radiation, and the cosmic microwave background (CMB). The noise from terrain is truly thermal, and T'5 is
different from the physical temperature by an amount that depends on angle of incidence and polarization. Thus, terrain
can be a significant source of noise. Noise from atmospheric gases is due primarily to absorption by water vapor (H2O),
and depends on frequency, zenith angle, and environmental factors. Noise from the Moon and quiescent Sun is also
thermal, and the latter is of course spectacularly hot; however both Moon and Sun are so small in angular extent (= 0.5° as
viewed from the surface of the Earth) compared to the beamwidth of most antennas that they usually contribute negligibly
to T'4. The Galactic synchrotron background is the sum radio emission from relativistically-accelerated electrons
throughout our Galaxy. Unlike lunar and solar emission, Galactic emission arrives from all directions on the sky. The
equivalent brightness temperature of this emission is quite high; for low-gain antennas the associated antenna temperature
can be roughly estimated by

f

—2.55
S - for f > 5 MH 42
100 MHZ) »for f 2 5 MHz (4.29)

TA%800K~<

with some variation depending on time of day; i.e., which parts of the Galaxy are above the horizon. Finally, the CMB is
radiation originating from the sudden transition of the Universe from a uniform plasma to a gaseous state about 300,000
years after the Big Bang. This radiation becomes important relative to the Galactic synchrotron “foreground” at
frequencies above ~ 1 GHz, and is actually the dominant source of external noise for some applications in this frequency
regime.

Natural sources which are not well-modeled as thermal noise include lightning, atmospherics, solar flares, and Jupiter
“decametric” emission. Each of these sources is bursty with complex time-domain and frequency-domain behaviors,
making the distinction been noise and interference ambiguous in each case. These sources are also quite infrequent; for
example, the time between significantly-strong solar flares may be days or longer. Of these sources, lightning probably has
the greatest significance for radio communications. The noise from a single nearby lightning strike is significant at all
frequencies. However at frequencies in the VHF range and below where radio noise from thunderstorms can travel over
great distances, lightning noise can be a nearly continuous source of significant noise.
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Environment b a f1 fo T4 at30 MHz
K-MHz ¢ MHz MHz

City 1.39 x 1010 —2.77 0.3 250 1,120,000 K

Residential 5.16 x 109 —2.77 0.3 250 418,000 K

Rural 1.52 x 109  —2.77 0.3 250 123,000 K

Quiet Rural 6.64 x 107 —2.86 0.3 30 3960 K

Table 4.2: Empirically-derived models for antenna temperature associated with anthropogenic noise (see Equation 4.30).
f1 and f5 are the lowest and highest frequencies at which each model is considered to be valid.

4.5.3 Anthropogenic Sources of Noise

In radio systems utilizing low-gain antennas, anthropogenic noise can be modeled as an antenna temperature. As we shall
see in Chapter[7 this antenna temperature is often relevant in the design of radio systems, and it is useful to have some
idea of what to expect. For this purpose the International Telecommunications Union (ITU) provides a widely-used
empirically-derived model for anthropogenic noise, which can be stated as followsH

Ty=0 ( ! ) K (4.30)

1 MHz

where f is frequency and a and b are given in Table[4.2] The resulting antenna temperature vs. frequency curves are
shown in Figure In this scheme, T4 is a fit to measurements of the median antenna temperature conducted at locations
deemed to be of the indicated types. Worth noting is the significant variation in 7'y depending on location type, and the
variation of T’y with frequency, which is both dramatic and approximately independent of locale. Some limitations of this
scheme should be noted. First, the uncertainties in b are quite large; i.e., an order of magnitude or more. A significant
contribution to this uncertainty is the variation of T4 as a function of position within a given locale. Furthermore, this
model assumes low-gain omnidirectional antennas at ground level, and specifically does not account for variation in T4
with antenna height. Another consideration is that the models given in Table 4.2l are based on measurements performed
during the 1970’s [76]. Although there is no particular reason to expect a to change, whether b is significantly changing
(either increasing or decreasing) over time due to changes in technology is a subject of debate, with only very sparse data
available as evidence. For all of these reasons, it best to view the models as crude estimates; certainly not an alternative to
measurements if accurate values are required, but probably suitable as rough guidelines for the purpose of setting system
specifications and requirements.

Problems

4.1 Determine the RMS noise voltage spectral density of a 47 k€2 resistor at a physical temperature of 25° C. Then,
calculate the RMS noise voltage in a bandwidth of 250 kHz.

4.2 A laboratory noise generator produces an equivalent noise temperature of 30,000 K into a 75 2 termination. What is
the power spectral density delivered to the termination? Characterize the statistics (distribution, mean, RMS,
variance) of voltage samples measured across the termination.

4.3 What is the input-referred equivalent noise temperature of an amplifier having a gain of 20 dB and noise figure of
7.3 dB? What is the power spectral density of the noise produced by the amplifier, as measured at its output?
Assume T = 290 K.

4.4 Consider a coaxial cable which has a loss of 13 dB. The physical temperature of the cable and everything attached to
it is 25°. The input is terminated into a matched load. What is noise power spectral density delivered to a matched
output? To the best of your ability to determine, what is the noise figure? What is the noise figure if 75, is assumed
to be 290 K?

SThis is the noise factor model from ITU-R R.372-10 [30], expressed as an antenna temperature in order to remove the dependence on an arbitrary
reference noise temperature.
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Figure 4.7: Anthropogenic noise modeled as median antenna temperature using the parameters given in Table Also
shown is the Galactic background antenna temperature (b = 4.60 x 107 K-MHz ™%, a = —2.3, computed from Equa-
tion [4.29), for comparison.

4.5
4.6

4.7

4.8

In Example what is the maximum cable loss for which the cascade noise figure is less than 3 dB?

Repeat (a) Example 4.3 and (b) Example .6 using only noise temperatures. In each case, calculate the
input-referred noise temperature and show that it is consistent with the noise figures computed in the example.

Consider a low-gain antenna having a directivity of = 3 dB over the entire sky, and identically zero elsewhere. What
is the expected contribution of the Sun to the antenna temperature? The Sun is about 0.5° across, as viewed from the
surface of the Earth. Repeat the calculation for an antenna having a beamwidth of 5°.

Calculate the expected antenna temperatures for all four categories of anthropogenic noise indicated in Table as
well as Galactic noise (as a fifth category), at 88 MHz (close to the low end of the US FM broadcast band). For
comparison, determine the noise figure of amplifiers that produce the same input-referred noise power spectral
density, assuming Tp = 290 K.



Chapter 5

Analog Modulation

5.1 Introduction

Modulation may be defined generally as the representation of information in a form suitable for transmission. One might
define analog modulation as the modulation of analog information, and predominantly voice and other audio signals.
However, this is a bit vague since digital modulation — the topic of the next chapter — may be used for precisely the same
purpose. A possible distinction between analog and digital modulation might be made in the following way: Digital
modulation requires the information to be transmitted to be represented in digital form at some point in the modulation
process, whereas this is not required in analog modulation. Therefore, analog modulation might be best defined simply as
modulation which is not better described as digital modulation.

This chapter provides a brief but reasonably complete introduction to analog modulation as it is used in modern
communications systems. First, some preliminaries: Section[3.2]provides a brief overview of the overarching concept of
sinusoidal carrier modulation. Then Sections[3.3]and 5.4l introduce the concept of complex baseband representation, which
provides useful insight into the analysis of sinusoidal carrier modulation, including the effects of propagation and noise.
Most commonly-used analog modulations may be classified as either amplitude modulation, single sideband modulation,
or frequency modulation; these are described in Sections[3.3] [5.6] and respectively. This chapter concludes with a
brief discussion of techniques which are employed to improve the quality of audio signals in analog modulation systems.

5.2 Sinusoidal Carrier Modulation

Generally speaking, modulation schemes (now referring to both analog and digital modulations) fall predominantly into
just two classes: baseband modulation and sinusoidal carrier modulation. Examples of baseband modulation include
pulse modulation — used primarily in wired communication systems such as Ethernet — and impulse modulation — the
basis for most ultrawideband (UWB) wireless communications systems. In impulse modulation, information is
represented by the spacing between impulses, and the impulses are extremely narrow so as to make the bandwidth of the
signal extraordinarily large. Present-day UWB impulse radio systems are limited to short-range, low-power applications
beyond the scope of this book; the reader is referred to [66] for more information.

Sinusoidal carrier modulation is employed by the vast majority of radio communications systems. The idea is to convey
information by manipulating the magnitude and/or phase of a sinusoidal “carrier”. All such modulations have the form:

srp(t) = A(t) cos [wet + o(t)] (5.1)

where w. = 27 f.. is the carrier frequency, A(t) is the magnitude, and ¢(t) is phase in excess of that associated with the
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Modulation A(t) o(t) Classifications
DSB-LCAM A [1+k,m(t)] O Linear
DSB-SCAM A m(t) 0 Linear

SSB AM with suppressed sideband Linear, Quadrature
VSB AM with partial sideband Linear, Quadrature
PM A kpm(t) Angle

FM A, 2rky [} m(r)dr  Angle

Table 5.1: Representation of common analog sinusoidal carrier modulations in the form A(t) cos [w.t 4+ ¢(t)]. m(t) is the
message signal. A., k,, kp, and ky are constants.

w,t term. Table[3.1]shows how various sinusoidal carrier modulations are represented in this form. The vast majority of
digital modulations are also representable in this form, as we shall see in Chapter [6l

5.3 Complex Baseband Representation

Equation 3.1 can be written equivalently as:
srr(t) = Re { [A(t)ej(b(t)} ej‘“Ct} (5.2)
as can readily be verified by application of Euler’s Formula:
¢? = cosf + jsin@ 5.3)

The factor inside the square brackets of Equation[3.2]is commonly referred to as the complex baseband representation of
srr(t) ‘
s(t) = A(t)e?*® (5.4)

Although not strictly necessary, this representation has two characteristics that make it very compelling. First, s(¢)
describes behavior of the RF signal which is determined exclusively by the modulation, separate from the contribution of
the carrier. This greatly simplifies the analysis of sinusoidal carrier modulations Second, this representation suggests an
implementation approach for transmitters and receivers which is of great practical utility.

Before elaborating on these advantages, let us consider some basic concepts and “how to” for complex baseband
representation. First, we recognize that Equation is a phasor written in polar form. This expression may alternatively
be written in Cartesian form:

s(t) = si(t) + jsq(?) (5.5)

where the real-valued functions s;(t) and s,(¢) are referred to as the in-phase (“I”’) and quadrature (“Q”) components of
s(t). Substitution of this form of the phasor into Equation[5.2] followed by application of Euler’s Formula yields the
following expression:

spr(t) = si(t) coswet — jsq(t) sinw,t (5.6)

which in turn suggests the implementation shown in Figure 3.1(b).

Recovery of s(t) from sgp(t) is accomplished as shown in Figure[3.2] This can be confirmed by first working out the
output of the complex multiplier in Figure [3.2(a):

spp(t) - 2799t = A(t) cos [wet + B(t)] - 2 (cos wet — j sinw,t)

A note on terminology: This is also sometimes referred to as baseband representation; i.e., without the qualifier “complex”. From a systems
engineering perspective, this is sometimes ambiguous because the term “baseband” can also refer to the part of a radio that performs modulation or
demodulation, regardless of the representation of the signal. Thus, the qualifier “complex” here reminds us that we are referring to a signal representation,
and not merely a functional block within a radio.

21t is ironic that something called “complex” is invoked to simplify analysis. Nevertheless, it is true!
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Figure 5.1: Equivalent representations of the conversion of the complex baseband signal s(t) to sgr(t). (a) From Equa-
tion [3.2] (Double lines are used to indicate the in-phase and quadrature components of complex-valued signals); (b) From
Equation
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Figure 5.2: Equivalent representations of the conversion of sgp(t) to s(t).

Applying basic trigonometric identities one obtains
1 1 .
=A(t) -2 5 cos o(t) + jgsin @(t)| + terms having frequency 2w,

The terms centered at 2w, are eliminated by the lowpass filters. Combining the remaining terms, we obtain
A(t)et72M) = (t)
as expected.

Now we return to the question of why complex baseband representation is worth the trouble. First, ask yourself what is the
easiest way to determine A(t) for a sinusoidal carrier modulation. Using sgr(t), you need to observe the signal for long
enough to accurately identify a peak, or to collect samples so that you can solve for A(t) from the data. Using s(t),
however, A(t) can be determined from just one sample as follows:

A(t) =[s(t)] = /57 () + s5(t) 6.7

Similarly, determination of ¢(¢) from sgr(¢) requires collecting a sufficient number of samples with appropriate spacing
and duration to unambiguously solve for ¢(t); whereas determination of ¢(¢) from s(¢) is possible in just one sample, as
follows:

@(t) = Ls(t) = arctan (s4(t), si(t)) (5.8)
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where “arctan(y, x)” is the four-quadrant inverse tangent function. These and other properties of complex baseband
signals not only simply analysis, but also shed some valuable insight into behaviors of signals and the systems that
manipulate them.

The potential advantage of complex baseband representation as an implementation method is suggested by Figures [5.1(b)
and[5.2|b). Figure 5.1(b) indicates that RF signals may be first generated as in-phase and quadrature signals centered at
DC, which are subsequently “upconverted” to the desired center frequency. Figure[3.2(b) indicates that RF signals may be
processed by first generating the in-phase and quadrature components of the associated baseband signal. As an
implementation technique, the method suggested by Figures[5.11and [5.2]is known as direct conversion, and we shall have
much more to say about this in Chapters [[4] and[1T71

5.4 Complex Baseband Representation of Noise

In order for complex baseband representation to be truly useful for analysis, it is important to know how noise in complex
baseband representation relates to noise in the physical RF signal. Let ngz(t) be the noise at RF, and let us assume it is
zero mean. The power associated with nrp(t) is simply the variance of ngp(t):

T—00 T

) 1 t+1
027RF = <n%F(t)> = lim f/ nQRF(t)dt 5.9
t

where the angle brackets denote averaging over time as indicated above. Following Figure[3.2] the noise power of the
in-phase component of the output of the multiplier is

<[nRF(t) . 2coswct]2> = QUZ,RF (5.10)

as can be readily verified by application of the appropriate trigonometric identity followed by integration, which
eliminates the sinusoidal term. Similarly, the noise power of the quadrature component of the output of the multiplier is

<[nRF(t) ~ (f2sinwct)]2> =207 g (5.11)

Finally, we note that the in-phase component of this noise is uncorrelated with the quadrature component of this noise; that
is,

t+7
lim f/ [PrRE(t) - 2coswet] [nrp(t) - (—2sinwt)] dt =0 (5.12)
t

which is readily verified by application of the appropriate trigonometric identity and evaluating the integral. The total
noise at the input to the lowpass filters in Figure [5.2] accounting for both the in-phase and quadrature components, is
therefore 20,217 rr+ 20,2% RF = 40,2% rp- This is because the power of the sum of uncorrelated signals is simply the sum of
the powers of the signals.

The effect of the lowpass filter is to reduce the noise power by a factor of two, since the lowpass filter removes the terms
associated with 2w, which is half the total power. Summarizing: (1) The noise powers in the in-phase and quadrature
components of the complex baseband signal are equal to each other and 0721’ rrs (2) The in-phase and quadrature
components of the noise are uncorrelated; and (3) The total noise power in the complex baseband signal is

2 2 52
OnrF T 00 rp =20, pp-

5.5 Amplitude Modulation (AM)

AM is a class of analog modulations in which information is represented by variation in the magnitude of the carrier.
Confusingly, “AM” is also the name commonly used to refer to a particular type of amplitude modulation, alternatively
referred to conventional AM, double sideband transmitted carrier (DSB-TC) AM, or double sideband large carrier
(DSB-LC) AM. All three terms mean precisely the same thing.
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Figure 5.3: DSB-LC AM waveform srp(t) for m(t) = cos(wn,t) and k, = 0.5. (a) m(t), (b) sgr(t), with the envelope
indicated by a dashed line.
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Figure 5.4: Representation of AM signals in complex baseband form in the complex plane: (a) The DSB-LC signal in
Figure 3.3 (b) The DSB-SC signal in Figure 5.6

AM is sometimes referred to as a linear modulation, in the sense that the modulated signal is, in some sense, proportional
to the message signal. This has consequences for the design of amplifiers used in AM transmission, as we shall see in

Chapter[171

5.5.1 Modulation and Spectrum

For “conventional” (DSB-LC) AM, the RF signal may be written
spr(t) = Ac[1 + kqgm(t)] coswet (5.13)

where m(t) is the message (e.g., audio) signal and k,, is the AM modulation index. The modulation index is typically set
so that the maximum value of |k,m(t)| is somewhere in the range 0.5-1, resulting in the waveform shown in
Figure[5.3(b). The complex baseband representation of AM is simply

s(t) = Ag [1 + kgm(t)] (5.14)

which is depicted graphically in Figure 5.4(a).



5.5. AMPLITUDE MODULATION (AM) 99

. SN
7N

0 w O,

(a) b)

Figure 5.5: DSB-LC spectra: (a) An example message signal spectrum, (b) Spectrum of the associated DSB-LC AM signal,
|Srr(w)|.

An important consideration for any modulation is its spectrum. The spectrum is determined by taking the Fourier
transform of Equation 313t
Srr(w) = F{A:[1 4+ kam(t)] cosw,t} (5.15)

= F{A;cosw.t + Ackom(t) cosw.t}
1 1 1 1
= §AC(5 (w—we) + iAc(S (w+we) + §AckaM (w—we) + EACkaM (w~+ we)

where M (w) is the spectrum of m(t); i.e., F {m(t)}. This is illustrated in Figure[3.3] Since spp(t) is real-valued,
Sgpr(—w) = Shp(+w) (ie., is “conjugate symmetric”) and therefore it suffices to show only the positive frequencies.

At this point two key observations can be made. First, the bandwidth B of the AM signal is twice the lowpass bandwidth
W of m(t), i.e., B = 2W. Itis in this sense that this form of AM is “double sideband”: The signal is comprised of both
the positive and (redundant, in this case) negative frequencies of M (w). The second observation to be made is that a
considerable amount of power is present in the form of a tone located at w,. which is associated with the carrier and
unrelated to m(t).

DSB-LC AM is typically used to transmit voice and low-fidelity music, which require W ~ 4 kHz. Therefore DSB-LC
AM signals tend to have B ~ 8 kHz. DSB-LC is used in AM broadcasting with stations separated by about 10 kHz —
somewhat greater than 8 kHz in order to provide sufficient separation to accommodate the poor selectivity of low-cost
receivers.

A natural question to ask might be: “Why isn’t AM simply
srr(t) = Acm(t) coswet (5.16)

as opposed to having the form shown in Equation[3.13”” The modulation represented by Equation [5.16]is known as
double-sideband suppressed carrier (DSB-SC) AM, and has the advantage that 100% of the power of sgp(t) is in M (w).
A DSB-SC AM waveform is shown in Figure [5.6]b), and the complex baseband representation is shown in Figure 5.4(b).
The spectrum is identical to the DSB-LC spectrum shown in Figure [5.3(b) except without the carrier (“%AC”) term. The
short answer to the question is that DSB-LC is easier to demodulate than DSB-SC, which again accommodates simple,
low-cost receivers. To understand why DSB-LC is easier to demodulate, it is useful to understand the effect of propagation
on an modulated signals.

5.5.2 Effect of Propagation

Because AM conveys information as changes in the magnitude of a carrier, it performs poorly in flat fading environments
in which the coherence time 7 is comparable to or less than 1/B. For example: For B = 8 kHz, T, must be >> 125 us;
otherwise fast fading might be interpreted as part of the message signal. This must be true even when one or both ends of
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Figure 5.6: DSB-SC AM waveform spp(t) for m(t) = cos(wpnt). (@) m(t), (b) sgr(t), with the envelope indicated by a
dashed line.
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Figure 5.7: Complex baseband representation of received (a) DSB-LC and (b) DSB-SC AM signals, accounting for propa-
gation, for maximum |k,m(t)| = 0.5.

the link are traveling at high speeds. This has historically limited the use of AM to broadcast applications — in which T is
very large — and to mobile applications in the MF, HF, and lower VHF bands — where T is large because it is proportional
to wavelength (see Equation[3.69)). In either scenario the propagation channel is well-modeled as a real-valued positive
gain g, and phase ¢,. Thus the received DSB-LC AM signal may be written

srr(t) = gpAc[1 + kam(t)] cos (wet + ¢p) (5.17)
or in complex baseband representation as
s(t) = gpAc [1 + kam(t)] e797 (5.18)

with the understanding that g, and ¢,, are also functions of time, but varying much more slowly than m(¢). The complex
baseband representation of this signal is depicted in Figure[3.7(a). The corresponding result for DSB-SC AM is shown in

Figure 5.7(b).
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Figure 5.8: Incoherent demodulation of a DSB-LC AM signal in complex baseband representation.
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Figure 5.9: Envelope detection in the analog domain using a diode detector.

5.5.3 Incoherent Demodulation

Demodulation of DSB-LC AM is possible by either incoherent or coherent methods. We consider incoherent
demodulation first, because it is simple to understand, simple to implement, and has continuing applications.

Incoherent demodulation of DSB-LC AM is known specifically as envelope detection. Envelope detection applied to a
DSB-LC AM signal in complex baseband form is shown in Figure[5.8] The first step is simply to take the absolute value of
the signal, which strips off the “e™7%»” factor. The resulting signal — the instantaneous magnitude of the complex
baseband representation — is known as the envelope. Next a DC block is used to remove the carrier term. DC blocking
might be as simple as subtracting the mean value of the signal computed over a few cycles of m(¢). The signal is
lowpass-filtered to exclude noise and spurious signals beyond the desired lowpass bandwidth W. Finally, gain is applied
to bring the output to the desired level while compensating for the variable gain of the propagation channel. This step is a
form of automatic gain control (AGC); the word “automatic” here conveys the notion that that the gain of the amplifier is
determined by the power measured at the output of the amplifier. In practice, this function may be implemented as shown,
or may be implemented in some earlier stage of the receiver (see Section[I3.8)), or distributed across both.

It is not necessary to convert the DSC-LC AM signal to complex baseband form to apply envelope detection. If the
receiver is to be implemented entirely in the analog domain, it is typically easier to implement the || block in Figure 5.8
using a diode detector as shown in Figure In this scheme, a Shottky-type diode is used to rectify the modulated signal
— making all values positive — and then an RC-type lowpass filter is used to smooth the result, yielding a reasonable
approximation to the envelope. The signal level must be sufficiently large to force the diode into and out of forward-active
bias on each cycle of the modulated signal, which requires a voltage on the order of 0.7 V. At the same time, the signal
must not be so large as to be distorted by the intrinsically non-linear /-V characteristic of the diode. Thus, the range of
input signals for which the diode detector is effective is limited to within roughly one order of magnitude around 1 V.

Advantages of incoherent demodulation were cited at the beginning of this section. Let us now identify some of the
limitations. First, this scheme will not work for overmodulated signals; that is, signals for which |k,m(t)| may be greater
than 1. This is because the envelope of overmodulated DSB-LC signals intermittently change sign, and the sign change is
lost when the ““|-|”” operation is used to detect the envelope. For the same reason, envelope detection cannot be used to
demodulate DSB-SC AM, since the envelope changes sign on every zero-crossing of m(t). You can also see this by
comparing Figures[5.7a) and (b): Envelope detection applied to DSB-SC AM will rectify m(¢) as well as the associated
carrier. Finally, incoherent demodulation is less sensitive than coherent demodulation: That is, for reasonable levels of
input SNR, coherent demodulation yields higher output SNR. This is most easily understood as a consequence of the
properties of coherent demodulation, which we consider next.

EL)
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Figure 5.10: Coherent demodulation of AM in complex baseband representation.
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Figure 5.11: AM demodulation by product detection.

5.5.4 Coherent Demodulation

The optimal scheme for recovery of m(t) from any AM signal (DSB-LC or -SC) is by coherent demodulation. Here, we
mean “optimal” in the sense described in the last paragraph of the previous section: Coherent demodulation yields the best
possible output SNR.

Coherent demodulation may be implemented on signals in either bandpass or complex baseband form; the
implementations are mathematically equivalent. Figure 5.10] shows the implementation in complex baseband
representation. We first multiply the input signal by e ~7%»_ which removes the contribution of propagation to the phase of
the signal. This is sometimes referred to as derotation, since it is essentially a rotation of the signal in the complex (s;-54)
plane such that the signal becomes entirely real-valued: The situation shown in Figure [5.71has been transformed into that
shown in Figure[5.4l The matter of how we obtain ¢, will be addressed a little later. From this point the process is no
different than that employed in envelope detection.

Coherent demodulation of an AM signal in bandpass form is known as product detection. An example is shown in

Figure .11l Here, sgp(t) is multiplied with a tone having frequency w, and phase ¢,, resulting in two terms: One
centered 2w,, and the desired term centered at w = 0. The former is removed by lowpass filtering, leaving the latter which
is the desired output. Note this is essentially equivalent to the operation shown in Figure [5.2]but excluding the
computation of s,(¢), since it is not required.

Finally we consider the matter of how to find ¢,. For DSB-LC AM signals in complex baseband representation we see
from Figure[5.7(a) that ¢, = arctan (s,, s;). Given that s(t) is likely to contain significant noise, it is usually best to do
some averaging; i.e.,

¢p  (arctan (z,(t),z;(t)) ) (5.19)

where ¢,, is the desired estimate of ¢, () is the received version of s(¢) (i.e., s(¢) plus noise), and the integration time
should be <« T..

Unfortunately this does not work for DSB-SC AM or overmodulated DSB-LC because the phase of the modulation
experiences phase shifts of 7 radians whenever the envelope changes sign. In this case a slight modification to the
procedure is required, as shown in Figure 3.12] The squaring operation eliminates the envelope sign reversals that would
otherwise confuse the phase estimation. The lowpass filters serve to both smooth the rectified envelope, and to average the
noise. Finally, the result of the inverse tangent calculation must be divided by two to account for the phase shift associated
with the squaring operation.

The methods described by Equation and Figure [5.12] are referred to as open loop estimators. While these methods are
simple to implement, they have the disadvantage of being vulnerable to sudden changes in the propagation channel and to
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Figure 5.12: Open-loop estimation of carrier phase, suitable for all forms of AM. Here, 2(t) = s(t) - g,€’?»+ noise, and
“arg(-)” is shorthand for the four-quadrant arctan function.
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Figure 5.13: Costas loop method for coherent demodulation of AM, in complex baseband representation.

the effects of interference. In this sense, open loop estimators are not considered to be robust. It is often possible to do
better in this respect using a feedback approach in which the present estimate of carrier phase is guided by the results of
earlier estimates of carrier phase. A popular method which embodies this idea is the Costas loop demodulator shown in
Figure This approach is in some sense a combination of the methods of Figures and[5.12] but now the input to
the carrier phase estimator is the result of the application of an earlier estimate of ¢,, to the input signal, and we never
explicitly calculate ¢,,. Instead, we note that the imaginary component of the output of the squaring operation is
proportional to sin 2(¢,, — ép) So, if |¢, — qu\ < m/4, then this quantity varies monotonically with the carrier phase error

and therefore can be used as a phase control signal for the device (the “phasor”) which generates the e=I%r signal.
Specifically, the phasor chooses ¢,, so as to minimize future values of the magnitude of this control signal. As long as the
error magnitude and rate of change of ¢,, are not too large, ¢,, will converge to ¢, and subsequently “track” ¢, as it
changes.

The Costas loop demodulator is an example of a broad class of devices known as phase-locked loops (PLLs). The PLL
concept will reappear several times in our discussion of analog and digital modulations, and we’ll have more to say about
PLLs in Chapter[T16 For now, however, it is appropriate to summarize some issues that arise in the design of Costas loop
demodulators, and to point out that these issues stem from the underlying PLL architecture. First, we note that if

|pp — ¢3p| > 7 /4, then sin 2(¢,, — gzgp) is not going to be a monotonic function of the phase error, and the demodulator will
become confused. There are two ways this can happen: At start-up, since the value of ¢,, is unknown even approximately,
and whenever there is a sufficiently large and sustained change in the input signal; for example due to a sudden change in
the propagation channel or due to interference. In either case the demodulator must “acquire” the carrier phase, which is a
somewhat different problem than simply tracking the carrier phase. There are a number of ways to implement acquisition,
including using an open-loop estimate to bootstrap the process. Other matters that must be considered in a PLL-based
demodulator have to do with the design of the loop filter and the design of the algorithm that converts the phase control
signal into an estimate of ¢,,. These matters lie somewhat outside the scope of the present chapter, but are considered in a
little more detail in Chapter [16]

Finally, we note that the Costas loop demodulator — and coherent demodulation generally — need not necessarily be
implemented entirely in the complex baseband domain. Figure 5.14] shows the Costas loop demodulator implemented in
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Figure 5.14: Costas loop method for coherent demodulation of AM, operating on the received signal in bandpass form.

“product detector” form, operating directly on the bandpass representation of the received signal. This structure can be
interpreted as a conversion to complex baseband representation in which the LO is synthesized by a variable-frequency
oscillator, controlled by the baseband phase error estimator. This oscillator is traditionally identified as a
voltage-controlled oscillator (VCO) or a numerically-controlled oscillator (NCO), where former implies an
analog-domain implementation and the latter implies a digital-domain implementation. In either case, the idea is that
derotation occurs as part of the conversion to baseband, as opposed to being an operation on a complex baseband signal.
Note there is one other distinction in this implementation: The explicit tracking of carrier frequency as well as carrier
phase. Because frequency is simply the time derivative of phase, control of either phase or frequency implies control of
both; however in practice it is convenient that frequency error contaminating the complex baseband representation is
minimized.

5.5.5 Sensitivity of Coherent & Incoherent Demodulation

Now we address the claim made in the previous section that coherent demodulation is more sensitive than incoherent
demodulation. This is most easily seen in complex baseband representation. Figure 5.13]shows a single sample of s(t) as
it appears at the input of the receiver. Also shown is the associated sample of additive noise n(t) = n;(t) + jnq(t), which
sums vectorially with s(¢) in the complex plane. Note that n;(¢) is in-phase with s(¢), whereas n4(t) is in quadrature with
s(t). Also recall from Section [5.4]that n;(¢) and n,(¢) have equal power. A coherent receiver derotates the received signal
s(t) + n(t) such that it is aligned with the real axis, and then interprets the signal as the magnitude of the in-phase
component. After derotation n,(t) makes no contribution to this component of the signal, and thus can have no effect.
Since only the in-phase component of the noise affects the estimated magnitude of the envelope, and since the power in the
in-phase and quadrature components of the noise is equal, the output SNR resulting from coherent demodulation is greater
than the input SNR by a factor of two for sufficiently large SNR.

In contrast, incoherent demodulation assumes the envelope is |s(t) 4+ n(t)|; thus incoherent demodulation is always
affected by both components of n(t). Furthermore, the impact of the out-of-phase component of n(t) becomes
increasingly important with decreasing input SNR. We are led to the conclusion that if the input SNR is large — say > 10 —
then coherent demodulation of DSB-LC is just a little bit better than incoherent demodulation of DSB-LC; however if the
input SNR is small — say ~ 1 — then coherent demodulation of DSB-LC results in output SNR which is roughly 3 dB
greater than incoherent demodulation of DSB-LC.

A different but related question is how the sensitivity of DSB-SC compares to DSB-LC. If we employ coherent
demodulation in both cases, then the ratio of output SNR to input SNR is the same in both cases, and one might be
tempted to assume that they are equally sensitive. However this conclusion neglects the fact that the carrier in DSB-LC
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Figure 5.15: (a) Vector addition of s(t) and n(t) in the complex plane. (b) s(t) 4+ n(t) after derotation.

contains no information; i.e., the “signal” actually entirely contained in the sidebands. So, for example, when DSB-LC
and DSB-SC signals arrive at a receive with equal power and equal noise, the effective SNR of DSB-SC is already greater
by the ratio of the total power to the power in the sidebands (only) of the DSB-LC signal. Therefore the effective
sensitivity for DSB-SC is also greater by this factor — not because of the demodulation, but rather because DSB-SC uses
power more efficiently. If we choose incoherent demodulation for the DSB-LC signal, then the sensitivity is degraded by
another factor of 2 or so for the reasons described in the previous paragraph.

While these observations are true enough, precise estimation of output SNR as a function of input SNR is quite difficult
due to practical considerations. For example, coherent estimation depends on correctly and robustly estimating the carrier
phase ¢,,, which is impossible to do perfectly, and which degrades with decreasing SNR and increasing interference.
Another complication is the prevalence of audio processing techniques such as preemphasis (see Section[3.8), which
generally improve the ratio of output SNR to input SNR. For analog AM, it usually suffices to say that input SNR > 10 or
so is sufficient for reasonable audio quality, and that useable audio quality can be obtained with SNR as low as about 1 (0
dB) using DSB-SC with coherent demodulation, robust carrier phase estimation, and audio processing.

5.6 Single Sideband (SSB)

Referring back to Figure[3.3] we see that DSB AM signals (both the -LC and -SC versions) include two versions of the
message spectrum: One version appearing at frequencies just above the carrier, and a second, spectrally-reversed version
appearing below the carrier. The two versions are referred to as the upper and lower sidebands, respectively. The
consequence of sending both sidebands is that the bandwidth of DSB AM is B = 2M.

The principle underlying single-sideband (SSB) modulation is to reduce the bandwidth by a factor of two by eliminating
one of the redundant sidebands. Thus SSB may be interpreted as DSB-SC AM followed by filtering to pass only the upper
or lower sideband, as illustrated in Figure[5.16l These two versions of SSB are known as USB and LSB, respectively.

Aside from reduced bandwidth, an advantage of SSB over DSB-SC or DSB-LC is energy efficiency. The term “energy
efficiency”, when applied to an analog modulation, refers to the SNR achieved at the output of a demodulator compared to
the SNR delivered to the input of the demodulator. SSB has potentially twice the energy efficiency of DSB-SC, since all
the transmit power in SSB lies within bandwidth W, and so the bandwidth of noise intercepted by a well-designed SSB
receiver is also W; whereas for DSB-SC a noise bandwidth of 2W is intercepted, resulting in the effective input SNR
being a factor of two less than the effective input SNR of SSB when the signal power is the same. This advantage is of
course even greater with respect to DSB-LC, since the power in the carrier does not contribute the output SNR.



106 CHAPTER 5. ANALOG MODULATION

®

c

SSB (USB)

Figure 5.16: SSB interpreted as DSB-SC with a suppressed sideband. Here, generating USB by bandpass-filtering DSB-
SC.

Figure 5.17: Weaver method for generation of SSB modulation. Here, USB.

SSB is generally preferred over DSB AM for modern analog voice communications, especially in the crowded HF
spectrum where narrow bandwidth is a huge advantage. The sections that follow cover the basics of SSB. For additional
details, the reader is referred to [72, Chapter 2].

5.6.1 Generation of SSB

SSB can be generated using the method implied in Figure but this is not always practical as the required filter must
have a very steep transition region in order to achieve sufficient suppression of the undesired sideband without distorting
the desired sideband. Such filters are quite difficult to implement, as we shall see in Chapters [13|and This motivates
the Weaver and Hartley methods, which we shall now briefly describe.

The Weaver method is illustrated in Figures and We first convert m(t) to complex baseband representation by
shifting the spectrum of the message signal by +W/2 or — /2, corresponding to LSB and USB respectively. This new
signal is m/(t)e*7("W/2) in the time domain and M ( f 4 W/2) in the frequency domain. The undesired sideband is then
suppressed using a lowpass filter, which is practical because this filter can be implemented with relatively large fractional
bandwidth. At this point we have the complex baseband representation of the desired SSB signal, so we may generate the
associated real-valued signal using quadrature upconversion as described at the end of Section[3.3 As an aside, it turns out
that the “Weaver modulator” has applications beyond generation of SSB: see Section[14.5.2]

The Hartley method is an ingenious method for suppressing one sideband by cancellation, as opposed to filtering. The
method is illustrated in Figures and We first make a copy of m(¢) and apply a phase shift of +7/2 rad to the
copy (equivalently, multiply by 7). Note that a phase shift of +7/2 rad for positive frequencies corresponds to a phase
shift of —m /2 rad for negative frequencies, since real-valued signals have conjugate-symmetric spectrum. The resulting
spectrum is shown in Figure [5.20(b). Multiplying m(t) by cos w.t results in the spectrum shown in Figures [5.20(c); note
the positive side of the spectrum is now centered around +w.. Multiplying the phase-shifted signal by — sin w.t results in
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Figure 5.18: Spectra at various stages in the Weaver modulator of Figure[5.17] Here, USB.

the spectrum shown in Figure[5.20(d). This is because — sin w,.t imparts a phase shift of —7 /2 rad relative to + cos w,t,
which is equivalent to multiplication by —j. Adding the latter result to the former result, the lower sideband is cancelled
whereas the upper sideband is preserved. A simple modification (see Problem [5.8)) results in LSB as opposed to USB.

Hartley modulation has two big advantages over Weaver modulation, and one big disadvantage. The two advantages are
(1) only one modulating frequency is required, as opposed two for the Weaver method, and (2) Cancellation of the
undesired sideband is essentially perfect for Hartley, whereas suppression of the undesired sideband by the Weaver method
is only as good as the selectivity of the baseband lowpass filter. The disadvantage of the Hartley method is that it is
relatively difficult to apply a frequency-independent 7 /2 phase shift to a real-valued signal. Specifically, this phase shift
can be achieved at one frequency exactly by introducing the appropriate delay, or by using a narrowband phase-shifting
circuit (see e.g. Figure[T4.9). To achieve this over all frequencies requires a Hilbert transform. The Hilbert transform can
be interpreted as an allpass filter with unit magnitude response and phase response equal to +7 /2 or — /2 for positive
and negative frequencies, respectively. This filter has infinite impulse response, so any practical implementation is an
approximation to the exact transform. On the other hand, a finite-length approximation can typically be made sufficiently
good over the narrow range of frequencies occupied by the message signal; and this becomes particularly easy using
digital signal processing techniques (more on this in Chapter[I8). Thus, the inconvenience associated with the Hilbert
transform is usually outweighed by the advantages of the Hartley method.

Like Weaver modulation, Hartley modulation has applications beyond generation of SSB: see Section[14.3.1]

5.6.2 SSB as a Quadrature Modulation

A second look at Figure 5. 19 reveals something interesting: the Hartley modulator can be interpreted as a two-step process
in which the first step is generation of a complex baseband signal, and the second step is quadrature upconversion (as in
Figure[S.T). The complex baseband signal is s(t) = s;(t) + js,(t) (as usual) with s;(¢) = m(t) (as in AM) and

sq(t) = H {m(t)} where H {-} is the Hilbert Transform. This is in contrast to AM, for which s,(¢) = 0. Thus, SSB
signals occupy both dimensions in the real-imaginary plane. For this reason we refer to SSB as a quadrature modulation.
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Figure 5.20: Spectra at various stages in the Hartley USB modulator of Figure
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Quadrature modulation turns out to be a recurring theme in bandwidth-efficient modulations, as we shall see in Chapter [6]
and also has implications for demodulation.

5.6.3 Demodulation and Performance of SSB

Because the carrier is suppressed in traditional SSB, only coherent demodulation is possible. The methods described in
Section[3.3.4] work equally well for SSB; this is because the received sideband is restored to it’s original frequency,
whereas the missing sideband is “automatically” restored simply by virtue of taking the real part of the complex baseband
signal (recall real-valued signals have conjugate-symmetric spectrum)

It is also possible to demodulate SSB using product detection without carrier phase estimation; i.e., as shown in

Figure except using an LO with essentially random phaseH The output in this case is obviously not properly
derotated in this scheme, but this is of little consequence since — being a quadrature modulation — SSB occupies both
dimensions of the signal space. The incorrect phase response imparted on the recovered message signal in this case has
little effect on the fidelity of the audio in voice communications applications. In applications where the phase of the
message signal is important — e.g., m(t) is phase-modulated data — then this approach is clearly not acceptable and carrier
phase estimation is required.

5.6.4 Vestigial Sideband (VSB) Modulation

While SSB works great for voice signals, there are certain types of message signals for which traditional SSB becomes
awkward to implement. Prominent among these are analog video signals, for which much important spectral content is
concentrated at frequencies very close to DC. In SSB, this content lies within the transition regions of the filter used to
suppress or cancel the undesired sideband. Vestigial sideband (VSB) modulation is a more practical approach for such
signals. The difference between VSB and SSB is simple: The spectrum of the RF signal extends partially into the opposite
sideband, as opposed to being limited to the primary sideband.

Analog VSB is becoming rare in modern communications systems for the simple reason that the message signals for
which it was designed — such as analog video — are being replaced by digital versions. However — and perhaps ironically —
we shall find in Chapter [l (Section[6.17) that the VSB concept is central to the digital modulation scheme used by the
North American broadcast television system.

5.6.5 Pilot-Assisted SSB and VSB

One of the principle difficulties in implementing high-performance SSB and VSB receivers is precise and robust
determination of carrier frequency and phase. This is because the carrier is absent, and so it’s properties must be inferred
from the signal. A compromise is to add an explicit carrier signal before transmission. This makes SSB/VSB essentially
analogous to DSB-LC, but the motivation is quite different. First, the carrier is used solely for estimation of frequency and
phase, and does not permit incoherent demodulation. Second, the ratio of power in the carrier to power in the sidebands is
typically made relatively small; i.e., just large enough to facilitate the estimation of frequency and phase with sufficient
accuracy. In this application, the carrier is more accurately referred to as a pilot signal, and this technique is referred to as
pilot-assisted modulation. Again, we’ll see this technique reappears in our discussion of the North American digital
broadcast television system in Section

30ne obvious exception, just to be clear: Estimation of ¢, using the method implied by Equation [5.19] will not work for SSB, because SSB is a
quadrature modulation extending in both dimensions in the complex plane, whereas the method of Equation[5. 19 requires the modulation to be limited to
one dimension.

4 Amateur radio enthusiasts will be most familiar with this method.
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5.7 Frequency Modulation (FM)

The third major category of analog modulations remaining in common use in modern radio communications systems is
frequency modulation (FM). As indicated in Table[5.1] FM is the representation of m(¢) as a variation in the frequency of
the carrier. This single aspect of FM results in three advantages which have made FM immensely popular. First, FM may
be generated using non-linear (primarily “Class C”) power amplifiers, which are simpler and more power-efficient than the
linear (Class A or AB) amplifiers required for AM and SSB (more on this in Chapter[17)). Second, FM benefits from
relatively high immunity to additive noise and interference, since these affect primarily the magnitude and phase of the
signal as opposed to the frequency. Third, there is no risk of fast fading being interpreted as part of the message signal,
which makes FM somewhat better suited for use in terrestrial communications at VHF and above. However these
advantages come at the cost of significantly greater bandwidth, as we shall see below.

The following sections provide a brief but reasonably complete overview of FM in modern radio communications systems.
Among all modulations FM is arguably the most difficult to analyze in a rigorous mathematical way, and so we shall
sidestep all but the most essential aspects of that analysis here. For additional mathematical details some recommended
references include [32] and [43| Ch. 8].

5.7.1 Characterization of FM

Since FM involves representing information as variations in frequency, a useful starting point is to determine the
instantaneous frequency of the signal in Equation[5.11 Writing that equation here with A(t) = A, (a constant), we have

spr(t) = A cos [wet + ¢(t)] (5.20)
The instantaneous frequency f; is the rate at which the argument of the cosine function varies with time:

d
Ld,

d
Sl + o0 = fot 5

1
;= — t 5.21
fi= 5o ® s21)
The factor of 1/27m emerges because the argument of the cosine function has units of radians, and therefore its derivative
has units of rad/s, whereas we seek units of Hz (i.e., 1/s). For FM modulation we require the instantaneous frequency to

vary around the center frequency in proportion to the message signal; i.e.,

fi = fe+ kgm(t) (FM) (5.22)
Setting the above two expressions equal, we find
1d
- = 2
5 dtqb(t) kem(t) (5.23)
Solving for ¢(t), we obtain
t
o(t) = 27k, / m(r)dr (524)
— 00

Integrating from —oo is bit awkward. However, without loss of generality, we can begin integrating from any time tq. To
see this, note that the above integral can be separated into two integrals as follows:

to

o(t) = 27rk:f/ m(7)dr + 2mky /tt m(r)dr (5.25)

The first integral does not depend on ¢, and so is a constant. For the signal represented by Equation 3,20} this constant will
be indistinguishable from phase shifts imparted by the radio or imparted by propagation. Therefore this constant phase
may be similarly ignored for the purposes of subsequent analysis here. Summarizing:

¢
spr(t) = A.cos (wct + 27k m(7’)d7’> (5.26)

to
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From this expression we may gain some insight into the spectrum and bandwidth of the FM signal. A useful approach is to
consider the simple message signal m(t) = A,, cosw,,t where w,, is constant. In this case we have:

spr(t) = Accos (wet + Bsinwy,t + 0y) (5.27)
where (3 and 6 are constants, with 4
= % (5.28)
referred to as the FM modulation index. This may be alternatively written
B = % (5.29)

where A f = k¢ A,, is seen to be the maximum instantaneous frequency deviation. It can be shown that the spectrum
associated with Equation [5.27] consists of discrete tones centered at w, with spacing w,,,. The number of tones and the rate
at which they decrease with separation from the carrier is a function of (3, which in turn is proportional to A f.

Of course m(t) = A, coswy,t is not very representative of the audio signals for which FM is usually employed, and
therefore Equation[3.27]is not quite representative of the usual RF signal. Simple expressions for the spectrum in the more
general case are not available. However it is possible to generalize the above results in a manner that is approximate, but
nevertheless useful. The idea is that the modulation index may be defined more generally as

Af
= — 5.30
g W (5.30)
and we may subsequently estimate the bandwidth of the modulation as
B=2(+1)W (5.31)

The above expression is known as Carson’s Rule. Note this expression is consistent with the result suggested by
Equation[5.27} B increases approximately linearly with /3 (or, equivalently, with k). However this tells us nothing about
the spectrum of the resulting signal.

To better understand the spectrum of FM signals, consider the role of 3 in Equation[3.27] If 8 < 2, then

B sinwy,t < 27 regardless of w,; whereas the carrier phase can vary over the full range [0, 2]. Thus the spectrum of
srr(t) must be very narrow and the line spectrum described above must roll off very quickly with increasing distance
from the carrier. If we further assume 3 < 1, then from Carson’s rule B ~ 2W; i.e., bandwidth depends only on the
bandwidth of m(t). One expects a qualitatively similar result if we replace the sinusoidal message signal with an arbitrary
message signal having lowpass bandwidth W. The associated spectrum becomes a “smeared” version of the line
spectrum, rolling off continuously but rapidly from the peak value at the carrier frequency. Modulation with 5 < 27 is
said to give rise to narrowband FM (NBFM).

FM modulation which is not obviously NBFM is considered wideband FM (WBFM). There is no clear dividing line
between NBFM and WBFM in terms of 3. However, when 5 > 1, Carson’s rule becomes B ~ 23W; i.e., we observe
approximately linear dependence of B on /3. The spectrum of WBFM representation of audio typically also rolls off with
increasing distance from a peak value at the carrier frequency, although typically not as smoothly as is the case for NBFM.

Example 5.1. Broadcast FM stations transmit an audio signal with 15 kHz bandwidth using a maximum
instantaneous frequency deviation of 75 kHz. (See Figure [B.1l (Appendix [B) for an example of the spectrum of this
signal.) Determine the modulation index, transmitted bandwidth, and classify as NBFM or WBFM.

Solution: Here A f = 75 kHz and W = 15 kHz, so the modulation index 8 = A f/W = 5. Transmitted bandwidth
is estimated by Carson’s Rule: B = 2 (8 + 1) W = 180 kHz. §3 is not < 27 here, so this is considered WBFM.

In practice, broadcast FM channels are 200 kHz wide — slight wider than necessary in order to lessen receiver
selectivity requirements. Also, 10% of the maximum frequency deviation of a broadcast FM signal is given over to
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“subcarriers” located at frequencies above the primary 15 kHz audio lowpass channel. One of these subcarriers is
used to transmit information required to generate the stereo audio signal.

Example 5.2. Some LMR systems use FM designed to transmit voice signals having 3 kHz bandwidth within
12.5 kHz channels. Estimate the modulation index, maximum instantaneous frequency deviation, and classify as
NBFM or WBEM.

Solution: Assuming W = 3 kHz for voice, we find from Carson’s Rule that 5 < B/2W — 1 = 1.08 since B must be
less than 12.5 kHz. Therefore Af = W < 3.24 kHz. This is considered narrowband FM because 5 < 2.

In practice, A f up to 5 kHz or so is tolerated as the spectrum of voice signals is not flat, but rather tends to be
concentrated around 1 kHz.

5.7.2 Generation of FM

The two primary methods used to generate FM signals are known as the direct method and the indirect method,
respectively. The direct method is as implied by Equation[3.22} m(t) is used as the frequency control signal for a
variable-frequency oscillator. This may be implemented in either the analog domain using a VCO or the digital domain
using an NCO; for more details see Sections[16.6] or[16.9]respectively. The VCO technique is sometimes referred to as
reactance modulation, which refers to the use of a varactor — a diode whose capacitance is a function of voltage — as the
means to control the frequency of the VCO. The indirect method consists of first generating an NBFM signal, and then
using frequency multiplication to increase the frequency deviation of the signal. Either method can be applied directly to
the carrier, or alternatively implemented in complex baseband form and then converted to sgr(t) as a subsequent step.

5.7.3 Demodulation

There are two popular methods for demodulation of FM. One method is simply to differentiate sgp(¢) (or it’s complex
baseband representation) with respect to time, which yields a DSB-LC AM signal. For example, from Equation [5.26

t

%st(t) = —A, [we + 2wk m(t)] sin (wct + 27rk’f/

m(T)dT) (5.32)
Now m(t) may be recovered using any method suitable for DSB-LC AM, including envelope detection. The
differentiation may be implemented in a number of ways. If the signal has been digitized, then the derivative is
proportional to the difference between adjacent time samples. In the analog domain, essentially the same operation can be
implemented using analog delay lines or by slope detection, including the venerable Foster-Seeley discriminator.

The second method employs a PLL, as shown in Figure 3.21} Here the phase of the FM-modulated signal is compared to
the phase of a reference signal provided by a VCO (analog domain implementation) or NCO (digital domain
implementation). The frequency of the VCO/NCO is determined by the magnitude of the error signal created by the phase
comparator. Specifically, the VCO/NCO frequency is increased if the phase comparator determines that the input
frequency is greater than the reference frequency, and the VCO/NCO frequency is decreased if the phase comparator
determines that the input frequency is less than the reference frequency. Thus the phase comparator output is proportional
to the instantaneous frequency deviation, and is therefore also proportional to m(t). PLL design entails a number of
considerations that must be addressed for this method to be successful: For example, how exactly to measure phase
difference, how fast to change frequency as a function of phase comparator output, and how to initialize the PLL and
maintain “lock” in the presence of noise and interference. These issues are specific to PLL design and therefore somewhat
beyond the scope of this chapter. However they are addressed in Section[16.8]

Most FM demodulators implement some form of fast AGC and/or limiting to normalize the signal magnitude prior to
demodulation. The basic idea is that the magnitude of the FM waveform contains no information, only
propagation-induced variations and noise. Also, there is typically a limited range of magnitude over which analog
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Figure 5.21: Phase-locked loop method of FM demodulation. Here the VCO/NCO is generating a slightly-delayed estimate
of the carrier and the multiplier is being used as the phase comparator.

detectors and analog-to-digital converters work most effectively. Fast AGC applies gain in inverse proportion to the
dynamically-varying propagation gain, however it is often not practical to have AGC vary at the rate required to accurately
track this variation. (See Section [[3.8]for more about this.) Limiting finishes the job by allowing a moderate amount of
“clipping” of the waveform prior to demodulation.

An extreme version of this concept is so-called “hard limiting” followed by zero-crossing detection, which constitutes a
third major class of FM demodulators. In this scheme the instantaneous frequency of the input signal is determined by
converting zero-crossings of the modulated waveform into short pulses, and then integrating over the resulting pulse train
to obtain a waveform whose magnitude is proportional to frequency.

5.7.4 Preemphasis

One unique aspect of FM is that the differentiation that is intrinsic to FM demodulation tends to exaggerate the impact of
noise at frequencies farthest from the carrier. This is because FM demodulation converts large frequencies into large
magnitudes. Thus, input noise at frequencies far from the carrier is converted to output noise in the message signal that is
relatively strong, whereas input noise at frequencies close to the carrier, but having the same power spectral density, is
converted to output noise in the message signal that is relatively weak. Ironically, the spectrum of audio signals tends to be
concentrated around 1 kHz, with relatively less content at higher frequencies. Therefore it makes sense to modify the
spectrum of audio signals before modulation such that more power is present at higher frequencies and less power is
present at lower frequencies, as this equalizes the SNR as a function of frequency after the signal is demodulated. This
technique is known as preemphasis, and the reciprocal operation at the demodulator is known as deemphasis. This process
significantly improves the perceived quality of audio that has been transmit using FM, and so is nearly universally
employed.

5.7.5 Performance in Varying SNR; Threshold Effect

It is quite difficult to precisely estimate the output SNR of FM as a function of SNR. Not only does this relationship
depend on the message signal characteristics and modulation parameters in a complex way, but also propagation
characteristics and audio processing techniques play a role. Suffice it to say that FM typically requires input SNR on the
order of 3—-6 dB for intelligible voice, and perhaps more like 10-15 dB for quality audio. However there are some other
aspects of this issue that are worth knowing about.

One reason for the popularity of FM is that it achieves relatively high output SNR relative to input SNR when compared to
AM. However this only occurs when the input SNR is above a certain threshold, and below this threshold the ratio of
output SNR to input SNR is significantly worse than that for AM. This characteristic of FM is is known as threshold effect,
and the critical SNR is sometimes referred to as the capture threshold. In audio applications, exceeding the capture
threshold is perceived as guieting; i.e., an apparent reduction of background noise. The condition in which background
noise seems to be have been essentially completely suppressed — which is the demodulator operating fully in the capture
region — is referred to as full quieting. No such effect is apparent in AM.
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Threshold effect makes FM superior for audio communications applications in which the capture threshold — typically on
the order of 10 dB — can reasonably be expected to be achieved. This is the normally the case for FM broadcasting and
LMR systems. Conversely, AM is a better choice for audio communications in which the SNR can not reasonably be
expected to be consistently greater than the FM capture threshold. This is more likely to be the case in low-power or
long-range communications systems, especially those vulnerable to propagation uncertainties such as HF skywave
communications.

This property of FM also applies to interference. A classic example pertains to broadcast FM, as follows: Since broadcast
FM frequencies are reused, it is not uncommon for two stations to be individually strong enough to be received with
sufficient SNR at a given location. However the weaker station will be strongly suppressed in the audio output as long as
the stronger station exceeds the capture threshold. It is rare to hear FM broadcast stations interfering with each other, as
this requires both stations to be significantly below the FM capture threshold at the same time. This is in contrast to
broadcast AM, in which multiple stations are frequently audible in the output.

5.8 Techniques for Improving Audio

Analog modulations are used predominantly to transmit audio. Thus it is appropriate to consider techniques that can be
used to improve the performance of these modulations specifically when transmitting audio. We have already noted one
example: preemphasis in FM (Section[3.7.4). Preemphasis and other forms of equalization are routinely used in amplitude
modulations as well, but for somewhat different reasons. These reasons include compensating for missing high-frequency
content due to narrow bandwidth, and improving fidelity in the presence of non-ideal noise and interference.

Squelch is the silencing of the audio output of a receiver when there is no signal present, or when the input SNR drops
below a specified threshold. Squelch is particularly important in LMR applications because it inhibits the noise (“static’)
that would otherwise be heard when no one is transmitting. Squelch is typically not implemented in receivers using
amplitude modulation, because there is no obvious threshold SNR that can be universally considered to indicate the
presence of an intelligible signal. In FM, however, the capture threshold serves this purpose. Thus, squelch in FM
receivers is typically set such that audio is enabled only when the demodulator has achieved quieting or full quieting.
Squelch is considered so desirable that FM modulators in LMR systems typically embedded a tone in the audio signal that
can be used by the demodulator to confirm the presence of an intelligible signal, providing an extremely robust squelch
that requires no user adjustment. See [67, Section 9.3] for additional reading on this topic.

Noise blanking is the disabling of the audio output of a receiver when an interfering RF pulse is detected. As explained
Section[4.3] such pulses are emitted by a variety of circuits and machines, and may also originate from systems which are
deliberately producing pulses, such as HF-band radarf Since amplitude modulations (including SSB) represent
information as amplitude, these pulses contribute directly to the demodulated output, and may also interfere with the
operation of the receiver’s AGC. However, these pulses are also typically quite short — typically on the order of 1 us — and
occur with low duty cycle. A noise blanker disables the receiver for the duration of the pulse, which significantly improves
the quality of the audio output relative to the result if the impulse is not blanked. This also prevents the pulse from
disrupting the AGC. Noise blanking circuits can be quite sophisticated; see [67, Section 9.2] and [[72), Section 7.3] for
additional reading on this topic.

Problems

5.1 (a) Verify Equation[3.101by explicitly working through the integration. (b) Repeat for Equation[5.11] (c) Repeat for
Equation[5.12

5.2 A DSB-SC AM signal arrives with power P;,, at the input of a coherent demodulator. The associated noise power at
the input of the receiver is N;,,. Then the modulation is changed to DSB-LC AM with 50% modulation, arriving

SRecall from Section [3.8] that HF signals are capable of propagating great distances; therefore one need not be in close proximity to be affected by
such systems.
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with the same power. (a) What is the effective SNR (i.e., ratio of power associated with the message signal to noise
power) at the input of the receiver in both cases? (b) What is the SNR at the output in both cases? (c) If incoherent
demodulation is used for the DSB-LC AM signal, what is the SNR at the output?

5.3 Create figures similar to Figures[5.19]and [5.20] explaining the generation of LSB (as opposed to USB) using the
Hartley method.

5.4 LMR in the US is currently transitioning from 12.5 kHz channels to 6.25 kHz channels. Repeat Example [5.2] for this
case.

5.5 Analog modulations commonly appearing in modern communications systems include DSB-LC, DSB-SC, SSB,
NBFM, and WBFM. For each, indicate which of the following techniques is effective, and why or why not: (a)
AGC, (b) limiting, (c) preemphasis, (d) squelch, (e) noise blanking.



Chapter 6

Digital Modulation

6.1 Introduction

In Section 5.1l we defined modulation as the representation of information in a form suitable for transmission. Digital
modulation might be defined as the representation of information as a sequence of symbols drawn from a finite alphabet of
possible symbols. This definition is not completely satisfactory, since it would seem to include a variety of techniques
which many practitioners would consider to be analog modulations; these include continuous wave (CW) signaling (the
use of an interruptible carrier to send Morse code). In Section 5.1 we settled on the notion that digital modulation also
requires the information to be transmitted to be represented in digital (not merely discrete-time) form at some point in the
modulation process whereas this is not required in analog modulation.

6.1.1 Overview of a Digital Communications Link & Organization of this Chapter
With this definition in mind, Figure[6.1]shows an overview of a digital communications link. Here is the usual signal flow:

* The starting point of the link is source coding, which is the processing of data and/or digitized analog message
signals — e.g., voice — in order to render the data in a form better-suited for digital modulation. A common goal in
source coding is compression; that is, reduction of data rate so as to reduce the required bandwidth. Source coding is
addressed in Section

 Data are often encrypted for security. The principles of encryption are not specific to radio communications and so
are not addressed further in this book.

* Channel coding is the processing of data with the goal of making it more robust to propagation channel
impairments, including noise, multipath, and interference. Channel coding is addressed in Sections (error
control coding) and (interleaving).

* At this point the data are processed by what is traditionally considered “modulation”. The result is an analog signal
representing a discrete-time finite-alphabet message, and which is suitable for frequency conversion and
amplification. It is this form of the signal which is ultimately transmitted to the other end of the link. Modulation is
addressed in Sections and portions of Sections [6.TQH6. 121 and

At the receiver, the reciprocal operations are applied in reverse order: demodulation, channel decoding, decryption,
source decoding, and (for analog signals) digital-to-analog conversion. Demodulation is addressed in

Sections [6.4.1TH6.91 and portions of Sections[6.10H6.12] and[6.19

l“Discrete-time” means merely “changing only at specified times”; whereas “digital” implies quantization and reduction to binary as well.

© 2023 S.W. Ellingson CC BY NC 4.0. https://doi.org/10.21061/radiosystemsengineering-revised1st


https://doi.org/10.21061/radiosystemsengineering-revised1st

6.1. INTRODUCTION 117

Analog Data Analog Data
Source Source
Coding Decoding

Encryption Decryption
Channel Channel
Coding Decoding

Modulation | Channel | Demodulation

Figure 6.1: Overview of a digital communication link.

It should be noted that modern digital communications systems cannot always be represented in precisely this structure. In
particular, there are many ways in which source and channel coding might become commingled, and channel coding is
intrinsic to some forms of modulation. Furthermore, a few key functions are glossed over in this depiction, including
techniques used to mitigate flat fading (Section and intersymbol interference (Section[6.13). Nevertheless Figure
facilitates a productive start to discussion of these functions.

6.1.2 Motivation for Digital Modulation

Since digital modulation is arguably more complex than analog modulation, we should be clear on the features of digital
modulation that make it compelling in most scenarios. Primary among these are the aforementioned characteristics of
finite alphabet and discrete time representation. A digital modulation consists of a finite set of symbols (the “alphabet”)
which are sent at a specified rate (thus, discrete time representation). This reduces the task of demodulation to that of
making the best possible guess as to the particular sequence of symbols that has been transmitted. For a modulation
consisting of M unique symbols, one need only discriminate between M possible options per symbol period. This is in
contrast to analog modulation, in which one must generate a continuous estimate from a continuum of possible sent
waveforms. At moderate signal-to-noise ratios typical for radio communications systems, the discrete-time finite alphabet
property typically results in superior performance. For voice communication in particular, it is possible to achieve fidelity
which is limited primarily by the digitization and source coding as opposed to the noise and propagation characteristics of
the RF channel. That said, there is no “free lunch” and so we shall see throughout this chapter the various measures
required to achieve and sustain this advantage.

Other reasons for the popularity of digital modulation have relatively little to do with digital modulation per se, but rather
with the fact that information is usually more conveniently represented in digital form. Again there is no particular reason
why data cannot be transmitted using analog modulation; however opting for digital modulation allows a number of
additional features to be brought to bear. These include:

 Lossless regeneration: If a digitally-modulated signal can be demodulated without error, then the signal can be
re-modulated — “regenerated” — and sent through a second link with no degradation. In principle this process can be
repeated indefinately. This is never the case with analog signals. In a system using analog modulation, each
regeneration degrades the signal, however slightly, because analog demodulation cannot perfectly recover the
original signal.
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* Digital representation facilitates flexible management of the use of bandwidth by voice, data, and signaling.
Signaling is data, separate from user data, required to operate a radio link. For example, each radio link in a modern
cellular telecommunications system includes a nearly continuous parallel stream of data that conveys information
including identity, assignment to frequency and time slots, power control, and so on. If the user data is digital, then
integration of signaling is straightforward, whereas this integration is awkward and limited in systems which are
primarily analog.

* The same concept also applies to message information specifically: If the message will be represented as data, then
the data rate provided by the radio link may be allocated in a flexible and dynamic way; e.g., entirely voice,
voice-data, entirely data, and so on.

* Digital representation of information facilitates the use of a variety of signal processing techniques that have no
counterpart in analog modulation. These include compression, encryption, and error control coding.

6.2 Source Coding

Source coding is the processing of data and/or digitized analog message signals — e.g., voice — in order to render the data
in a form better-suited for digital modulation. A simple taxonomy of source coding techniques includes pulse code
modulation, linear predictive coders, and multimedia coders. Here we will briefly examine these schemes. For a more
detailed discussion of source coding for voice signals, [63, Ch. 8] is a useful starting point.

The most elementary form of pulse code modulation (PCM) is essentially no more than rearranging the bits representing
each sample output from an ADC to form a serial data stream. A common scheme for PCM encoding of voice is simply to
lowpass-filter the voice signal to a little less than 4 kHz, and then to sample at 8 kHz with 8 bits/sample. This results in an
64 kb/s data stream.

Typically voice waveforms consist mostly of values which are much less than the mean, with short but important bursts
having relatively large magnitude. However ADCs are typically designed to encode values which are evenly distributed
over the input magnitude range; i.e., assuming all encodable values occur at equal rate. Thus a voice-digitizing ADC that
is able to encode the bursts without clipping uses, most of the time, only a few of the available levels. To better utilize the
range of values provided by the ADC, voice signals are typically subjected to companding before digitization.
Companding is a non-linear scaling of the waveform magnitude such that small values are increased relative to large
values. This process may be implemented in analog form as implied by the previous sentence; alternatively the waveform
might first be encoded with a greater number of bits (e.g., 16) and then digitally transformed to an 8-bit waveform by
companding. The predominant companding transfer functions are known as “up-Law”, used in North America and Japan,
and “A-Law”, used in Europe. The (wired) public switched telephone network (PSTN) uses primarily 64-kb/s PCM with
companding, and therefore this level of fidelity, sometimes referred to as roll quality, is regarded as a benchmark against
which other voice encoding schemes are compared.

Variants of PCM — in fact, each beginning with a PCM-encoded signal — include differential PCM (DPCM), adaptive
DPCM (ADPCM), and continuously-variable slope delta modulation (CVSDM). The primary advantage of these schemes
is a reduction in data rate by a factor of 2—4 (i.e., to 16-32 kb/s) with little or no compromise in voice quality, but some
consequences in terms of robustness to bit errors.

The bandwidth available for radio communications systems is often so limited that even 16 kb/s may be considered
unacceptable, and it is therefore reasonable to consider “less than toll quality” voice in return for a further reduction in
data rate] This is possible using linear prediction techniques, and the associated devices are commonly referred to as
vocoders. The essential idea in these schemes is to identify a mathematical model for the voice signal which can be
expressed as a small number of slowly-varying parameters, and then to send these values as opposed to sending the signal
itself. Voice is reconstructed by using the received parameters with the assumed model to synthesize the waveform. The
principal difference among source coders employing this principle is the model used to represent voice signals, and the

2This sentence should not be interpreted as meaning that it is not possible to achieve toll quality at rates less than 16 kb/s. Instead, we are merely
saying that lower rates are normally achieved by compromizing on voice quality in some way.
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Vocoder Rate Applications

Code Excited Linear Prediction (CELP) 0.8-13 kb/s  Cellular CDMA (older)
Enhanced Variable Rate Codec (EVRC) 0.8-8.55 kb/s  Cellular CDMA (newer)
Improved Multiband Excitation (IMBE) 7.2 kb/s P.25 LMR (older)
Advanced Multiband Excitation (AMBE) 2-9.6 kb/s P.25 LMR (newer);

also Iridium, Inmarsat
Mixed Excitation Linear Prediction (MELP) 2.4 kb/s U.S. Military

Table 6.1: Vocoders used in a few popular voice communications systems.

method used to decompose voice into parameter sets. Vocoders used in nearly all modern mobile radio communications
systems employing digital modulation employ some version of this scheme; a very brief list is shown in Table Note
that rates of 2.4 kb/s and less are possible, albeit with a tradeoff in voice quality.

A similar taxonomy can be defined for multimedia (e.g., video) information. Although a discussion of these techniques is
beyond the scope of this book, it is useful to be aware of at least two commonly-used multimedia codecs (coder-decoder):
These are the ITU-T H.262 MPEG-2 and H.264 MPEG-4 codecs. The MPEG-2 codec is used in the North American
broadcast digital television standard (ATSC; see Section [6.17).

6.3 Sinusoidal Carrier Modulation, Redux

In Section[5.2] we introduced the concept of sinusoidal carrier modulation as employed in analog modulation. The vast
majority of digital modulation schemes employ sinusoidal carrier modulation as well. The principal difference is that
digital sinusoidal carrier modulations represent information using discrete-time sequences of magnitude, phase, and
frequency states. In this section and those that immediately follow, we shall address specifically phase-amplitude
modulations. Beginning in Section [6.11] we shall consider digital modulations that use frequency.

As was the case for analog sinusoidal carrier modulation, digital sinusoidal carrier modulation is conveniently represented
in complex baseband form (for a refresher, see Section[5.3)) This representation is conveniently visualized in the complex
plane, as in Figure[3.4land[5.71 So, without further ado, Table [6.21and Figure [6.2] show a “starter kit” of digital sinusoidal
carrier modulations for us to consider. Here’s a list of the acronyms:

* OOK: On-off keying.

* BPSK: Binary phase-shift keying.

QPSK: Quadrature phase-shift keying.

M-PSK: M -ary phase-shift keying.

M-ASK: M-ary amplitude-shift keying.

M-QAM: M-ary quadrature amplitude modulation.

Note that & in Table[6.2]indexes the symbols (i.e., k is the discrete-time representation of ¢) and M is the number of
symbols used in the modulation. The graphical representations of digital sinusoidal carrier modulations as shown in
Figure are known as constellation diagrams. Be forewarned that this set of modulations is hardly exhaustive, either in
terms of possible values of M or as methods to digitally modulate the amplitude and phase of a sinusoidal carrier.

Note that M determines the number of bits that each symbol represents; for example, if A/ = 2 then each symbol can
represent only one bit; namely O or 1. However if M = 4, then it is possible to send 2 bits simultaneously; e.g., the four
symbols represent 00, 01, 10, and 11. Pairs of bits associated with symbols in this manner are sometimes referred to as
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Modulation Ay Ok M  bits/symbol
OOK {A.|0} 0 2 1
BPSK A, {0]r} 2 1
QPSK A, {013|~I3F} + = 4 2
M-PSK Ac {03F]- 13 M-D}+5 M logg M
M-ASK Linear grid M logy M
M-QAM Square v/M x /M grid M logy M

Table 6.2: Representation of some common digital phase-amplitude modulations in the form Ay, cos [w.t + ¢k]. See also
Figure

OOK BPSK 4-ASK
ole eelee
bl B o | o eooe
e | o 00
ol ole eoloe
QPSK 8-PSK 16-QAM

Figure 6.2: Constellation diagrams for the modulations listed in Table

dibits. If M = 8, then it is possible to send 3 bits simultaneously. The eight possible sets of three bits are sometimes
referred to as tribits. Extrapolating: a modulation having M symbols conveys log, M bits per symbol.

The assignment of bits to symbols in a modulation is typically done according to a principle commonly referred to as Gray
coding. The concept is to assign bit sequences to symbols in such a way that the most likely symbol decision errors result
in the smallest number of bit errors. This is illustrated for QPSK in Figure Given symbols identified as A, B, C, and D
with increasing phase, a straightforward assignment of dibits to symbols would be as follows: A: 00, B: 01, C: 10, D: 11.
The problem with this is that for usable levels of SNR, small phase errors are more likely than large phase errors. So, for
example, the most likely misdetections of symbol A are B and D (equally likely), and much less likely is C. If D is
detected in lieu of A, then two bits are incorrect. A better scheme is to swap the assignments for symbols C and D. In this
case, erroneously detecting B or D in lieu of A results in at most one bit error, and only the much less likely misdetection

of C for A results in both bits being wrong. In fact, the latter assignment is readily verified to be be optimal in this respect
for all four symbols, not just A.

01 [ g0 01 | g 00
B | AN "5 | A%
o | Do @« | Do

10 1 1 %10

(a) (b)

Figure 6.3: (a) An ill-advised assignment of dibits to symbols in QPSK. (b) A better assignment employing Gray coding.
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Figure 6.4: Left: The two QPSK constellations used in 7-QPSK. Right: All possible transitions from A; to the next symbol.

Before moving on, it’s worth pointing out a few popular QPSK variants and the reason why they are popular. One is offset
QPSK (OQPSK). In OQPSK, the in-phase and quadrature components are offset in time by exactly 7'/2, where T is the
symbol period. There is essentially no difference in the corresponding spectrum or fundamental performance of the
modulation. However, this scheme eliminates the possibility that the magnitude of the complex baseband signal goes to
zero when transitioning between symbols located on opposite sides of the constellation; such transitions occur by first
transitioning to one of the adjacent symbols, and then onward to the desired symbol. As a result, magnitude remains very
nearly constant at all times, as opposed to intermittently going to zero and then back to full-scale within a symbol period.
This in turn facilitates the use of non-linear (primarily “Class C”) power amplifiers, which are simpler and more
power-efficient than the linear (Class A or AB) amplifiers that would otherwise be required to accommodate the
intermittent crossing of the origin of the complex plane. It’s worth noting that this same issue provides a contraindication
for the use of BPSK when high power is required, since with two symbols there is no alternative but to frequently cross the
origin. This particular concern about power amplifiers will arise repeatedly throughout this chapter; see Chapter 17 for a
more thorough discussion of this issue.

The other popular QPSK variant is 7-QPSK. This modulation actually consists of two QPSK constellations, with one
rotated by /4 relative to the other. This is illustrated in Figure[6.4] with symbols Ay, By, C, and D; representing the
first constellation, and symbols As, Bs, Co, and D5 representing the second constellation. This figure also illustrates the
four possible transitions from symbol A;. Note that none of these transitions cross the origin; therefore we once again
have a modulation which is suitable for less-linear power amplifiers. OQPSK has lower overall magnitude variation,
however 7-QPSK has the property that it guarantees a symbol transition on every “tic” of the symbol clock. The latter
turns out to be useful in symbol timing recovery (Section [6.16)).

6.4 Pulse Shapes and Bandwidth

The bandwidth of a digital modulation is determined primarily — but not exclusively — by the symbol rate 1/7". If the
symbol rate is zero, than the modulation degenerates into an unmodulated carrier having essentially zero bandwidth.
When the symbol rate is greater than zero, the transition between symbols gives rise to bandwidth proportional to symbol
rate. To be more precise, it is necessary to specify how the transitions between symbols occur.

6.4.1 Representation of Symbols as Pulses

It is convenient to interpret modulation symbols as pulses. The basic scheme is to define a “prototype” pulse g(t) centered
at time ¢ = 0. The symbol centered at time ¢ = k7T is then represented as apg(t — kT) where ay, is Ape/®*; that is, the
complex baseband representation of the symbol from the constellation diagram. The transmit signal in complex baseband
representation may then be interpreted as a sequence of pulses as follows:

+oo

s(t)= > arg(t—kT) (6.1)

k=—oc0
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Figure 6.5: Scheme for generating pulse-shaped digital modulation.
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Figure 6.6: Rectangular pulse. Left: Time domain, Right: Frequency domain.

A scheme for generating s(t) is shown in Figure On the left we have a stream of bits by, at rate 1/7}, which are
subsequently mapped to modulation symbols a; emerging at rate 1/7". A convenient representation for this signal is in

terms of the delta function as follows:
—+oo

> ard(t — kT) (6.2)

k=—o0
This is subsequently passed through a filter having impulse response equal to the desired pulse shape, or equivalently with
frequency response G(w) equal to the Fourier transform of g(t). The output is the input convolved with g(t):

+o00
s(t) = [ Z ard(t — kT)

k=—oc0

*g(t) (6.3)

which, by the properties of the delta function, is equal to Equation

The simplest imaginable pulse waveform g(t) is simply a rectangular pulse as shown in Figure Such a pulse has
constant value for an interval equal to 7', and is identically zero at all other times. For a phase-amplitude modulation, this
corresponds to holding the magnitude and phase of the carrier constant for the duration of the symbol, and then switching
instantaneously to the magnitude and phase corresponding to the next symbol when the time comes. The spectrum of this
pulse, as characterized by its Fourier transform, is given by

sin (7 fT)

G = "5

= sinc (f7) (6.4)
and is also shown in Figure[@]ﬁ A problem with rectangular pulses is immediately apparent: They have unbounded

bandwidth. In practical radio communications problems one typically faces stringent constraints on bandwidth and
spectrum, so it would seem rectangular pulses may not be desirable.

6.4.2 Sinc Pulses and Intersymbol Interference

If one takes the position that it is the bandwidth, as opposed to the duration of the pulse, that should be strictly limited,
then Figure[6.7] shows the way to go. Here the spectrum is required to have so-called “brick wall” response with lowpass

3 A comment for advanced readers: Note we have implicitly assumed that the spectrum of s(t) is the same as the spectrum of the pulse. This is true
enough for most engineering applications, accounting for a constant of proportionality which is typically not of interest. However, this is formally true
only if the autocorrelation of the sequence of ay’s is identically zero for all lags other than the zero lag; i.e., if the sequence is sufficiently random.



6.4. PULSE SHAPES AND BANDWIDTH 123

-w  +W

4+ 1 +1 43

oW 7%’ oW oW W oW
(=31) (—21) (-T) (+1) (+21) (+31)

Figure 6.7: Sinc pulse. Left: Time domain, Right: Frequency domain.

bandwidth W = B/2, where B is the RF bandwidth since complex baseband representation is assumed. The associated
pulse is — by the duality of the Fourier transform — the sinc waveform

g(t) = sinc <;) (6.5)

As attractive as the sinc pulse is in terms of bandwidth, there is clearly some additional complexity associated with its use:
In particular, each pulse is unbounded in the time domain such that each pulses would appear to interfere with all other
pulses. This effect is known as intersymbol interference (ISI). A solution to ISI in this case lies in the fact that the value of
sinc goes to zero at integer multiples of 7" in each direction from the defining maximum effect time (MET) t = kT of the
pulse waveform. Therefore if T is set equal to 1/B, then the MET for each symbol occurs when the pulse waveform
associated with every other symbol happens to be zero. This is commonly known as the Nyquist criterion for zero 1s18
Using sinc pulses with this particular relationship between B and T', we have that ay, is simply y(k7); i.e. the symbol
decisions are free from ISI. This subsequently constrains the symbol rate at which ISI-free transmission is possible to be
equal to the non-zero bandwidth B of the sinc waveform.

Example 6.1. What’s maximum symbol rate for which symbol detection may be ISI-free if the required RF
bandwidth must be strictly bandlimited to 1 MHz bandwidth?

Solution: B = 1 MHz, so 1/T = B = 1 MSy/s, where “Sy” is an abbreviation for “symbol”.

Example 6.2. What'’s the first-null bandwidth (FNBW) of a digital modulation that uses rectangular pulses having
T =1 us?

Solution: From Figure we see FNBW= 2/T = 2 MHz. For the same symbol rate obtained in Example[6.1] we
see that that ISI-free rectangular pulses require at twice the bandwidth as measured between first nulls, and in fact
greater because the bandwidth of the rectangular pulse is not strictly bandlimited.

6.4.3 Raised Cosine Pulses

It is apparent from Figure[6.7] that the consequence of strictly-bandlimited spectrum with “brick wall” transitions is
unbounded impulse response. This makes clear the fundamental quandary of pulse design: It is impossible to define a
pulse which is strictly limited in both time and frequency simultaneously. The situation is actually somewhat worse than
this: For practical reasons it will be desirable to make the impulse response of the filter in Figure will be finite, and so
the associated pulse waveform will be truncated even if we intended it to be unbounded. These considerations lead one to

4Not to be confused with Nyquist’s other famous criterion; see Section[[3.2.2]



124 CHAPTER 6. DIGITAL MODULATION

h Bo w
Figure 6.8: Specification of the spectrum G (w) of the raised cosine pulse. Here, r = 0.5.

consider pulse shapes which are intermediate between rectangular (strictly time-limited) and sinc (strictly
frequency-limited).

One approach is to consider time-limited alternatives to the rectangular pulse; commonly-cited alternatives include the
triangular pulse and the cosine (actually half-period cosine) pulse. From Fourier analysis the tradeoff is easily quantified:
FNBW is 2/T', 3/T, and 4/T for the rectangular, cosine, and triangular pulse, respectively. Ironically, the level of the first
sidelobe is about —13 dB, —22 dB, and —26 dB, respectively. Therefore bandwidth gained in the sense of FNBW is lost in
the sense of increasing sidelobe level. In other words, simply choosing alternative shapes for a pulse that remains
time-limited to an interval T" doesn’t accomplish much in terms of modifying bandwidth.

A far more useful approach begins with spectrum that is strictly bandlimited but not having “brick wall” characteristics.
This results in a waveform which remains unbounded, but with magnitude that is constrained within an envelope that
decays much more quickly than that of the sinc function. When such a waveform is truncated by a finite impulse response
filter, the resulting expansion of spectrum is then much less serious.

By far the most popular scheme to accomplish this is known as the raised cosine spectrum. The raised cosine spectrum is
shown in Figure[6.8]and is specified as follows: G(f) = 1 for |f| < f1, G(f) = 0 for | f| > W, and

. lfl - fi
2 Bo—fi

G<f>;+;cos[ } A<lfl<w 6.6)

where the parameters By and f; are related through a single parameter known as the roll-off factor r as follows

_DBy—fi
r="p 6.7)

The roll-off factor is an expression of the width of the transition region, ranging from zero to 1. » = 0 (f; = By)
corresponds to the sinc pulse (brick wall spectrum), whereas 7 = 1 (f; = 0) corresponds to spectrum which has only
transition, and no flat spectrum component. Values of r in the range 0.1 to 0.6 are typical.

The corresponding pulse waveform is

cos 2mr Byt

£) = 2By sinc (2Bot) | =220
9(t) = 2Bo sine (2Bof) | 70 T 7

(6.8)

As an example, the = 0.35 waveform is shown in Figure[6.9] Choosing T' = 1/ (2By) results in zeros spaced at integer
multiples of 7" from the maximum effect point; therefore this waveform has the zero-ISI property of the sinc pulse but for
a longer sample period. Specifically:

W:Bo+(30—f1):BO—FTBO:(l—FT)BO:(l—FT)% (69)
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Figure 6.9: Raised cosine pulse waveform (bottom) and spectrum magnitude (top).
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Figure 6.10: Comparison of the spectrum of the sinc (r = 0) and » = 0.35 raised cosine pulses after truncation to an
interval of £27 centered around the MET.

Thus, one may also interpret r as representing the efficiency with which the available bandwidth B = 2 is used, ranging
from r = 0 (brick wall response) yielding 1/7 = B; to r = 1 yielding 1/T = B/2; i.e., reduction of the symbol rate by a
factor of 2.

Now let us return to the issue of the necessarily finite length of the pulse shaping filter. Comparing » = 0 and » = 0.35 in
Figure it’s clear that the raised cosine pulse has a faster decay away from the MET. Figure compares the
spectrum that results when each of these pulses is truncated to an interval of only 47" centered around the MET. As
expected, neither spectrum is band-limited, however the perturbation to the spectrum of the truncated = 0.35 is much
less that of the » = 0 pulse.

Before moving on, there is one additional thing to know about raised cosine pulse shaping: It is rarely used in quite the
form presented above. This is because — as we shall see in Section [6.6.3] receivers typically require some form of
matched filtering, and matched filtering of raised cosine pulses destroys the zero-ISI property. Fortunately the situation is
salvaged using a relatively simple modification described in Section that will leave intact all of the desirable
properties of raised cosine pulse shaping described above.

6.4.4 Spectral Efficiency

We are now in a position to reconsider the question of bandwidth of phase-amplitude modulations, and the efficiency with
which the available spectrum is used. It is already abundantly clear that bandwidth B is proportional to symbol rate 7. A
more precise relationship requires a more precise definition of bandwidth. Among the various possibilities, first null
bandwidth (FNBW) —i.e., the spacing between the nulls bounding the center lobe of the spectrum — is certainly the easiest
to work with. From the considerations of the previous sections, we have

2
FNBW = T ISI-free rectangular pulses (6.10)

1
FNBW = (1 + ) T ISI-free raised cosine pulses (6.11)
We may now define spectral efficiency np in the following way:

_1/Ty,  loga M
" FNBW 2

nB ISI-free rectangular pulses (6.12)
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np [bps/Hz]

M | rectangular r=1 r=0
2105 0.5 1
411 1 2
8|15 1.5 3

16 | 2 2 4

Table 6.3: Spectral efficiency np for some typical modulation parameters.

1Ty, logy M
~ FNBW 147’
Note that the units of np are bps/Hz: np is the data rate that can be accommodated within a certain bandwidth using a
particular combination of modulation (M) and pulse shaping (r). Table shows some expected values of np for typical
modulation parameters. It should be noted that because 75 depends on a particular definition of bandwidth, np is a

somewhat arbitrary measure in the sense that other definitions of bandwidth would result in other, equally valid measures
of spectral efficiency.

nB ISI-free raised cosine pulses (6.13)

Example 6.3. A transmitter sends 50 kb/s using QPSK with = 0.4 raised cosine pulse shaping. Characterize the
spectrum and spectral efficiency.

Solution: QPSK uses M = 4 symbols, and therefore sends 2 bits per symbol. The symbol rate 1/7 is therefore

25 kSy/s. Since raised cosine pulse shaping is used, the spectrum is ideally strictly bandlimited to

(1+7)/T = 35 kHz; however truncation of the pulse shaping filter will result in some leakage outside this
bandwidth. The spectral efficiency is np = (logy 4) /(1 + ) = 1.43 bps/Hz. It should be noted that if that quoted
data rate includes in-band signaling and error control coding, then the spectral efficiency with respect to the user data
will be less.

6.5 Representations of Signal Power, Noise Power, and SNR in Digital
Modulations

An important consideration for any modulation is its performance with respect to the SNR provided to the demodulator.
To most conveniently address this issue, it is useful to define some additional terminology that is specific to digital
modulation.

To begin, let us assume we are working with signals in complex baseband representation. (For a review of this concept,

see Section[3.3]) The concepts we are about to cover are in no way limited to this representation, but for clarity it is useful
to narrow scope.

6.5.1 Symbol Energy and Energy per Bit

It is preferred to express signal power in terms of energy per bit, Ey. Only in M = 2 modulations do symbols map

one-to-one to bits, so let us first define the symbol energy E,,,, where m refers to the mth symbol of a set of M symbols.
For a phase-amplitude modulation in complex baseband representation

+oo +oo
Em:/ |amg(t)|2dt:|am|2/ lg(t)|* dt = A2 E, (6.14)

where E,; is the energy of the pulse waveform g(¢), which is the same for all symbols. So, for example, for unit-magnitude
rectangular pulses we have FE,,, = A2 T. Next we define the mean energy per symbol, Eg, which — assuming all symbols



128 CHAPTER 6. DIGITAL MODULATION

are used with equal frequency — is simply the mean over the available symbols as follows:

Z E,, (6.15)

For modulations in which all symbols have constant magnitude, then Fs = FE,,, for all m. For other modulations — in
particular OOK, M-ASK with M > 2, and QAM with M > 4 — the symbol energies may be greater or smaller than Eg.

One very important use of Eyg is that it facilitates “fair” comparisons of digital modulations. That is, when we compare
modulations we specify equal Eg, so that no modulation appears to be better or worse simply because it includes symbols
having more or less energy. Finally, we may define £}, as follows:

b logy M

(6.16)

So, for example, £y, = Eg for M = 2 modulations, and is proportionally less than E's for modulations with M > 2.

Note that only in the case of M = 2 is Ej, a directly measurable “physical” quantity. That is, modulations send symbols,
not bits, and only when M = 2 is there a one-to-one mapping between symbols and bits. Nevertheless, the concept of Ej
proves useful for comparing the performance of modulations, even for M > 2.

6.5.2 The E},/N, Concept

We now define E}, /Ny, a convenient metric for expressing SNR in digital communications systems. Let us begin with the
denominator. It is preferred to express noise power in terms of the noise power spectral density, Ny. Recalling Section[3.4]
the noise in the in-phase and quadrature components of a complex baseband signal is uncorrelated, with power in each
component being equal to 0% 1. If the noise spectrum is white, then Ny is simply this power divided by the
noise-equivalent bandwidth B.

In later sections we shall see that that the quantity E, /N, emerges as a convenient description of the SNR determining the
performance of digital modulation. The fact that this quantity is in fact a signal-to-noise ratio can be confirmed by first
confirming that it is dimensionally correct: Ej has units of energy, which is typically expressed in Joules (J). However 1 J
isequal to 1 W-s, since 1 W = 1 J/s. Since 1 W-s may be rewritten 1 W/Hz, we see Ej, can also be interpreted as power
spectral density, and therefore E}, /Ny is unitless, as is expected for SNR.

However E}, /Ny is not exactly the same as the ratio of signal power to noise power, as is normally implied by the term
“SNR”. It is straightforward to determine the actual relationship between these quantities: First note that signal power can
be expressed as Ej,/Ty; i.e., energy per bit period. Then note that noise power is simply Ny B, as explained above. Thus
we find:

BT, 1 B
= == — 6.17
NoB _ TyB Mo ©.17

The above expression subtly demonstrates another reason why Ej, /Ny turns out to be useful in the analysis of digital
modulations: E}, /Ny describes the contribution of the modulation to SNR in a way which is independent of data rate 1/T}
and bandwidth B. Data rate and bandwidth can be varied in all kinds of ways without changing the modulation, so if one
is really interested in comparing the fundamental performance of modulations independently of these additional factors,
then Ej, /Ny is the way to go.

A final note before moving on: It is not uncommon to see Ej, /Ny referred to as “SNR per bit”. This refers to the notion
that in principle one receives and attempts to detect symbols; only later does one interpret symbols as collections of bits.
Therefore E;, /Ny can be viewed as a normalization of SNR to account for the impact on a bit-by-bit basis, as opposed to
being limited to interpreting performance as the ability to detect symbols.
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Figure 6.11: Coherent demodulation of digital phase-amplitude modulations by matched filtering in complex baseband
representation.

6.6 Coherent Demodulation

This section introduces a common “recipe” for demodulation of all types digital phase-amplitude modulations. Before we
get to this somewhat specific approach, it is useful to have some idea of the scope of possible approaches, and in particular
what constitutes an optimal demodulator.

To make this discussion tractable, we’ll assume throughout this section that the modulation is memoryless and that the
propagation channel is both memoryless and time-invariant. A memoryless modulation is one in which any given symbol
is independent from all previous symbols. A memoryless propagation channel is one which is free of resolvable multipath;
that is, the demodulator does not perceive additional delayed copies of symbols except possibly as flat fading. A
time-invariant propagation channel is — for present purposes — one in which the change in amplitude and phase of the
channel over a symbol period is negligible. None of these assumptions is necessarily reasonable or strictly necessary for
practical work, and we will take steps to account for more general situations in Sections[6.14] and [6.13]

6.6.1 Optimal Demodulation

The optimum demodulator under these assumptions is known generally as the correlation receiver] The correlation
receiver concept is discussed in Section[6.6.4] In this section we will consider the most common implementation of the
correlation receiver, known as the matched filter receiver. This particular architecture is shown in Figure The signal
flow in the matched filter receiver is as follows:

e Quadrature downconversion to complex baseband representation.

 Matched filtering (filter having frequency response G*(f)).

* Calculation of a decision metric by sampling the matched filter output at the appropriate MET. This also entails
determination of symbol timing.

e Carrier phase tracking, which may also be interpreted as derotation of the symbol constellation. This might be
integrated into quadrature downconversion.

* AGC, with the primary purpose of maintaining constant mean symbol energy E'g. This too may be implemented as
part of an earlier stage in the demodulator or receiver.

* Symbol detection, consisting of selecting the most likely symbol given the decision metric.

» Conversion from symbol decisions to bits or bit sequences.

3 Another note on nomenclature: Communication theorists commonly refer to demodulators as receivers, although clearly the intent is not to account
for all of the functions that a complete radio receiver would normally provide.
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Not mentioned above but important to consider is carrier frequency tracking. This is often not an identifiable stage of
processing in the demodulator, but may instead be integrated into quadrature downconversion or — when frequency errors
can be assumed to be relatively small — simply “absorbed” into carrier phase tracking. Techniques for estimation of carrier
frequency and phase, as well as symbol timing recovery, are addressed in Section [6.16]

6.6.2 Matched Filtering

Matched filtering can be interpreted as an optimal method to reduce a continuous waveform to a single value that that best
represents the symbol in effect at the time the filter output is sampled. Alternatively, matched filtering can be interpreted as
a scheme which maximizes the SNR of the sampled output; i.e. of the decision metric. From this perspective, it is clear
that a matched filter must take into account the symbol pulse waveform so as to emphasize portions of the spectrum where
the power spectral density is high relative to the noise, and to deemphasize portions of the spectrum where the power
spectral density is low relative to the noise. Therefore it should come as no surprise that the response of the optimal
matched filter assuming spectrally-white noise is G*(f) (as shown in Figure [6.11)), which is simply G(f) in the vast
majority of implementations in which the pulse waveform is real-valued ] Alternatively, the matched filter may be
described in terms of its impulse response F ! {G*(f)} = g*(—t), which is simply g(¢) in the vast majority of
implementations in which g(t) is both real-valued and time-symmetric.

6.6.3 Square Root Raised Cosine (SRRC) Matched Filtering

Comparing Figures[6.3] and [6.11] we note that we have a “pulse-matched” filter G(f) in the modulator in order to set the
bandwidth while enforcing the Nyquist criterion for ISI-free modulation, and essentially the same filter G*(f) in the
demodulator in order to implement optimal matched filtering. At this point a problem becomes evident: The combined
response of the filters in the modulator and demodulator is

G(f) G*(f) = |G(f)]? (6.18)

For pulses which are strictly time-limited to duration < 7', this poses no particular problem. For the more general and
useful case that the duration of the pulse may not be so time-limited, the resulting response does not necessarily satisfy the
Nyquist criterion for ISI-free modulation. In particular, it is simple enough to demonstrate that the ISI-free criterion is not
satisfied for raised cosine pulses after passing through the associated matched filter. This is a problem because it is not
enough to satisfy the ISI-free criterion in the transmit signal; one needs the result to be ISI-free where the symbol is to be
detected; i.e., after the matched filter in the demodulator.

The fix is simple enough: We let G(f) be not the raised cosine response, but rather the square root of the raised cosine
response. To avoid ambiguity, let us define G rc(f) to be the particular choice of raised cosine response as given by
Equation[6.6] and let us define Gsrrc (t) to be the square root of this response. Now if we use G(f) = Gsrro(f) we
have

Gsrro(f) Gsrre(f) = |Gsrre(f)I? = |Gre(f)] (6.19)

which does satisfy the ISI-free criterion, and retains the ability to control the bandwidth-impulse response tradeoff
(parameterized by roll-off factor 7) as worked out in Section[6.4.3] For this reason, square root raised cosine (SRRC)
pulse shaping emerges as the most popular scheme employed in modern digital communications systems.

6.6.4 The Correlation Receiver

As noted in Section the matched filter receiver described above is actually a special case of the correlation receiver,
which is applicable to any digital modulation. We will encounter a number of situations in the remainder of this chapter

6 A rigorous proof is relatively straightforward, but a bit tedious. Since the result is not surprising, we shall not present the derivation here.
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Figure 6.12: Demodulation of BPSK and OOK.

where the correlation receiver concept provides a useful framework for understanding modulation performance. So,
although the details are beyond the scope of this book, it is nevertheless worthwhile to be familiar with the concept.

The basic principle of the correlation receiver is as follows: For each symbol to be received, one correlates the input with
each of the M possible symbol waveforms. This results in M decision metrics. Each decision metric indicates the degree
to which the input is correlated with the associated symbol waveform, and therefore the probability that the associated
symbol is present increases with the decision metric. If £, is not constant for all symbols in the constellation, the metrics
are adjusted in proportion to the associated symbol energy to ensure fairness. Also if there is a priori knowledge that some
symbols appear more often then others, then the metrics are adjusted to account for this as well. The decision metrics are
then compared, and the “winner” is the symbol associated with the largest metric. This particular approach goes by
various other names, some referring to statistical criteria such as maximum a posteriori (MAP) and maximum likelihood
(ML; essentially MAP in which all symbols are assumed to be equally probable).

The design and analysis of correlation receivers is a advanced topic, and is quite useful for obtaining deep insight into
problem of modulation design and analysis. A recommended starting point for interested readers is [[61, Ch. 4].

6.7 Demodulation of BPSK and OOK

BPSK and OOK are the two canonical M = 2 phase-amplitude modulations. Simplification relative to the general
architecture of Figure[6.11]is possible because these modulations are “one dimensional” in the sense that the quadrature
component of the complex baseband representation is zero once derotation is applied. This allows the quadrature
component of the decision metric — including the noise associated with that component — to be discarded without
consequence.

The simplified architecture is shown in Figure[6.121 Moving derotation to precede matched filtering allows the quadrature
component to be discarded before matched filtering, which eliminates unnecessary computation.

6.7.1 Optimal Demodulation of BPSK

Let us now consider the specific method for extracting a symbol decision from the detection metric d for BPSK. A simple
and generic method to work this out is as follows: We first write the two possible symbols, as they appear at the input of
the matched filter, as follows:

s1(t) = —/Es g(t) (6.20)
sa(t) = +1/Es g(t) 6.21)

where — with no loss of generality — we have required g(¢) to have unit energy; i.e.,

“+o0
/ lg(t)* dt =1 (6.22)
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Presumably the probability of erroneously detecting s (¢) when so(¢) has been sent is the same as the probability of
erroneously detecting so(¢) when s (¢) has been sent. We may therefore calculate the probability of symbol error Pg as
the former, with confidence that the result applies in either case. So, let us assume symbol s1 (¢) has been sent.

The resulting decision metric is the the output of the matched filter sampled at the MET, yielding
d = [s1(t) +n(t)] * 9" (1) [\ (6.23)

where n(t) is the in-phase component of the noise waveform in complex baseband representation, prior to matched
filtering. Separating this into two terms we have

d= 51(t) * g7 (1) [yer + 72() * 9°(1) |yer (6.24)

The first term is simply v/Eg as a consequence of Equation[6.22] The second term is a real-valued random variable N

which is Gaussian-distributed with zero mean. The variance of IV, 012\,, is the power associated with n(t) after matched
filtering. Because the power spectral density (PSD) of n(t) is expected to be uniform (white) over the bandwidth of the
matched filter, a simple expression for 0%, can be obtained by integration in the frequency domain as follows:

[ee) . N

N = / G* (NI 5> df (6.25)
where Ny is the “one sided” PSD of n(t). By “one-sided” we mean the PSD defined so that that the integral of Ny over the
real frequencies (only) accounts for all of the noise power. Since we are working in complex baseband representation, the
total noise power is distributed between evenly among positive and negative frequencies; therefore the relevant PSD in this
case is Ny /2. Evaluating the above expression:

No

2
OoN = 2

& N
/ G* (NP df = =7 By (6.26)

— 00

Although not really relevant here, it is worth pointing out that By is the noise equivalent bandwidth of the matched filter.
What is relevant is that By = 1, since we defined g(¢) to have unit energyﬂ Therefore we have simply

No

5 (6.27)

0% =
If it bothers you that this expression has units of power on the left and units of PSD on the right, just keep that factor of
By attached and remember that it’s equal to 1 with respect to whatever units you decide to use for energy.

Now let us consider the probability distribution function (PDF) of the decision metric, which is shown in Figure In
the absence of noise, d = —/FEg. In the presence of noise, possible values of d are scattered around the nominal value
according to a Gaussian distribution with variance Ny /2, as we established above. The same is true in the case where
so(t) has been sent, except the nominal value is d = ++/FE3. It is evident that the following decision rule will minimize
the probability of symbol error: Assume s; () was sent if d < 0, and assume s3(t) was sent if d > 0. In this case, the
value of zero is considered the decision threshold dy;,.

That completes the design of the demodulator. Now we consider the probability of symbol error. Following previous
arguments, we may evaluate Pg as the probability of detecting so(t) when s (t) has been sent:

Pg = / Py(x)dx (6.28)
0

where P;(x) is the PDF of d, as shown in Figure[6.13] This is somewhat more easily interpreted in terms the PDF of N:

Ps= |  Pn(ydy (6.29)
VEs

7If it’s not obvious why this is so, the quick answer is Parseval’s Theorem: The integral of a magnitude-squared signal over all time is equal to the
integral of the magnitude-squared spectrum over all frequencies.
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Figure 6.13: PDFs for BPSK symbols assuming zero-mean Gaussian noise. The horizontal axis is in units of v/ Eg. Here,
on = 0.75y/Eg. The shaded area is the probability of symbol error when s; () has been sent.

This in turn may be written in terms of the cumulative distribution function (CDF) of V:

Ps=1-Fy (\/Fs) (6.30)

N is Gaussian-distributed with zero mean and standard deviation o ; the PDF in this case is known to be

Fn(y) —1—1erfc(\fUN> (6.31)

where “erfc” is the complementary error function defined as

erfc(y) =1 — —/ =z (6.32)
Returning to Equation and making the available substitutions we find:
1 E
Ps = gerfe ( Ni) (6.33)

While this is a perfectly reasonable answer, it is somewhat more common in communications systems analysis to express
the result in terms of the “Q” function as opposed the complementary error function. The “Q” function is given by:

Qly) = L T2, = Lee (y> (6.34)
= 5 7 .
So in terms of the @) function we have:
Eg
Ps = 2—= 6.35
s =Q < N0> (6.35)

For M = 2, symbols map one-to-one to bits. Therefore the probability of bit error P, is identical to Pg. Also Eg is

identically E}. Thus we have
Ey
P, = 2— 6.36
b = Q ( N0> (6.36)
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Figure 6.14: Probability of bit error P, as a function of Ej, /Ny for BPSK and OOK.

This result is plotted in Figure Finally, note that P, is also identical to the bif error rate (BER), which is the number
of bits that are expected to be in error per bit transmitted.

6.7.2 Optimal Demodulation of OOK

Optimal demodulation and probability of error for OOK may be determined in a very similar fashion. The two symbols as
they appear at the input of the matched filter are:

s1(t) =0 (6.37)

so(t) = +v/2E5 g(t) (6.38)

where ¢(t) is again defined to have unit energy, as in the previous section. Note that the energy of s5(t) is 2Eg (not Es):
This is because Eg is the mean symbol energy and the energy of s; (¢) is zero. Let us assume symbol sq(t) has been sent.
The decision metric associated with this case is

d=n(t)*g"(t) |y (6.39)

The PDF of the decision metric is shown in Figure[6.13] In the absence of noise, d = 0. In the presence of noise, possible
values of d are scattered around zero according to a Gaussian distribution with variance Ny /2. The same is true in the case
where s2(t) has been sent, except the nominal value is d = ++/2Es. It is evident that the following decision rule will
minimize Pg: Assume s1(t) was sent if d < dyp, = /2Es/2 = \/Eg/2, otherwise assume s, () was sent. In this case,

v/ Es/2 is the decision threshold.

Following previous arguments, we may evaluate Pg for OOK as the probability of detecting s5(¢) when s () has been

sent:
Po — Pi(z)dr = P dy = - 6.40
s /O 4(z)dx /ES/2 N (y)dy Q( N0> (6.40)

Since P, = Pg and Es = E}, and we have

P,=Q ( Ng) (6.41)
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Figure 6.15: PDFs for OOK symbols assuming zero-mean Gaussian noise. The horizontal axis is in units of v/ Eg. Here,
on = 0.75y/Eg. The shaded area is the probability of symbol error when s; () has been sent.

This result is plotted with BPSK in Figure

Comparing results for BPSK and OOK, we see that OOK is clearly inferior in terms of the probability of error delivered
for a given E},/Ny. From a system perspective, OOK requires SNR twice that required by BPSK to deliver the same
probability of error. Why should this be? A simple way to rationalize this result is in terms of the optimal correlation
receiver described in the beginning of Section [6.6.4l BPSK symbols are anfi-correlated, i.e., the correlation between
symbols having unit energy is —1. OOK symbols, on the other hand, are merely uncorrelated; i.e. the correlation between
symbols is zero. For either modulation, the correlation between the same symbols is 4-1. So for a given mean symbol
energy, it is easier to discriminate between BPSK symbols than between OOK symbols. Although we shall not derive this
here, it turns out that this principle applies to any M = 2 phase-amplitude modulation as follows:

E
Py=Q ( (- p)) (6.42)
0
here p is the normalized correlation between the symbols

1 [ree
p= —/ s1(t)s5(t)dt (6.43)

We previously established that BPSK and OOK have equal spectral efficiency (Section[6.4.4), and now we see that OOK
has inferior error performance. For this reason, OOK is rarely used in modern communications systems. There are some
important exceptions, falling into two broad categories. First: Since OOK modulation might be easier to generate, OOK
becomes particularly attractive if transmitter complexity is severely constrained. The second has to do with the fact that
OOK - unlike BPSK — can be demodulated incoherently. This results in considerable simplification of the receiver and
intrinsic robustness to carrier phase variation. We consider this possibility next.
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Figure 6.16: Incoherent demodulation of OOK. Note derotation is not required. As a practical matter, it is probably easier
to calculate magnitude-squared (|~|2) as opposed to magnitude (|-|) and then adjust the AGC or symbol decision threshold
accordingly.

6.7.3 Incoherent Demodulation of OOK

OOK is analogous to DSB-LC AM in that information is represented entirely as changes in carrier magnitude. This
facilitates incoherent modulation in essentially the exact same manner described in Section[3.5.3] Just as OOK might be
selected over BPSK when transmitter power/complexity is severely constrained, one might consider incoherent OOK over
coherent OOK when receiver power/complexity is severely constrained.

The simplified demodulator architecture for incoherent OOK is shown in Figure Compare this to Figures and
[5.8l The principle difference is that derotation to account for propagation-induced carrier phase is no longer required.
Carrier frequency tracking is typically not required, either. This approach has some associated pros and cons that are
important to consider. First, eliminating derotation considerably simplifies the receiver, since there is then no need to
estimate carrier phase — recall from Section[5.3.4] (and looking forward to Section that this is one of the principal
headaches in coherent demodulation. At the same time, sacrificing derotation means the receiver becomes sensitive to both
the in-phase and quadrature components of the noise — review Section and Figure [5.13]to reacquaint yourself with
that concept.

Derivation of the error performance of incoherently-detected OOK is straightforward, but beyond the scope of this book.
The result is

1
P, = ie—éEb/NO (6.44)

This is plotted in Figure[6.14] Note that incoherently-detected OOK is roughly 1 dB worse than coherent OOK. In many
applications, this amount of degradation is worth the reduction in receiver complexity.

6.8 Demodulation of QPSK

Coherent demodulation of QPSK requires the complete architecture of Figure [6.11] since information exists in both the
in-phase and quadrature components of the complex baseband representation. Extrapolating from Section it is not
difficult to see that the optimal decision rule is simply to determine the quadrant in which the now-complex valued
decision metric d lies, and then declare the result to be the symbol associated with that quadrant. The associated derivation
is straightforward, if a bit tedious; however, there is a simpler way to interpret QPSK that also yields some useful
additional insight. Here it is: Gray-coded QPSK is simply two BPSK signals in phase quadrature.

To see this, note in Figure[6.3[b) that the in-phase component of the Gray-coded constellation encodes the low-order bit of
the dibit, whereas the quadrature component of the constellation encodes the high-order bit. Thus, each symbol decision
may actually be interpreted as as two independent operations: Determination of the low-order bit, depending only whether
Re{d} is > or < zero, and determination of the high-order bit, depending only whether Zm {d} is > or < zero. Because
each component of the complex baseband representation includes statistically-independent noise with equal variance, the
probability of bit error in each of these operations is equal, and equal to that of BPSK. We are left to conclude that the
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Figure 6.17: Symmetric M-ASK. In this case, M = 4. Capital letters index the symbols, whereas Roman numerals index
the associated decision regions.

probability of bit error for QPSK is the same as that for BPSK; i.e.,

— Eb
P,=Q ( 2No> (6.45)

This result has a rather important consequence: For a given symbol rate 1/7" and mean symbol energy Eg, QPSK has
twice the bit rate 1/T}, of BPSK, and yet has precisely the same probability of bit error. Since the spectrum is determined
by the symbol rate, QPSK and BPSK have equal bandwidth even though QPSK has twice the bit rate. Recall also that
QPSK is “power amplifier friendly” in the sense that it requires much smaller variation in magnitude over time. For these
reasons, QPSK is preferred over BPSK in nearly all modern applications which are able to support the modest increase in
complexity associated with the simultaneous processing of both in-phase and quadrature components of the baseband
signal.

6.9 Demodulation of Higher-Order Phase-Amplitude Modulations

For the purposes of this book, higher-order modulations refers to modulations having M > 2. Techniques for the
generation and demodulation of higher-order phase-amplitude modulations are straightforward extensions of techniques
described for OOK, BPSK and QPSK in previous sections. Determination of probability of symbol or bit error, on the
other hand, is a considerably more difficult problem. This section briefly summarizes a few higher-order phase-amplitude
modulations.

6.9.1 M-ASK

BPSK may be straightforwardly generalized to symmetric M -order amplitude shift keying (M -ASK). The constellation
for symmetric M-ASK is shown in Figure “Symmetric” refers to the fact that the constellation is centered on the
origin of the complex plane; otherwise the modulation would include a power-wasting DC component as does DSB-LC
AM and OOK.

Demodulation of M-ASK is straightforwardly accomplished using the simplified architecture of Figure[6.12] In this case
the decision rule can be summarized as follows: The symbol is determined to be one which minimizes distance between
the real-valued decision metric d (or Re {d} depending on your interpretation) and the coordinate of the symbol along the
real axis of the complex plane. An alternative but equivalent description of the decision rule uses the concepts of decision
regions. In Figure[6.171 (4-ASK), for example, the rule might be expressed as follows: If d lies in Region I, then the
symbol is assumed to be A; If d lies in Region II, then the symbol is assumed to be B; and so on.
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Figure 6.18: Probability of bit error as a function of Ej, /Ny for M-ASK.

The probability of bit error for symmetric M/-ASK may be derived by a generalization of the derivation for BPSK. The

result assuming Gray coding is
2(M-1) 6logo, M Ey
Pp=—— —_— 6.46
b MlogzMQ<\/ M2—-1 N, (6.46)

For BPSK, which is symmetric 2-ASK, the above expression yields the expected result P, = Q) (\ /2E/ No) . The result

for M-ASK for other values of M is shown in Figure Note that the E}, /Ny required to achieve a particular BER
increases with increasing M. This is because the separation between symbols within the constellation — relative to / Eg —
decreases with increasing M.

The primary drawback of M-ASK is that it requires many large variations in magnitude in symbol transitions. As pointed
out above, this requires relatively higher-performance and less-efficient power amplifiers. A practical case where M-ASK
does find application is in the North American broadcast television system; see Section [6.17]

6.9.2 M-QAM

M-QAM may be interpreted as a generalization of symmetric M/ -ASK in the same way that QPSK may be interpreted as a
generalization of BPSK. Like all phase-amplitude modulations, demodulation of M-QAM is straightforwardly
accomplished using the architecture of Figure[6.11l In the particular case of M-QAM the decision rule can be summarized
as follows: The symbol is determined to be one which minimizes the distance between d and the coordinate of the symbol
the complex plane. Alternatively (and again, analogous to previous modulations addressed) the decision rule may be
interpreted in terms of decision regions surrounding each symbol.

We found in Section[6.8] that QPSK could be interpreted as two BPSK constellations in phase quadrature, and therefore
exhibited the same BER as BPSK for a given FEj/Ny. This analogy extends to M-QAM, which may be interpreted as v/ M
each v/ M-ASK constellations in phase quadrature. The probability of bit error for M-QAM is therefore Equation [6.46]
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Figure 6.19: Probability of bit error as a function of Ej, /Ny for M-QAM.

with each instance of M replaced by v M:

2(@—1) 61og2m.@

(6.47)

VM logy VM M-1 Ny
The above result is readily verified to yield the expected result for QPSK, which is 4-QAM. The result for M-QAM for
other values of M is shown in Figure[6.19] Here, as in the case of M-ASK, the effect of increasing M is to increase the
E}/ Ny required to maintain a specified BER. However, note that relatively larger values of M/ may be accommodated
within a particular constraint on Ej, /Ny and BER. For this reason, M-QAM is far more popular than M-ASK when large
M is desired.

6.9.3 M-PSK

Like all phase-amplitude modulations, demodulation of M -PSK is straightforwardly accomplished using the architecture
of Figure However because M -PSK encodes information entirely in phase, the nature of the decision rule is
somewhat different: For M-PSK, the symbol is determined to be the one which minimizes the difference in phase between
d and the symbol the complex plane. Decision regions for M -PSK take the shape of wedges with a common point at the
origin.

The probability of bit error for M -PSK is relatively difficult to work out, however a usable approximation exists in the

form of the following expression:
2 Eb ™
Py~ 2— (logo M) - sin — 6.48
"™ logy M Q( N, (g2 M) me) (643)

The above result is readily verified to yield the expected result for QPSK, which is 4-PSK. Interestingly the above result
does not yield the expected result for BPSK, which is 2-PSK. (Problem[6.19.2]invites you to speculate on the reason for
this apparent discrepancy.) The result for M -PSK for M > 2 is shown in Figure As for previous modulations
considered, the effect of increasing M is to increase the Ej, /N required to maintain a specified BER. Generally, M-PSK
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Figure 6.20: Probability of bit error as a function of Ej, /Ny for M-PSK.

performs significantly worse than M-QAM. Nevertheless, M/ -PSK continues to find applications. The principal advantage
of M-PSK over M-QAM is reduction in complexity, since accurate AGC is not required for M -PSK.

6.10 Differential Detection

So far we have classified demodulators as coherent or, in the case of those modulations that permit it, incoherent. A third
option for digital demodulation is differential detection. The fundamental idea in differential detection is to forgo detection
of individual symbols and instead detect the change from one symbol to the next. Although generally applicable, the
technique is most often applied to phase-only modulations, for which there is a particular advantage in differential
detection: Robustness to carrier phase variation and, to a limited extent, carrier frequency error.

6.10.1 Concept

The basic idea is illustrated in Figure To begin, let us assume negligible error in carrier frequency, and let us further
assume that the variation in the carrier phase ¢, over any two contiguous symbol periods is negligible. In this case, the

decision metric dy, for the ith symbol, assuming perfect symbol timing, may be written
dy, = \/ET; eI (Prtep) (6.49)
After delay by T" and conjugation, we have
di | = @e—j(¢k,1+¢p) (6.50)
So the output of the detector is
dpdi | = Eg /(91— -1 (6.51)

The magnitude of the result is irrelevant since we are assuming a phase-only modulation. The remarkable feature of the
result is that the contribution of the carrier phase has been eliminated, so derotation is not required. On the other hand, we
are left not with the absolute phase, but only the phase difference between the current and previous symbols.
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This is useful only if the data are represented as phase differences, as opposed to absolute phases. Fortunately, this is quite
easily accomplished using a scheme known as differential coding. The idea is easily demonstrated by example, using
BPSK. Consider the following bit stream:

01001100011 1000

Assuming BPSK symbols A and B, we might normally represent this data as follows:
ABAABBAAABIBIBAAA

In differential coding, we would instead interpret a “0” to mean “use the previous symbol” and “1” to mean “change
symbols”. Let us assume the last symbol preceding the data considered here was A. Then we would have:

ABBBABBBBABAAAA

The data are recovered as follows: Working from left to right, we write “1” if the current symbol is different from the
previous symbol, and “0” otherwise. This yields:

0100110001 11000

Thus, we have recovered the original data by considering only the change from symbol to symbol, as opposed to
determining the symbols themselves. BPSK encoded in this way is sometimes referred to as differential BPSK (DBPSK).
Similarly, differentially encoded QPSK, which is also quite common, is known as DQPSK.

It is worth noting that differential coding may be implemented regardless of whether the modulation is detected coherently
or differentially. For this reason, it is common to encode data differentially, so that either method may be used.
Differential coding has the additional advantage in that it eliminates the need to resolve the rotational ambiguity associated
with all symmetric constellations: That is, the fact that the constellation looks the same after a certain amount of rotation.
Using coherent demodulation without differential encoding, it is necessary to implement some additional method to
resolve the ambiguity, such as a training sequence. A training sequence is a known sequence of symbols which are
periodically inserted into the data.

Returning to our original motivation: The primary advantage of differential detection is that it eliminates the need for
carrier phase estimation and derotation. Further: Since frequency is the derivative of phase with respect to time,
differential detection is also robust to small errors in carrier frequency; all that is required is that the associated phase error
accumulated over a symbol period is small compared to the minimum phase difference between symbols.

6.10.2 Performance

These nice features of differential detection come at the cost of error performance as a function of SNR, which is not quite
as good as coherent demodulation. There are two ways to view this degradation of performance. First, note that any
symbol which would have been detected erroneously by coherent detection could result in two successive errors in
differential detection, since each symbol is used twice. Second, note that by combining two versions of the signal (one
delayed) together, one is effectively doubling the noise associated with any one symbol decision. The probability of bit
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Figure 6.22: Probability of bit error for differentially-detected BPSK (DBPSK) compared to optimally- (coherently-) de-
tected BPSK.

error for DBPSK is found to be

1
P, = 5e—Eb/No (6.52)

This is compared to coherently-detected BPSK in Figure The performance shortfall is noted to be about 1.5 dB for
1% BER; that is, F} /Ny must be about 1.5 dB greater for DBPSK in order to achieve the same BER as
coherently-detected BPSK. For higher-order PSKs, the penalty tends to be closer to 3 dB.

Differential-encoded and detected QPSK is common. The tradeoff with respect to coherent BPSK is simpler
implementation with about twice the spectral efficiency, but with only about half the energy efficiency.

6.11 Frequency Shift Keying (FSK)

Within the broad class of sinusoidal carrier modulations, the alternative to phase-amplitude modulation is frequency
modulation. When used as a digital modulation, frequency modulation is typically referred to a frequency shift keying
(FSK). In modern communications systems, FSK fits two particular niches. First, FSK serves as a low-complexity
alternative to phase-amplitude modulation when high robustness to channel fading is required. Second, FSK is useful
when very high energy efficiency is required and spectral efficiency (i.e., bandwidth) is less important. These two
properties should become evident as we progress through this section.

6.11.1 Concept

The modulation symbols in M -order FSK are simply M sinusoids with frequency separation Aw = 27 A f. The symbols
may be pulse-shaped in precisely the same way as symbols in phase-amplitude modulations. Although FSK symbols can
be represented in complex baseband representation, they cannot be represented as fixed points in the complex plane;ﬁ
therefore constellation diagrams for FSK modulations are not possible.

8This is relatively difficult to derive. For details, see [61].
9 Actually, they can if one is willing to redefine the meaning of the coordinates of the complex plane. This approach, known as signal space represen-
tation, is beyond the scope of this book.
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The principal design parameters for an FSK modulation are therefore M, the pulse shape, and Aw. The principal
consideration in selecting Aw is a tradeoff between bandwidth, which favors minimizing Aw; and correlation between
symbols, which favors maximizing Aw as we shall soon see. Low correlation between symbols is desired because this
reduces the probability of symbol decision error, as we have already noted.

Strategies for selecting Aw can be demonstrated by the following simple example: Consider two FSK symbols as follows:
srr1(t) = Accoswt (6.53)

srr2(t) = Accos (Jwe + Aw] t) (6.54)

Let these symbols be defined to be identically zero for ¢ < 0 and ¢ > T'; i.e., we assume rectangular pulse shaping. The
unnormalized correlation between symbols is

T
/ srr1(T)Srp2(T)dT (6.55)
0

Substitution of the symbol waveforms and application of a trigonometric identity yields

Az T Az T
76 cos (AwT)dT + 70 / cos ([2we + Aw] 7)dT (6.56)
0 0

The second term is negligible as long as 2w.7 > 1/T; this is a condition which is typically very well-met for radio
communications. Using the definition of sinc from Equation[6.4and Aw = 27 A f the first term is

2
%sinc (2AfT) (6.57)

Note that A27'/2 is the symbol energy; therefore the normalized correlation is simply

p = sinc (2AfT) (6.58)

This result is plotted in Figure[6.23] Two strategies for low intersymbol correlation become apparent. The first strategy is
simply to make A f > 1/T. This results in low intersymbol correlation independently of A f. This approach has horrible
spectral efficiency, but is convenient if precise frequency control is difficult; for example, in propagation channels subject
to large Doppler variations. The second strategy is to select 2A 7 to be an integer, such that p = 0. In fact, this naturally
facilitates a spectrally-efficient M-FSK for M > 2; just separate the symbol frequencies by Af =1/ (27).

6.11.2 Minimum Shift Keying (MSK)

Binary frequency shift keying (2-FSK) with A f = 1/ (2T) is referred to as minimum shift keying (MSK), where
“minimum’” refers to the minimum frequency spacing that results in uncorrelated symbols.

MSK is some very nice features from the perspective of the transmitter. If care is taken to make carrier phase continuous
through symbol transitions, then MSK has constant magnitude (like FM) which facilitates the use of relatively efficient
power amplifiers. Furthermore, MSK has spectral efficiency np = 1.5/T, which is superior to QPSK without pulse
shaping (1/7}) and almost as good as QPSK with optimal sinc pulse shaping (2/7}). Note that the frequency shift of
Af = 1/2T between symbols can alternatively be interpreted as a phase difference of 2w A fT = 7 radians between
symbols; therefore continuous-phase MSK with rectangular pulse shaping is “barely” an FSK and instead might be more
accurately described as a phase-only modulation with sinusoidal pulse shaping. The gentle transitions between symbols
results in spectrum with a slightly wider main lobe but with lower sidelobes. A particularly popular variant of
continuous-phase MSK employs Gaussian pulse shaping, which further improves the spectral characteristics. This variant
is known as Gaussian MSK (GMSK), which is the basis for the second-generation cellular telecommunications system
known as GSM and also appears in DECT, DCS1800, DCS1900, and a variety of other systems.
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6.11.3 Demodulation & Performance

Optimal demodulation of FSK is not easily described within the same context as optimal demodulation of phase-amplitude
modulations, as in Figure However FSK demodulation is relatively easily implemented and analyzed in the context
of the optimal correlation receiver (Section The performance of coherently-detected BFSK with orthogonal symbols
(i.e., p = 0) is given by Equation[6.42} i.e., the same as coherently-detected OOK, and not as good as BPSK or QPSK. The
performance of optimally-demodulated continuous-phase MSK is the same as that of BPSK and QPSK; i.e.,

Py = Q (V2E/N).

A possible advantage of FSKs with sufficiently large A f is that they may be incoherently demodulated, resulting in
particularly simple demodulators which are robust to Doppler shift, carrier phase variation, and — if A f > the coherence
bandwidth B, — multipath fading. The scheme is as shown in Figure[6.24] The frequency channels representing each
symbol are isolated using bandpass filters, and then the energy in each is evaluated once per symbol period. The channel
displaying the largest energy is presumed to represent the current symbol. If significant differences in channel gain or
noise exist from channel to channel, these must of course be equalized before the decision. The probability of bit error for
BFSK detected in this manner is

P, = %e—%Eb/No (6.59)

— note this is the same as for incoherent detection of OOK (Equation [6.44), which is also an orthogonal modulation. For
orthogonal FSK with M > 2, this can be generalized approximately to

M-1 _. :
Po< — — o—32(Es/No)logy M 6.60
b= 2log, M€ (6.60)

Results for a variety of M are shown in Figure[6.23] Here, we note a remarkable difference from all phase-amplitude
modulations previously considered: Performance improves with increasing M. This can be explained as follows: The
combination of A f and bandpass filtering ensures that all symbols are utterly uncorrelated — i.e., orthogonal — to each
other. Therefore, adding symbols does not increase the correlation between symbols, and instead reduces the overall
probability of symbol error by increasing the frequency separation between symbols. Sadly, this performance is obtained
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Figure 6.25: Probability of bit error for incoherently-detected orthogonal M-FSK compared to optimally- (coherently-)
detected BFSK.

at the cost of spectral efficiency which, compared to all phase-amplitude modulations, is truly atrocious[[d Nevertheless,
M -FSK is reasonable to consider when the best possible BER vs. E;, /N, performance is required and the associated
penalty in spectral efficiency is acceptable.

6.12 Tradeoff Between Spectral Efficiency & Energy Efficiency

Among a broad range of practical considerations, two fundamental parameters inevitably arise when comparing
modulations: These are spectral efficiency and energy efficiency. Spectral efficiency was introduced in Section [6.4.4]
where it was defined in terms of the parameter 1. Energy efficiency refers to the SNR (or Ej,/Ny) required to achieve a
specified BER (/) or symbol error rate (Ps). Having now considered a large number of modulations, we have
considerable empirical evidence as the nature of the spectral efficiency — energy efficiency tradeoff. However, as in all

10 At the risk of getting ahead of ourselves, it could be noted that this weakness of M-FSK is largely mitigated using OFDM, in which all frequencies
are used simultaneously; see Section [6.19]
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engineering problems, it is useful to be aware of the theoretical limits. What, if any, are the ultimate limits in
performance? For example, what is the best possible spectral efficiency one may achieve for a given SNR, or what SNR is
required to pass information at a rate greater than zero? In this case the limit is concisely quantified in terms of the
principal result of the Shannon-Hartley Theorem, known as the Shannon Bound:

C = log,(1 + SNR) (6.61)

where C is the normalized capacity of the channel, which is unitless but customarily expressed as bits per second per Hz
(bps/Hz). Normalized capacity is the fundamental rate of information that a given channel can support. By “support” we
mean specifically the reliable rate of information transfer. This is not referring to a specified BER, but rather something
more fundamental. For example, given bandwidth B and a certain amount of time At¢, the maximum number of bits that
can be reliably transferred is equal to C BAt.

Three useful insights can be gleaned from the above result. First: The direct — and unsurprising — interpretation is that
C > 0 requires SNR> 0; that is, you need non-zero signal power in order to communicate. Second: The normalized
capacity depends only on SNR, and not on modulation or other technical details. The third piece of information is a bit
more subtle, and may be obtained as follows: First, employing Equation we note:
1 FE E

b b

SNR = —

.2 R .62
TwB Ny — Ny (6.62)

since 1/T}, B is the actual rate (bits per second) per unit bandwidth["] Substitution into Equation[6.61] and solving for
Ey /Ny yields the following expression:

o

b

> — (29 -1) (6.63)

=z
Ql =

This result is plotted in Figure

nformation theorists may cringe at the sight of this particular substitution, since bandwidth B is subject to arbitrary definition and is not a fundamental
quantity. In practical work, however, one is unlikely to approach sufficiently close to the bound for this particular issue to become significant.
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The Shannon bound reveals two useful pieces of information: First, it gives the minimum Ej /Ny required to achieve a
specified normalized capacity. Second, it reveals the minimum FE} /Ny for information transfer, at any rate: This is
obtained by taking the limit of Equation[6.63]as C' — 0, yielding

Ey

N >1n2 = —1.6 dB, for reliable communication (6.64)
0

as can be verified from Figure

Example 6.4. The North American digital television system ATSC (see Section|6.17)) is designed to work at a
minimum SNR of about 15 dB in a bandwidth of 6 MHz. What is the theoretical maximum data rate under these
conditions?

Solution: Here, SNR = 15 dB = 31.6 in linear units. So C' = log, (1 + 31.6) = 5.03 bps/Hz, so 30.2 Mb/s in 6 MHz.
For the record, ATSC achieves about 19.39 Mb/s.

Example 6.5. In the above problem, what is the theoretical minimum Ej, /Ny required to sustain 30.2 Mb/s reliably?

Solution: C' = 5.03 bps/Hz, so E /Ny > (2C = 1) /C = 8.0 dB. ATSC requires at least 7 dB greater SNR, despite
operating at a significantly lower spectral efficiency.

Having established fundamental limits on communication, it is instructive to compare this to what what is achieved by the
modulations considered in earlier sections. This is done in an approximate way in Figure[6.27]by plotting the
FNBW-based spectral efficiency np versus the Ep/Ny required for 0.1% BER assuming optimal coherent detection. It is
quite apparent that none of the modulations approach the Shannon Bound. With respect to the 0.1% BER criterion, it
appears Fj, /Ny in the range 5-16 dB is required for the modulations considered. To do significantly better, channel coding
is required. This is considered next.

6.13 Channel Coding

We noted in the previous section that despite the wide range available in the tradeoff between spectral efficiency and
energy efficiency, no modulation by itself approaches the Shannon bound. To do significantly better requires channel
coding; in particular, error control coding. This section provides a brief introduction to the topic.

Channel codes selectively introduce redundant information into the transmitted data stream so that errors can be detected
and corrected. It should be immediately apparent that this strategy simultaneously degrades spectral efficiency, since
redundant bits by definition convey no information. The goal of channel coding design is to implement codes which
significantly improve energy efficiency through error correction, without unacceptable degradation in spectral efficiency.
This is nearly always possible, and as a result nearly all modern digital communications systems use some form of channel
coding.

A variety of channel coding schemes are in common use. Perhaps the simplest to understand are block codes. In a block
code, contiguous blocks of & bits are translated into contiguous blocks of n > k bits, resulting in n — k redundant bits.
(Alternatively, the coder may operate on bytes or modulation symbols as opposed to bits.) One way to generate redundant
data is to calculate parity or checksum data by analysis of the input data, and then to append this to the input data. An
example of a commonly-used scheme that operates in this manner is Reed-Solomon coding.

More generally, an input block may be mapped to a longer output block referred to as a codeword. The goal in designing
an effective block code is to maximize the minimum Hamming distance dg, which is the number of bits in which two
codewords differ. At the receiver, each codeword — now potentially containing errors — is compared to the original set of
codewords and the one exhibiting the minimum Hamming distance is selected. This codeword is then replaced with the
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Figure 6.27: Performance of modulations relative to the Shannon Bound. Each modulation is plotted at the Ej, /Ny for
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now plotted in log scale.

associated block of k bits. In practice, systematically comparing received codewords to valid codewords is
computationally intractible, so codes must be designed with mathematical structure such that the minimum-distance
codeword can be found without an exhaustive search over the possible codewords. A commonly-used scheme that
operates in this manner is Bose, Chaudhuri, and Hocquenghem (BCH) coding.

It can be shown that a block code with a minimum Hamming distance of d g ,,in 1S able to detect any combination of up to
d g min — 1 errors, and correct any combination of ¢ = (dg,min — 1) /2 errors. The quantity ¢ is referred to as the error
correcting capability of the code. The minimum hamming distance is related to n/k, which indicates that for any given
scheme, increasing n/k increases the “strength” of the code. The contraindication is that increasing n/k reduces spectral
efficiency, and increases the computation burden associated with decoding, which can be formidable.

The ratio 7. = k/n is referred to as the code rate, with smaller values indicating greater degrees of redundancy and thus
greater potential for error correction. Simultaneously, spectral efficiency (using any measure of bandwidth) is multiplied

(i.e., decreased) by r.. Code rates for practical block codes may be as small as 1/4, with n typically in the range 20 to
1024.

The improvement in energy efficiency due to coding is referred to as coding gain. Coding gain is the reduction in Ej, /Ny
required to achieve the same BER without coding. A code is said to be “strong” if the coding gain is relatively high (e.g.,
at least 1-2 dB) for sufficiently-large F}/Ny.

Many codes fail below a threshold E}, /Ny and, in that condition, actually degrade energy efficiency. In block codes, this
reflects the fact that a threshold number of bits must be detected correctly in order for the associated codeword to be
reliably identified. Thus it is important to choose a coding scheme which is appropriate for the SNR regime in which the
system is expected to operate.
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Example 6.6. As a demonstration of what is possible, let us consider the use of the BCH (63,45) block code with
coherently-demodulated QPSK.

Solution: “(63,45)” indicates n = 63 and k = 45; therefore 7. = 0.714 and the spectral efficiency is degraded by
about 29% relative to uncoded coherently-demodulated QPSK. A (63,45) BCH block code used with QPSK reduces
the Ej, /Ny required to achieve P, = 10~° from about 11 dB (without coding) to about 8 dB; therefore the coding
gain is about 3 dB with respect to P, = 1076 and this code is considered to be quite strong. Unfortunately the code
results in increased error rate for Ej, /Ny below about 6 dB; therefore this solution would not be suitable for weak
signal applications.

After considering the above example, an appropriate question to ask might be: Is the modest improvement in energy
efficiency (i.e., the 3 dB coding gain) worth the 29% penalty in spectral efficiency? Typically any modulation capable of
providing comparably-high energy efficiency will have a much lower spectral efficiency. Generalizing, it is typical that a
lower-order modulation such as QPSK with appropriate coding will operate closer to the Shannon bound than a
higher-order modulation without coding. Generalizing further: Channel coding is necessary if one wishes to operate as
close to the Shannon bound as possible.

An alternative form of block coding is low-density parity-check (LDPC) coding. LPDC codes are very long (n = 20000 is
typical), but are able to yield performance within 1 dB of the Shannon bound even when suboptimal
computationally-tractable decoding is used. However not all applications can tolerate the latency associated with the
relatively long gaps in time between the delivery of contiguous data blocks.

Alternatives to block coding include convolutional coding, trellis codes (trellis-coded modulation; TCM), and turbo codes.
In convolutional coding, data passes through the coder in a continuous stream with effective k£ and n which are small
relative to block coders. In TCM, convolutional coding and modulation are combined in a way that tends to result in
increases in energy efficiency which are large relative to the degradation in spectral efficiency. In newer communications
systems, traditional convolutional coding schemes have largely been replaced with turbo codes, which deliver very good
performance (within 1 dB of the Shannon bound) using suboptimal computationally-tractable decoding.

6.14 Communication in Channels with Flat Fading

Section3.5.3]introduced the problem of flat fading: Rapidly-varying magnitude (as shown by example in Figure and
phase due to multipath. Flat fading greatly complicates the implementation of coherent demodulation, particularly for
phase-amplitude modulations. Coherent demodulation is made more difficult due to the need to keep up with the
rapidly-varying channel phase ¢,, so that the constellation remains properly derotated — more on this in Section[6.16] The
rapidly-varying magnitude manifests as two problems: (1) Maintaining sufficiently accurate AGC, especially if the
modulation encodes information in amplitude (e.g., M-ASK with M > 2, M-QAM with M > 4), and (2) intermittently
low SNR, which leads to a host of problems including, but not limited to, symbol errors. In this section we focus on the
latter.

6.14.1 Probability of Error in Flat Fading

For simplicity, let us focus on coherently-demodulated BPSK. The instantaneous probability of a symbol error in flat
fading is

E
Ps=Q <\/2[3> , Where 8 = Fb MQ (6.65)
0
and -y is the complex-valued channel coefficient introduced in Section[3.3.3] which we view here as a random variable

having Rayleigh-distributed magnitude with mean equal to 1, and uniformly-distributed phase (see Equation [3.67]and
associated text). Therefore /3 is central x2-distributed with 2 degrees of freedom, and it can be shown (using a derivation
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Figure 6.28: Performance of BPSK in a flat fading channel having Rayleigh-distributed magnitude.

beyond the scope of this book) that the mean probability of symbol error is

B
Ps=3 |1 oy (6.66)

where /3 is the mean value of 3. For large SNR (5 >> 1) this is well-approximated by

~ L
~ 35

The resulting performance is illustrated in Figure[6.28] Note that performance is severely degraded relative to a non-fading
channel having the same mean SNR. Channel (error control) coding alone usually does not offer much improvement,
because such codes depend on errors being ergodic and randomly distributed over time, whereas the nature of the fading
channel is to instead produce bursts of bit errors which tend to overwhelm the error-correcting capabilities of codes. The
primary countermeasures in this situation are interleaving (next section) and space diversity (Section [6.14.3)).

Ps (6.67)

6.14.2 Interleaving

Interleaving is systematic reordering of bits or symbols in the transmitter, so that burst errors become more evenly
distributed when the received data is reordered in the receiver. Figure shows an example. In this scheme, the
interleaver is said to have “length” 7 and “depth” 5, and operates on blocks of 7 x 5 = 35 bits at a time. The first 7 bits
emerging form the interleaver are by, bg, b11, and so on up to bs;; skipping a number of bits equal to the depth of the
interleaver each time. The process then repeats beginning with bs and ending with b35 and so on, until the block is
exhausted. The reordered bits are subsequently modulated and transmitted.

Figure[6.30 shows how this scheme ameliorates a burst error. In the receiver, 4 contiguous bits, denoted with x’s, have
been incorrectly detected due to a fading event. Once the de-interleaver reorders the bits, the incorrect bits are
pseudo-randomly distributed, as one would expect for the constant-SNR channel for which coders are normally designed.
Summarizing: Interleavers make error control coding robust to burst errors associated with fast fading.
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Figure 6.29: A simple example of interleaving having depth 5 and length 7.
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Input to deinterleaver Output from deinterleaver

Figure 6.30: Amelioration of a burst error (x’s) by deinterleaving.

Block interleavers combined with appropriate coding routinely provide coding gains of 5-10 dB in Rayleigh fading
channels, and so routinely appear in modern mobile radio communications systems. The fundamental tradeoff in
interleaver design is between block length and latency. A “deep” interleaver does a better job at randomizing the bit order,
and the larger the block length the longer the error burst the interleaver can effectively disperse. From this perspective, an
“ideal” (and utterly unrealizable) interleaver is one which is able to convert burst errors of any length into errors having the
same occurance statistics as a constant-SNR channel.

On the other hand, the block length of the interleaver (35 in the example above) imposes a latency that may be difficult to
accommodate in some applications. Communications systems typically organize data into frames having length on the
order of milliseconds, which accommodates both carrier frequency/phase tracking and source coding. For example, if the
data rate is 10 kb/s and a frame is 10 ms, then there are on the order of 100 bits per frame. An interleaver having length x
depth equal to a sub-multiple of this number of bits is ideal from a latency perspective, whereas other lengths would delay
the processing of frames with potentially deleterious effects to frame-level processing. This problem is especially serious
in two-way voice communications, where latencies approaching a fraction of a second may be perceived by the user.

6.14.3 Space Diversity

The concept of space diversity as a countermeasure to flat fading was introduced in Section[3.5.4] Techniques which are
predominantly used to improve the performance of digital communications systems vulnerable to flat fading include
maximal ratio combining (MRCE and space-time coding. In this section we consider the benefits of MRC. Space-time
coding is an advanced topic beyond the scope of this book; for additional information, a suggested starting point is [61}
Ch. 15].

121t is traditional to list selection combining and equal-gain combining as the first and second items in such a list, as these techniques have historically
been important. However selection and equal-gain combining are suboptimal (in contrast to MRC), and have value primarily because they are very simple
to implement. In modern communications systems and in particular with the modern trend toward implementation in digital baseband processing, it is
possible to implement MRC with relatively little additional effort, so applications where suboptimal combining is appropriate are becoming rare. For
additional information about these techniques specifically, [43 Ch. 10] is recommended.
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Figure 6.31: Diversity combining within a coherent receiver.

The basic recipe for MRC applied to space diversity is shown in Figure[6.31] Each of the L antennas is equipped with a
separate receiver and generates a decision metric d; in the usual manner. These parallel processing streams are commonly
referred to as branches; so we are here considering an L-branch diversity receiver. Because each antenna experiences a
different channel propagation coefficient ;, the d;’s vary by this much in the absence of noise. So, for example, a decision
metric associated with a branch experiencing a large value of |v;| will have high SNR; whereas a decision metric
associated with a branch experiencing a small value of |v;| (e.g., in a deep fade) will have low SNR. It can be shown that
that the optimal decision metric d can be obtained from the branch decision metrics as follows:

L
d=> wd, , where w; =~} (6.68)
=1

The resulting decision metric d is optimal in the sense that SNR is maximized.

The particular choice of w; = ;" is what makes this MRC. The derivation is beyond the scope of this book, however the
result is possible to justify informally. First, note that multiplying each of the d;’s by 7;" tends to emphasize the
contribution of the d;’s which are large, and tends to deemphasize the contribution of the d;’s which are small. Assuming
the noise power is equal among the branches, this means the decision metrics having the largest SNR are emphasized, and
decision metrics having low SNR are deemphasized. The effect of multiplying by the conjugate of ~; is to equalize the
phases of the branch statistics, so that they add in-phase. Thus the signal component of the decision metrics add
coherently, whereas the noise component of the decision metrics — which are nominally uncorrelated between branches —
add incoherently and the SNR is further increased.

Note that there is no particular difficulty in determining the coefficients wy, since the ~;’s are normally required for
coherent demodulation anyway. That is, the magnitude of ; is side information required for AGC, whereas the phase of y;
(i.e., ¢p) is side information required for derotation. All that is required is to make these values available to the combiner.

It is possible to show that the probability of error for BPSK in Rayleigh flat fading after L-branch MRC is:

i
Ps= % b % kZ:O (2:) M (6.69)
and for high SNR (3 > 1):
Pg ~ <415)L (2LL— 1) o)
where ) )
<k) kW (n—k) 6.71)

Note that Equations and are analogous to Equations [6.66 and These equations assume perfectly
uncorrelated fading between branches, which requires large spacings between antennas; see Section [3.3.4] for details about
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Figure 6.32: Performance of MRC for BPSK in Rayleigh flat fading.

that. Equation [6.70] hints at the effectiveness of MRC: Comparing to Equation [6.67] we see the result increases
exponentially with L. MRC performance is shown in its full glory in Figure [6.32} For example, simply increasing from
L =1 (single antenna) to L = 2 provides an effective gain of about 5 dB for 1% BER. The analogous gains for lower
BER are much greater.

Before moving on, it is appropriate to point out an additional benefit of MRC. As described above, MRC is a diversity
combining technique. However in some propagation scenarios, scattering is very low. When this is the case, magnitude
fading is mild relative to Rayleigh and signals arrive at the antenna array from a narrow range of angles. An example is the
link between a base station antenna array on a high tower and a mobile station in a flat, rural environment. In this case,
beamforming (see Figure and associated text for a reminder) would be preferable to diversity combining. A
marvelous feature of MRC — which can easily be verified from Equation [6.68]— is that when the situation calls for a
beamformer, this is what MRC provides. Said differently: MRC automatically provides the optimal combining
coefficients, regardless of whether the situation calls for diversity combining or beamforming.

Finally, note that the above discussion has assumed widely separated antennas as the origin of the signals for each branch
of the combiner. However this is certainly not the only option. Two other possibilities including polarization diversity and
sector diversity. In polarization diversity, the sources of signals for the branch receivers are orthogonal polarizations, as
opposed to widely-separated co-polarized antennas. In sector diversity, the sources are antennas having patterns covering
angular regions with low overlap. As far as MRC is concerned, these sources can be accommodated in any combination.
So, for example, a cellular base station receiver might employ L = 4 MRC using two orthogonal polarizations from each
of two widely-separated antennas, and if the fading between polarizations is uncorrelated in the same way as the fading
between antennas, then the performance shown in Figure will be achieved.

6.14.4 Multiple-Input Multiple-Output (MIMO)

The “input” and “output” in the term “MIMO” refer to the transmitter and receiver, respectively. Specifically, the term
“MIMO” indicates the use of multiple antennas at both transmitter and receiver. However this is not a sufficient definition.
MIMO is a generalization of the concept of spatial diversity, and is an advanced topic well beyond the scope of this book
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(for additional information, a suggested starting point is [61, Ch. 15]). However MIMO is sufficiently-well established in
modern radio systems that it is useful to know at least the top-level concept. This is presented below.

All previous discussion of the propagation channel in this chapter has presumed the existence of a single channel. The
transmitter inserts information into this channel, the receiver extracts information from this channel, and the Shannon
bound limits the data rate that can be achieved. However, it is possible to create multiple independent channels between a
transmitter and a receiver. Here we mean “independent” in the statistical sense; in particular, exhibiting uncorrelated
fading between channels even after accounting for spatial diversity. These additional channels are created using multiple
antennas at the transmitter as well as multiple antennas at the receiver. MIMO is a generalization of spatial diversity in the
sense that each additional transmit antenna nominally results in one additional independent channel that is available for
diversity combining by the receive antenna array.

Effective MIMO requires considerable scattering in the propagation channel. For example, if there is no scattering and
only direct “line of sight” propagation, then this scheme degenerates into simple beamforming at the transmitter and
receiver, which yields only one independent channel, albeit with improved SNR. Even with copious scattering, a
MIMO-enabled system might only yield one independent channel (in which case it is no different than traditional spatial
diversity), or perhaps multiple channels in which only one channel yields SNR which is sufficient to be effectively used.
However many propagation channels can support multiple independent channels each with usable SNR. In this case the
ultimate capacity that exists between transmitter and receiver is the sum capacity of the independent channels, since the
Shannon bound applies to each independent channel separately. Thus MIMO systems achieve increased data rates when
multiple independent channels are simultaneously available for the transmission of data.

6.15 Communication in Channels with Intersymbol Interference

In Section[3.6.2]it was noted that the delay spread in the propagation channel could be large enough to decorrelate
multipath components. When this happens, the receiver perceives multiple copies — or perhaps even a continuum — of
transmit signals. This results in another form of ISI, distinct from that associated with pulse shape. So far in this chapter
we have neglected this possibility; now we confront it.

6.15.1 Zero-Forcing Equalization

If the possibility of significant propagation-induced ISI exists, then it is reasonable to consider equalization. A possible
approach to equalization is to determine the frequency response H (w) of the propagation channel, and then to apply a
filter H~!(w). This is known as zero-forcing equalization (ZFE). This is rarely done. Reasons include:

» The necessary filter has an impulse response which is at least as long as the impulse response of the propagation
channel, and may be significantly degraded when truncated to a reasonable length.

* Noise enhancement: The signal components associated with low values of H(w) have low SNR. When ZFE is
applied, the noise associated with these components is enhanced because the associated frequencies receive
relatively high gain.

* ZFE doesn’t take into account the primary goal of optimizing BER, and therefore there is no assurance that it will
do so.

Better alternatives to ZFE are maximum likelihood sequence estimation (MLSE), minimum mean-square error
equalization (MMSE) and decision feedback equalization (DFE). Although a detailed treatment of these topics is beyond
the scope of this book ([61, Ch. 9 & 10] is recommended), it is useful for the radio systems engineer to be familiar with the
pros and cons of these techniques and to be familiar with the associated terminology.
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Figure 6.33: Optimal (MLSE) receiver for propagation channels experiencing significant ISI.

6.15.2 Maximum Likelihood Sequence Estimation

MLSE is the optimal scheme for demodulation in channels with significant ISI. The recipe for MLSE is shown in
Figure First, the pulse-matched filter G*(w) is replaced with the modified matched filter H*(w). The impulse
response of this filter is derived from the convolution of the impulse response of the pulse shaping filter (¢(¢)) and the
channel impulse response (CIR) h.(t); i.e.,

h(t) = g(t) * he(t) (6.72)

The receiver then compares a length- N sequence of decision metrics sampled from this filter to the set of all possible
sequences of [N symbols that may have actually been sent, accounting for the expected effect of the CIR. NT' is nominally
at least as long as the duration over which the CIR is significantly greater than zero. The sequence that minimizes the
mean square error with respect to the observed sequence of decision metrics is declared the winner, and the associated
most-recent symbol of the test sequence is declared the detected symbol.

One aspect of MLSE that should be apparent is that it requires an enormous amount of computation. To be optimal N
must span the non-zero portion of the CIR, which might be 10s to 1000s of symbols long. Assuming the lowest-order
(M = 2) modulation, the number of sequences that must be checked is 2/V. A direct implementation of this approach is
usually not practical without significant compromises. Fortunately, the Viterbi Algorithm comes to the rescue. This clever
algorithm reorganizes the brute-force search over candidate symbol sequences, dramatically reducing computational
burden. MLSE receivers using the Viterbi algorithm, typically implemented on an FPGA or DSP, are now practical and
fairly common (see Sections[I8.3HI8.6). Nevertheless, the primary contraindication against the optimal MLSE receiver
remains computational burden and the associated size, weight, power, and heat concerns.

Another aspect of MLSE that should be conspicuous is the need to know the CIR. This may prove to be a daunting
challenge by itself. A typical method is to treat the CIR as a “system identification” problem, in which the “system” (the
CIR) may be deduced by applying a known signal z(¢) and observing the response y(¢). In this case x(¢) is known as a
training sequence. Obviously the training sequence must be sent often enough to effectively track the time variation of the
CIR, and according to a schedule of which the receiver is aware. A consequence of the use of training signals is reduction
in spectral efficiency, since symbols sent as training signals reduce the number of symbols per unit time available for user
data. A less daunting but non-trivial additional problem is the design of the training sequence itself; i.e., how to select a
sequence of symbols that results in the best possible estimation of the CIR. To the extent that the CIR is mis-estimated,
and to the extent that the CIR becomes inaccurate due to time lapsed since the last measurement, the performance of
MLSE is degraded.

6.15.3 Minimum Mean Square Error (MMSE) Equalization

When the complexity of MLSE becomes overwhelming, a reasonable fall-back position is MMSE equalization, as shown
in Figure In MMSE equalization, we revert to pulse-matched filtering (G*(w)) and replace ML sequence estimation
with a finite impulse response (FIR) filter. The nominal length of the FIR filter is equal to the length of the impulse
response associated with the combined frequency response [G (w) H,(w)G*(w)] ™", however this is not critical, and
MMSE equalizers may be much shorter and remain effective.

In MMSE equalization, the primary problem is how to select the impulse response of the FIR filter. The answer is to select
filter coefficients representing the impulse response in such a way as to minimize the mean-square error between the
detected sequence and the transmitted sequence. This of course raises the question of how the receiver is supposed to
know the transmitted sequence in advance; the customary answer is a training sequence. This raises the same issues that
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Figure 6.34: MMSE receiver for propagation channels experiencing significant ISI.

were addressed with the use of training sequences in the previous section. In this case, however, the training sequence is
not needed to determine CIR explicitly, but rather simply as a known input to “train” the equalizer. So, for example, the
training sequence need not be as long as the CIR; but rather only as long as the equalizerl ] MMSE is often referred to as a
form of adaptive equalization.

MMSE equalization is a decidedly non-optimal approach to demodulation in channels with significant ISI. The primary
reason for selecting MMSE equalization over MLSE is computational burden. The computational burden of MMSE of
MMSE is a combination of the burden of operating the FIR filter plus the burden of computing filter coefficients each time
the training sequence arrives. Both of these operations are typically orders of magnitude less burdensome than MLSE,
even when the Viterbi algorithm is employed.

Both MMSE equalization and MLSE are “one shot” techniques in the sense that once a solution is obtained from the
training sequence, that solution is used until the next training sequence arrives, at which point the solution is discarded in
favor of the new solution. A modification to the one-shot strategy facilitates an additional reduction in computational
burden for MMSE. This modification employs alternative forms of MMSE known as recursive least squares (RLS) and
least mean squares (LMS). In both RLS and LMS, the MMSE filter coefficients are estimated not in a “one shot”
operation, but rather by updating a previous solution using the latest training sequence. The performance of these
algorithms can be crudely characterized as follows: RLS generally converges to the MMSE solution as long as the latter
does not vary too quickly, whereas LMS converges to the MMSE solution only if the channel varies sufficiently slowly
and the channel is not too complicated. Generally, RLS should be avoided unless MMSE poses too large a computational
burden, and LMS should be avoided unless RLS poses too large a computational burden.

6.16 Carrier Frequency, Phase & Symbol Timing

Much of the complexity of coherent demodulation is associated with determining the frequency and phase of the carrier,
and the timing of symbols. Section[3.3.4] described techniques for dealing with the carrier from the perspective of analog
modulation. Symbol timing recovery is unique to digital modulation, but is a similar problem.

6.16.1 Carrier Frequency Estimation

The usual procedure is to first obtain a usefully-accurate estimate of carrier frequency, and then to work out the carrier
phase once the frequency is settled. In estimating carrier frequency, there are often actually two problems: acquisition and
tracking. Frequency acquisition is the process of estimating frequency when there is no a priori estimate of the frequencys;
e.g., immediately after the receiver is turned on, upon the appearance of a new signal, and immediately following a severe
outage. Frequency tracking is the process of updating the estimate of frequency given an earlier but recent estimate of
frequency.

Two prominent examples in which frequency acquisition is necessary are described below:

13Not to confuse the issue, but it is worth pointing out that if both the training sequence and the FIR filter are at least as long as the non-zero portion
of the CIR, then the impulse response determined by MMSE will end up looking a lot like the inverted CIR, without the noise enhancement problem
associated with ZFE. This is one way to get the CIR estimate needed for MLSE.
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Figure 6.35: Band-edge scheme for tracking carrier frequency.

Example 6.7. Iridium is a mobile telecommunications system using satellites. A particular challenge in the
space-to-ground link is very large and variable Doppler shift, associated with the high speed of the satellite. To aid
the receiver, transmissions are organized into 15-ms bursts, and each burst begins with 3-ms of unmodulated carrier.
The precise carrier frequency and phase can be precisely estimated from this tone. The optimal frequency estimator
consists of evaluating the following correlation (in complex baseband representation)

to+Tq )
/ s(t)e Iwetat (6.73)

to

where s(t) is the tone waveform, ¢ is the tone start time, Ty is the tone duration (3 ms), and w.,. is the candidate
carrier frequency. This correlation is recalculated while varying w.. The best possible estimate of w, is the value that
maximizes the magnitude of the correlation. Subsequently the phase and amplitude of the correlation give the carrier
phase and magnitude for derotation and AGC, respectively.

Example 6.8. The ATSC broadcast digital television system (described in detail in Section[6.17) uses a continuous
pilot tone embedded in the modulation which may be used for carrier frequency acquisition. In this case the
motivation for the pilot tone is to facilitate low-cost receivers, which must be as simple as possible and are likely not
to have very accurate internal frequency synthesis.

Once the carrier frequency has been acquired (or if explicit acquisition is not required), then all that remains is to track. A
common carrier frequency tracking scheme is correlation testing performed on training sequences (analogous to the tone
correlation test described for Iridium in Example[6.7). An alternative approach is band-edge tracking. In band-edge
tracking, a filter is designed with frequency response Hpg(w) having magnitude proportional to the magnitude of the first
derivative of the spectrum S(w) of the signal, as shown in Figure[6.33 This filter may be decomposed into two filters

H g g(w) and H g (w), representing the low- and high-frequency band edges, respectively. When the frequency is correct,
the spectrum is centered between the band-edge filters and H g (w) and H g (w) output equal power. Should the
frequency drift high, then the power output from H;,(w) will increase relative to the power in H; ;(w). This difference
in power can therefore be used as a signal which adjusts the assumed carrier frequency.

In some applications frequency estimation is not necessary. This might be because both transmitter and receiver have
sufficiently good frequency accuracy and stability that any residual error can be absorbed into frequency tracking. In some
cases frequency performance might be sufficiently good that it is not even necessary to track frequency, because the small
error in frequency can be absorbed by phase tracking. This is possible because a sufficiently small frequency offset
appears to a phase estimator as a continuous series of equal phase corrections.
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Figure 6.36: Open-loop generation of a symbol clock.

6.16.2 Carrier Phase Estimation

This brings us to carrier phase tracking. A very common technique for carrier phase tracking is precisely the same
open-loop scheme shown in Figure [5.12] which works equally well for all forms of phase-amplitude modulation. The
Costas Loop concept demonstrated in Figures and also applies to digital modulation, but modifications are often
required. In particular, the Costas Loop of Figure [5.13]works as-is for OOK, BPSK, and M -ASK, since these are
“one-dimensional” modulations as is AM. To extend this to modulations that exist in both dimensions, all that is necessary
is to use both components of the complex baseband signal that emerges from the multiplier in Figure [5.13]

6.16.3 Symbol Timing

Finally we consider symbol timing. By “symbol timing” we mean specifically the problem of determining the MET; i.e.,
when to sample the output of a matched filter in order to obtain a decision metric with maximum SNR. Just as carrier
estimation involves two parameters (frequency and phase), symbol timing involves two parameters: rate and MET.
Although in principle it is possible to derive symbol rate from carrier frequency, this is not often done. Three somewhat
more common approaches are described below.

A broad class of open-loop symbol clock-generating schemes is represented by the structure shown in Figure In this
scheme, the derivative is used to generate pulses associated with the symbol transitions. This occurs because the input s(t)
varies slowly between transitions, resulting in the derivative having small magnitude; whereas s(t) varies relatively
quickly between transitions, resulting in the derivative having relatively large magnitude. The pulses are rectified by the
magnitude-squared operation, resulting in a train of narrow pulses at rate 2/7". However this signal cannot be used
directly, for three reasons: (1) The rate is too fast by a factor of 2; (2) some pulses are missing, namely those associated
with adjacent symbols having the same value; and (3) the pulses themselves may not be sufficiently narrow to serve as an
effective sample trigger. All three problems can be resolved using a phase-locked loop (PLL) which synchronizes an
internally-generated symbol clock to the double-rate input signal generated by the above process. (For a primer on PLLs,
see Section[T6.8]) Note that the accuracy of this approach is limited by the degree to which s(t) is oversampled with
respect to 1/7'; generally a rate of at least 4/ or so is necessary for reasonable performance.

Another broad class of techniques involves oversampling the decision metric and then using some other criteria to
determine how to downsample to the symbol rate. A representative scheme from this class is shown in Figure In this
example, the pulse-matched filter operates at 4 times the symbol rate, and the objective is to downsample by 4. Therefore,
there are 4 possible “phases” from which to select. To determine the best choice, a contiguous sequence of outputs
associated with each candidate MET p is evaluated to determine a quality metric ¢, and the g,’s are compared to select
the one closest to the exact MET. A simple quality metric suitable for phase-only modulations is to sum the
magnitude-squared samples. In this scheme, the metric yields large values for the best estimate of the MET; whereas the
other outputs represent samples taken during transitions from one symbol to the next, yielding smaller metrics. A more
sophisticated and generally-applicable scheme is to compute the quality metric as the variance of the distances between
each sample and the associated symbol decision. In this case, the variance is very small (nominally noise-dominated) for
the best choice, and is larger (representing the timing bias) for the other choices. An advantage of this class of schemes is
that explicit calculation of symbol rate or MET is avoided; the disadvantage is that one is limited to the P choices
provided by oversampling by P.
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Figure 6.37: An example of symbol timing synchronization by evaluating candidate downsampled decision metrics.

When training sequences are available, correlation against the training sequence can be used to determine or refine the
MET. The basic idea is to select ¢y to maximize:

Ta
/ s(T —to)s; (1)dr (6.74)
0

where s;(t) is the training sequence. Then ¢ corresponds to the start of the training sequence, which is also the MET.
Again, oversampling relative to the symbol rate is necessary for this to be effective.

The three classes of schemes discussed above is hardly exhaustive, and the question of optimality has not been addressed.
Nevertheless, these schemes are representative of the vast majority of practical applications.

6.17 ATSC: The North American Digital Television Standard

As an example of the techniques described in previous sections, this section presents a short overview of the North
American broadcast digital television standard known as ATSC (so named after the defining organization, the Advanced
Televisions Systems Committee)@ ATSC is a system that is used to broadcast high-definition digital television in 6 MHz
channels spanning the VHF and UHF frequency ranges [1]. An example of an ATSC signal is shown in Figure Note
that we have already had a few encounters with ATSC in previous sections; see Sections (source coding; last
paragraph), and[6.9.11 (M -ASK; last paragraph); also Examples (performance with respect to the Shannon bound)
and [6.8] (carrier frequency estimation).

6.17.1 Transmitter
Here’s the transmission process for ATSC (It may be useful to refer to Figure while reading this section):

1. Source coding. The source coder for ATSC is the MPEG-2-TS (“transport stream”) codec, which produces
integrated video and audio at 19.39 Mb/s, organized as 188-byte packets. The first byte of the packet is a “sync”
(synchronization) sequence which is removed, leaving 187-byte packets. The sync sequence is reintroduced in
Step Bl below.

2. Randomization. The packets are randomized by XOR-ing the stream with a pseudo-random sequence known to
both the transmitter and receiver. The purpose of randomization is to prevent data anomolies — e.g., long strings of
zeros — from creating undesirable transients or spectral features in the transmitter output.

14The dominant schemes outside of North America are DVB-T (see also Example[6.10) and ISDB-T. For more on all three standards, see Section[B.1l
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Figure 6.38: Spectrum of an ATSC broadcast signal (WPXR in Roanoke, VA, centered at 605 MHz). Actual measured
spectrum, vertical scale in dB.

3. Error control coding. Reed-Solomon (207,187)-byte forward error control (FEC) is applied. In this scheme, the
187-byte packet is analyzed to generate a 20-byte check sequence, which is appended to the data. This scheme has
t = 10, so up to 10 byte errors can be detected and up to ¢/2 = 5 can be corrected.

4. Interleaving. ATSC uses convolutional byte interleaving. This is essentially block interleaving done on a
byte-by-byte basis, with 208-byte blocks interleaved to a depth of 52. Note that the interleaver block length is one
byte longer than the FEC output packet; this causes the MPEG packet boundaries to “precess” within the span of the
interleaver, which is intentional.

5. Trellis-coded modulation (TCM). The MPEG sync byte is appended to the beginning of each 207-byte sequence.
The resulting 208-byte sequence is known as a segment. The segment is converted to tribits (sequences of 3 bits
representing the symbols in a M = 8 constellation) using rate—f TCM. So, the number of bits representmg the
segment increases by a factor of due to convolutional codmg, and the number of symbols is 5 ! the number of bits.
Therefore each segment is now represented by 208 x 8 x 2 x 1 = 832 symbols representing an M = 8 modulation,
but not yet modulated.

6. Organization into fields. Segments are organized into fields. A field consists of a field sync segment followed by
312 contiguous data segments. A field sync segment, like the data sync segments, consists of 832 symbols
beginning with the MPEG-2 sync byte (now represented as 4 symbols). Next in the field sync segment is a
511-symbol pseudorandom sequence known as “PN511.” PN511 is, among other things, a training sequence that
may be used for carrier estimation, symbol timing recovery, channel estimation and/or equalizer training. The
remainder of field sync segment contains additional (shorter) reference sequences and metadata indicating things
like specific modes or advanced features in effect. The symbol rate at this point is 10.76 MSy/s.

7. 8-VSB modulation. 8-VSB is essentially symmetric 8-ASK (see Section[6.9.1)) with a minor tweak and a major

modification. Tribits representing modulation symbols are mapped to the 8- ASK modulation symbols
{=7,-5,=3,—-1,+1, §+5+

Now, the major modification: Because 8-ASK symbols are real-valued, the positive- and negative-frequency regions
of the spectrum of the complex baseband representation are conjugate-symmetric. Therefore, it is sufficient to send
only the positive frequencies, since the negative frequencies are redundant. Noting that this is essentially SSB
modulation (Section[5.6.1]), we may use the Hartley USB modulator (Figures and[3.20). The scheme is
summarized in Figure This scheme uses SRRC pulse shaping with rolloff factor » = 0.1152. The broadband
7 /2 phase shift required to generate the quadrature branch is generated using the Hilbert transform, implemented
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Figure 6.39: 8-VSB as implemented in ATSC.

using a FIR filter[J The minor tweak is the addition of a “pilot tone” to the in-phase branch of the modulator,
having magnitude 1.25 at a frequency of 309 kHz. (The pilot tone is pointed out in Figure[6.38]) The relevance of
this feature will be explained shortly.

A few characteristics of the ATSC transmit signal that bear notice: First, ATSC uses a very common channel coding
strategy. The scheme consists of block error control coding, followed by interleaving to improve the performance of the
block coder in the presence of burst errors, followed by convolutional coding (in this case, intrinsic to TCM). The
interleaver is very deep, which allows the combination of block coding and interleaving to be robust to very long fades.

Second, note that the training sequence (assuming PN511 is used for this purpose) arrives once per field. There are

832 x 313 symbols per field, and the symbol rate is 10.76 MSy/s, so each field is about 24.2 ms long. Therefore, the
receiver receives a new training sequence this often. Referring back to the discussion of channel coherence time in
Section[3.6.3] we see this is a compromise: plenty fast for non-mobile applications (presumably accounting for most DTV
use cases), but vulnerable in vehicular applications. To do better in this respect the field sync segment would need to be
sent more often, which would make it impossible to send the same MPEG-2 rate in the same bandwidth.

Finally, let’s consider the spectrum and the spectral efficiency. Using = 0.1152 SRRC pulse shaping, we expect
spectrum which is strictly bandlimited to

1 1
FNBW = (1 — = (14+0.1152) ————— = 12 MHz. 6.75
(I+r) 7 =0+ ) 7076 MSyrs g (6.75)
By retaining only the upper sideband, this has been reduced in half to 6 MHz. The spectral efficiency 7z using the FNBW
criterion is therefore a respectable (19.3 Mb/s) / (6 MHz) = 3.2 bps/Hz,

despite the fact that only about 60% of the transmitted information is MPEG-2 data before coding.

6.17.2 Receiver

A reasonable starting point for demodulating ATSC is complex baseband representation s(t) = s;(t) + js,(t) as shown in
the architecture of Figure[6.11l Since 8-VSB is a “one-dimensional” modulation, the simplified architecture of
Figure[6.12] which disposes of the unnecessary s,(¢) component, could also work as a starting point. The scheme shown
in Figure [6.40]is an even simpler version of this scheme, which is facilitated by the relative ease of carrier frequency and
phase estimation in ATSC using the pilot tone. The idea is simply to isolate the pilot tone using a narrow bandpass filter,
estimate its frequency and phase, and then use this information to generate a coherent local oscillator (LO) signal that can
be used to convert s (t) to si(t) Also since the subsequent pulse-matched filtering has lowpass response, no
additional filter is needed to reject the undesired sum-frequency product from the multiplier. This downconversion could
be done in either the analog or digital domain.

15This scheme is approximate because the Hilbert transform has unbounded impulse response. But then again, so does the SRRC filter.
16Note this is very similar to the “product detection” scheme shown in Figure 5.11]
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Figure 6.40: One possible scheme for demodulating an ATSC 8-VSB signal.

Regardless of how s;(t) is obtained, most ATSC receivers follow a sequence of steps similar to those shown in Figure [6.40t

1. SRRC pulse-matched filtering.
2. The pilot tone is removed simply by subtracting the mean (“DC”) value of s; ().

3. ISI mitigation is applied. In Figure[6.40 this is indicated as MMSE equalization. Alternatively, it could be MLSE
with the the appropriate change of matched filter response, or an alternative equalizer using RLS or DFE. In any
event, the ISI mitigation is conveniently trained using the PN511 sequence, which arrives every 24.2 ms.

4. Symbol timing recovery can be implemented using any the methods described in Section [6.16.3]

5. At this point the symbols are input to the TCM decoder and then on to deinterleaving, FEC decoding, and
de-randomization.

Finally, some form of AGC is required since the symbol decision regions in M -ASK depend on magnitude.

The particular procedure described above is certainly not the only valid approach. In addition to the various architectures
that may be used to obtain s;(¢) as described above, there are many alternative methods for acquiring/tracking the carrier
and symbol timing.

Finally, it should be noted that IST mitigation (e.g., equalization, in the above scheme) is not optional. To emphasize the
point, Figure shows the same signal shown in Figure [6.38]but just a few minutes later. The new spectrum implies the
appearance of a strong time-resolved (i.e., ISI-generating) multipath component

6.18 Direct Sequence Spread Spectrum (DSSS) & Code Division Multiple
Access (CDMA)

Direct sequence spread spectrum (DSSS) is a scheme in which bandwidth is expanded by replacing bits or modulation
symbols with streams of modulation symbols at a much higher rate. What’s the point in expanding bandwidth? The
principal advantage is that this provides an alternative and somewhat simpler method to deal with propagation-induced ISI
which, as noted in Section [6.13] can be a formidable problem for traditional modulation. DSSS also offers some
simplification with respect to carrier estimation and symbol timing recovery, and allows multiple signals to coexist in the
same bandwidth with low mutual interference. These attributes make DSSS quite popular, appearing in code division
multiple access (CDMA) cellular telecommunication systems, the U.S. GPS and Russian GLONASS satellite navigation

70ne way to understand what’s going on here is to compare Figure [6.41]to Figure 3.10] and review the associated text.
y going p g g
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6 MHz

Figure 6.41: Same as Figure [6.38] but taken just a few minutes later. Strong time-resolved multipath is now evident,
whereas only a slight amount frequency-selective fading was evident previously.
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Figure 6.42: Spreading in a DSSS system.

systems, and in various modes of the IEEE 802.11 WLAN system@ This section provides a brief overview of the DSSS
concept and its applications.

6.18.1 Fundamentals

The principal characteristic of modulation in a DSSS system is spreading, illustrated in Figure Spreading consists of
replacing information units — typically bits, but sometimes modulation symbols — with long sequences of modulation
symbols known as codes. The symbols within a code are referred to as chips in order to distinguish them from the original
information units. Chips may be implemented using essentially any form of modulation already discussed, although BPSK
and QPSK are popular. Pulse shaping is applied to chips as a means to shape the spectrum, just as in traditional
modulations. Given symbol period T" and chip period Tepp, the resulting bandwidth expansion is a factor of T'/T¢pp,
which is also known as the processing gain.

Information can be recovered using the optimal correlation receiver described in Section in which the pulse
waveform in a traditional application is replaced by the spreading code here. This is shown in Figure Of course the
spreading code must be properly synchronized with the arriving signal for the correlation to be successful — more on this

18See Appendix [Blfor information about these systems.
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Figure 6.43: Despreading in a DSSS system.

in a moment. This use of the correlation receiver is commonly referred to as despreading, as it collapses the transmit
bandwidth of approximately 1/T¢p, to the information bandwidth of approximately 1/7".

As we shall see in a moment, DSSS is most attractive when the processing gain is large, so it is typical that a single DSSS
signal occupies the bandwidth available for all users in a given segment of spectrum. In a CDMA system, all users use
DSSS to occupy all available spectrum. In a traditional communications system, this would be a disaster. In a CDMA
system, however, there is no problem as long as each user employs a unique spreading code, and the spreading codes are
mutually uncorrelated. (This is precisely the idea being conveyed in Figure[[.3l) Under these conditions, the act of
despreading strongly suppresses all user signals other than the particular one corresponding to the spreading code
employed. In principle, the number of signals that can be accommodated in the same bandwidth in this manner is equal to
the number of spreading codes that yield sufficiently low mutual correlation. This makes DSSS a multiple access
technique@ as well as a modulation; CDMA is essentially DSSS employed to allow multiple users to share the same
bandwidth. In practice it turns out that the product of the number of users times information rate possible in a given
bandwidth is about the same for DSSS as for traditional modulations, although there are some caveats and a rigorous
analysis is beyond the scope of this book.

Example 6.9. GPS. The U.S. Global Positioning System employs a variety of DSSS modes, and multiple satellites
share the same spectrum using CDMA. The simplest GPS DSSS mode is the Coarse/Acquisition (C/A) mode, in
which each satellite sends information at 50 b/s spread by a 1023-bit spreading code repeating once per millisecond.
Estimate the bandwidth and processing gain of the C/A signal.

Solution: The chip rate 1/, is 1023 chips per millisecond, which is 1.023 MHz. The bandwidth is approximately
equal to the chip rate, so the bandwidth of the C/A signal is approximately 1 MHz. The processing gain is T /T
where 1/T = 50 Hz, so the processing gain is 20460 = 43.1 dB. At this level of processing gain, all satellites above
the horizon may be received simultaneously and separated using the correlation receiver architecture of Figure
with negligible mutual interference.

It is worth noting that one of the fundamental difficulties in DSSS is chip timing synchronization, which must be accurate
to a fraction of Tiy;,. At first glance this appears to be a disadvantage. However, note that the spreading code can be
interpreted as a training sequence that is continuously present in the signal. Thus, the techniques for carrier and symbol
timing estimation utilizing training sequences described in Section[6.16]are all straightforwardly implementable in DSSS
systems, using the spreading code as a continuously-available training signal.

6.18.2 Cellular CDMA

CDMA emerged in the 1990s as a strong contender for cellular telecommunications applications due to the particularly
elegant manner in which it contends with multipath. As noted previously, the two primary problems created by multipath
are fading and ISI. We noted in Section[3.6.2] that fading is associated with a coherence bandwidth B, which (depending

95ee Section[[3]for a reminder of this concept
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Figure 6.44: Rake receiver for exploiting resolvable ISI in DSSS communications systems.

on one’s definition for “coherence”) ranges from about 10 kHz to 1 MHz in cellular telecommunications applications.
Using DSSS, it is possible to expand the bandwidth of a communications signal to be many times B, making it quite
unlikely for the entire bandwidth to be subject to a deep fade simultaneously. Thus, DSSS is intrinsically robust to flat
fading if 1/T,, > B..

Similarly, DSSS is intrinsically robust to ISI if T4, is much less than the delay spread o . This is because
multipath-generated versions of the signal which arrive with delays significantly greater than Ty, will be suppressed by
the correlation receiver of Figure For example, a DSSS system with 1/7;, = 10 MHz will be robust to ISI
associated with multipath components which are delayed by at least 1.5, = 100 ns, which is typical for indoor scenarios
and much less than most outdoor scenarios.

This remarkable property of DSSS can be exploited to actually enhance performance in ISI channels with sufficiently
large delay spread. This is achieved using a rake receiver, illustrated in Figure [6.44] A rake receiver consists of L
branches, where each branch is a correlation receiver (identical to the one shown in Figure synchronized to a
different finger (resolvable multipath component) of the channel impulse response. The output of these branches are then
combined using MRC as described in Section In effect, the rake receiver decomposes the multipath channel into its
constituent fingers, and then uses diversity combining to optimally combine the fingers. In summary, the management of
ISI in DSSS systems is remarkably simple compared to the analogous processing (optimally, MLSE; suboptimally,
equalization) required to make traditional modulations robust to ISI.

With this plethora of attractive features, one could fairly ask why it is that all cellular communications systems don’t
migrate to DSSS. There are essentially two reasons. First, DSSS entails processing data at a rate on the order of 1/Tp;p,
whereas traditional modulation requires processing data at a much lower rate on the order of 1/7T". If the advantages of
DSSS are not required — e.g., if multipath can be effectively mitigated using a combination of diversity and equalization —
then the increase in computation burden associated with DSSS may not be justiﬁed

The second contraindication for DSSS is when insufficient bandwidth exists to make DSSS worthwhile. DSSS is most
effective when 1/T,,;, > B, and Tep;p, < 07, meaning occupied bandwidths of at least 1 MHz or so in most
applications. This is one reason why DSSS is rarely considered for systems operating below 300 MHz: Contiguous
bandwidth necessary to realize the advantages of DSSS is simply not available.

20This was essentially the crux of the debate throughout the 1990’s about whether CDMA or GSM was preferable as the foundation for future cellular
telecommunications systems. This debate has never been resolved and both concepts continue to find applications today.
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6.19 Orthogonal Frequency Division Multiplexing

Orthogonal frequency division multiplexing (OFDM) is another alternative to traditional modulation techniques. Like
DSSS, it may alternatively be viewed as either an ISI countermeasure or a multiple access technique.

6.19.1 Concept

The basic recipe for OFDM is as follows: Demultiplex the symbol stream into N parallel channels, and assign each
channel to a center frequency according to a grid with spacing equal to A f. Now consider the correlation between a
symbol s () assigned to center frequency w; and a symbol s5(t) assigned to center frequency ws:

T
/0 [s1(8)e7 ] [sa(t)e™2!]" dt (6.76)

For simplicity (and without loss of generality) let us assume rectangular pulse shaping, so that s;(¢) and so(¢) are constant
over the duration of the symbol. Then we have

; /T jawtgy — 155 (jawT ) 6.77)

518 e =— (e — .
! 2 /o JAw

where Aw = w; — wo. Note that the correlation goes to zero when AwT = 27n, where n is any integer. Therefore

channels spaced by

n
Af=— 6.78
f=7 (6.78)
are uncorrelated, and so any number of channels with a spacing of 1/7" are mutually uncorrelated. Furthermore, there is
no smaller spacing that has this property. At the receiver, the data may be recovered simply by performing the reverse
operation, and no channel will interfere with any other channel.

OFDM is a canonical example of a multicarrier modulation; i.e., a modulation in which multiple carriers are employed
simultaneously and to synergistic effect.

Note that there is no processing gain associated with OFDM,; that is, regardless of whether one employs OFDM or not, the
transmit bandwidth is 1/7'; the only difference is whether you have one channel at that rate, or N adjacent channels
operating at a rate of 1/NT'. So why bother? If you can make N sufficiently large that 1/NT is much less than the
coherence bandwidth B, then each individual channel can experience only flat fading, and is essentially immune to ISI. If
you can manage to fill a bandwidth much greater than B, (i.e., 1/T > B.) under the previous condition, then it becomes
very unlikely that all channels can be in a deep fade simultaneously. In effect, we have achieved some of the
ISI-counteracting benefits of equalization without actually doing equalization. Alternatively, one might view OFDM as
frequency diversity; i.e., diversity in which the “branches” are independently-fading frequency channels.

6.19.2 Implementation

Organizing data into N orthogonal carriers entails considerably complexity if N is large. However, the ISI-robust property
of OFDM isn’t really significant unless [V is large. To make OFDM really attractive from a systems perspective, one needs
a low-complexity scheme to generate the carriers. As it turns out, we get this on a silver platter using the discrete Fourier
transform (DFT) through it’s reduced complexity equivalent, the fast Fourier transform (FFT). An N-point DFT
decomposes a single time-domain signal sampled at a rate of 1/7" into N orthogonal channels having spacing of 1/NT —
exactly what we need for the receiver. For the transmitter, we simply use the DFT in reverse; i.e., the inverse DFT (IDFT).
The DFT and IDFT have computational burden proportional to N2, which is reduced to N log, N by replacing these
functions with the equivalent FFT and IFFT. This reduction in complexity makes OFDM very attractive, so it is rare to see
OFDM described as using any approach other than the IFFT/FFT even though the latter is not strictly necessary.
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Figure 6.45: A generic block diagram of an OFDM system.

A generic block diagram of an OFDM system is shown in Figure Note that a cyclic prefix is included. The purpose
of a cyclic prefix is to prevent temporally-resolvable multipath from disrupting the orthogonality of the subcarriers. A
cyclic prefix is simply an extension of the OFDM symbols by a time at least as large as the delay spread. This creates a
“guard time” that ensures that the FFT in the receiver perceives only one symbol per channel on each execution of the
FFT. This results in a minor degradation of spectral efficiency, but is important for robust operation.

OFDM tends to appear in applications in which is ISI is likely to be a severe problem, but in which the available
bandwidth limits the processing gain that can be achieved using DSSS. Common applications include digital television
systems (see example below), some WLAN systems including IEEE 802.11a and -g (see Section[B.4.2)), and 4G cellular
telecommunications standards such as LTE (see Section [B.3.3).

Example 6.10. DVB-T. In Eurpope, the predominant system for broadcast television is digital video broadcasting —
terrestrial (DVB-T), which in contrast to the North American ATSC system (Section [6.17)) uses OFDM. (The debate
between between single-carrier 8-VSB and OFDM during the development of digital television — never fully resolved
— starkly demonstrates that there is rarely an obvious optimal design for modern radio communications systems.)
DVB-T operates in 6 MHz channels (similar to ATSC) with N = 2048 or 8192 subcarriers and QPSK, 16QAM, or
64QAM.

OFDM has two primary disadvantages over competing schemes. One is that OFDM has intrinsically large peak-to-average
power ratio (PAPR), which is due to the potential for combinations of subcarriers to intermittently add in phase. Because
the carriers are at different frequencies, this condition is never persistent; however the large number of carriers in practical
OFDM systems results in this happening quite frequently. Occasionally, all N carriers will add in phase; thus the large
PAPR. This requires highly linear power amplifiers, which tend to be inefficient relative to power amplifiers that designed
for constant magnitude or nearly-constant magnitude modulations. This is a relatively small issue in broadcast
applications (since there is only one transmitter), but is a significant disadvantage in mobile and personal
telecommunications applications. For this very reason, LTE cellular systems (Section [B.3.3) use OFDM on the downlink,
in which the power amplifiers are at the base station, but use single-carrier modulation on the uplink, in which the power
amplifier is in a mobile device.

The second disadvantage of OFDM is sensitivity to Doppler spread. Doppler must be precisely tracked in order to keep
subcarriers centered in FFT bins. Further, since Doppler spread is frequency-dependent, higher-frequency subcarriers are
shifted by a greater amount than lower-frequency subcarriers, so no single frequency adjustment is optimal. This problem
can be corrected using channelizers other than the Fourier transform which unfortunately do not have low-complexity
equivalent implementations analogous to the FFT. Combined with the PAPR issue, this tends to limit the use of OFDM in
mobile applications and in particular vehicular applications.
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Problems
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6.3

6.4
6.5

6.6

6.7

6.8

6.9
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6.13

6.14
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Figures[6.3(a) and (b) show “straightforward” and Gray-coded assignments of bit groups to symbols for QPSK.
Repeat for 8-PSK.

Develop an expression analogous to Equation[6.17] that relates SNR to Fs/Np; i.e., the SNR per symbol.

Reproduce the BPSK result from Figure except now plot the result with SNR as opposed to Ej, /Ny as the
independent variable. Assume a bit rate of 10 kb/s using SRRC pulse shaping with r = 0.22.

Confirm that the symbol coordinates shown in Figure[6.17] yield mean symbol energy Es.

Work out expressions for the probability of symbol error as a function of E's /Ny for (a) M-ASK, starting with
Equation [6.46} (b) M-QAM, starting with Equation[6.47} (c) M-PSK, starting with Equation

What E}, /Ny is required to achieve a BER of 10~ using (a) Incoherently-detected OOK, (b) Coherently-detected
OOK, (c) BPSK, (d) QPSK, (e) 8-ASK, (f) 16-QAM, (g) 32-PSK.

Speculate on why Equation[6.48] appears to give an incorrect result for M = 2 (BPSK).

You are to transmit 100 kb/s using optimum sinc pulse shaping over a non-fading, ISI-free channel having SNR
20 dB. Do not employ pulse shaping or error control coding. Which of the following modulations yields the best
BER, assuming coherent demodulation? OOK, BPSK, QPSK, 8-ASK, 16-QAM, 32-PSK.

What is the theoretical maximum reliable data rate that can be sustained in a 1 MHz channel if the SNR is 10 dB?

In the previous problem, what is the theoretical minimum FE}, /Ny required to sustain the theoretical maximum
reliable data rate?

What E;, /Ny is required to reliably transfer 1 bit in 1 second?
Following up Example characterize the spectral efficiency and energy efficiency with and without coding.

A 30 kb/s BPSK radio link using SRRC pulse shaping with » = 0.22 is operating at SNR ~ 20 dB and experiencing
Rayleigh flat fading. What is the BER? By how much is the BER expected to improve if the transmit power is
doubled?

In the above example (at the original power level), evaluate BER if we employ space diversity with MRC, using 2
and 4 antennas. Assume perfectly uncorrelated fading at the 4 antennas. Which leads to the bigger improvement:
doubling transmitter power or implementing space diversity?

What is the largest carrier frequency error that can be accommodated by a coherent QPSK demodulator that has
only carrier phase tracking, and no explicit compensation for carrier frequency error. Assume one carrier phase
update per symbol period, and assume the carrier phase tracking is otherwise perfect.



Chapter 7

Radio Link Analysis

7.1 Introduction

In previous chapters, we considered four of the five primary aspects of a radio link identified in Chapter[I} antennas
(Chapter ), propagation (Chapter[3)), noise (Chapterd)), and modulation (Chapters[3land [6). The remaining aspect is the
radio itself, and is the topic of much of the rest of this book. However Chapters[IH6l provide sufficient background to
analyze radio links, which is the topic of this chapter. Analysis of radio links in a few representative applications will
reveal some of the principal requirements for radios; in particular, transmit power and receive sensitivity. This information
will serve as useful guidance in the study of radio design in subsequent chapters.

However the analysis of radio links is, by itself, an important topic. The general idea is this: Given information about the
antennas, propagation, noise, and modulation, plus additional details including transmit power and receiver sensitivity, one
is able to quantify the performance of the link. For digital modulations, one is able to determine bit error rate (BER) as a
function of these parameters. In general, one is able to determine if the link performance is acceptable, and the changes or
combinations of changes that are needed to improve performance.

The organization of this chapter is as follows. In Section[Z.2] we modify the Friis Transmission Equation to account for
losses associated with antenna efficiency, antenna impedance mismatch, and mismatch between the polarization of the
receive antenna and the incident wave. The concepts of EIRP and ERP are presented in Section[7.3] In Section[Z.4 we
consider noise, which facilitates calculation of the signal-to-noise ratio at the input of the receiver’s demodulator and
subsequently Ej/Ny. This leads to the concept of sensitivity, which is the topic of Section[7.3] Section [Z.6introduces the
link budget as a useful method for managing the analysis of sensitivity. Sections [Z.7HZ.10] serve the dual purpose of
demonstrating link budget analysis in a variety of applications, and illustrating requirements for transmit power and
receive sensitivity as they emerge in these applications. This chapter concludes with a summary of these requirements in

Section

7.2 Friis Transmission Equation Revisited

In Chapter 3l we derived the Friis transmission equation (Equation
Pr = PrGrL,'Gg (7.1)
which relates the power delivered to a receiver, Pg, to the power provided by a transmitter to its antenna, Pr. G and G

are the gains of the transmit and receive antennas, respectively, and L,, is the path loss. Path loss was defined in Chapter 3]
as the ratio of power transmit to power received for unit antenna gains (G = G = 1). The free space path loss L,y was
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defined as L,, for the special case of unimpeded spherical spreading of the radio wave along the path from transmitter to
receiver, and is given by Equation 3.6t
A\ 72
Lp(R)=|-— 7.2
w0 = (27 (2

Generally, we found that path loss is well modeled as variation around a mean path loss L,(R), where the variation is due
to fading, primarily associated with multipath. We found L, (R) is typically well-modeled as

T T Ry, - +2aR

LP(R) = Lp(Rb) E e , R> R, (7.3)
where n is the path loss exponent; Ry, is the breakpoint distance; and « is the coefficient of attenuation, accounting for
lossy media including the possibility of atmospheric losses and rain fade above a few GHz (Sections 3.7.2H3.7.4).

Implicit in Equation are the following assumptions: (1) any impedance mismatch between transmitter and transmit
antenna, and receive antenna and receiver, is negligible; and (2) mismatch between the polarization of the incident wave
and the receive antenna is negligible. However, there are many commonly-encountered problems in which one or more of
these assumptions is not reasonable (including examples appearing later in this chapter). Furthermore, we have the
ever-present possibility of ambiguity in how radiation efficiency and other losses are taken into account, so it is useful to
be explicit about that. We may accommodate all of these issues using an expanded version of Equation [Z.1}

Pr = Prnrer Gr L;l ep GRERNR (74

where the additional factors are explained below:

* nr is the fraction of Pr which is delivered to the antenna, and which is less than 1 due to impedance mismatch. If
we define Pr as “available power” as in Section2.6.1] then 7y is transducer power gain (TPG) and is given by
Equation 2.47]in general, or by Equation 2.48]if the imaginary part of the impedance of the transmitter or antenna
(or both) is zero.

* er accounts for transmit-side losses due to dissipation (as opposed to reflection or transmission). This includes the
radiation efficiency €,,4 of the antenna, but might also include other dissipative losses such as those due to
electromagnetic coupling into the ground, prevalent especially at VHF and below.

* ep - nr accounts for the analogous receive-side losses.

* ¢, is represents power loss due to mismatch between transmit and receive antennas, ranging from 1 (matched
polarizations) to 0 (orthogonal polarizations).

Note that when the factors are defined as indicated above, G and G represent the directivity of the antennas as opposed
to the gain of the antennas. It is important to be aware of this, as it is also common to associate €,.,4 with Gp and G, as
opposed to e and e as we have done above. It is also common to associate part of €,..4 to antenna gain and part to
dissipative loss, or simply to leave €,,4 as a separate factor. These forms are all correct in a sense, and one should always
take care to note the particular “accounting scheme” that is being used in any particular application.

Example 7.1. Expanding on Example 3.1} A satellite transmits 5 W into a lossless and well-matched antenna having
a directivity of 6 dBi. The antenna polarization is right circular. The center frequency is 1.55 GHz. The mobile,
which is 800 km directly below the satellite, uses a horizontally-oriented linearly-polarized antenna with about 2 dBi
directivity in the direction of the satellite. The receive antenna has a VSWR of 2:1 and is 70% efficient. What is the
path loss and what is the power delivered to the receiver?

Solution: For 1.55 GHz, A = 19.4 cm. Since atmospheric losses are negligible at L-band, we can assume free space
path loss. Therefore L, = L, = 154.3 dB from Equation[7.2] From the problem statement we have Pr = 5 W,
Gt =6dBi, ernr =~ 1, Gr = 2 dBi, and eg = 0.7. Receive VSWR of 2:1 corresponds to |T'r| = 1/3; therefore
nr=1-— \I‘|2 = 0.889. (This assumes the VSWR is with respect to a standard real-valued impedance such as 502
or 752, which is essentially always the case. Thus, Equation 2.48 may be used.) Also ¢, = 0.5 since a



7.3. EFFECTIVE RADIATED POWER (EIRP AND ERP) 171

linearly-polarized antenna captures only half the power in circularly-polarized wave (Section 2.3). Using
Equation [Z.4] we find Pr = 3.64 x 10~'5 W, which is —144.4 dBW or —114.4 dBm. In Example[Z4] we’ll find out
this is typically plenty of power for a usable data link.

7.3 Effective Radiated Power (EIRP and ERP)

When a radio link consists of one radio transmitting to multiple receivers, or to a receiver whose location is not fixed, it is
usually desired to specify the power available to receivers over the entire region of interest. For example, broadcasters aim
to deliver power density [W/m?] equal to or greater than some threshold over their coverage area. Regional regulatory
agencies (such as the FCC in the US) aim to limit the power density generated by a broadcaster, so as to make it possible
to reuse the frequency in some other geographical region. Equation [Z4]indicates that the power density generated within
some region is proportional to PrnrerGr, and that there are no other relevant factors under the control of the broadcaster.
Thus, it is not sufficient for broadcasters or the regulatory agencies simply to specify Pr, because if they do, then they
must also specify the product nrerGr to ensure that the power density is constrained as intended.

A simpler approach is to specify the product Prnrer G, which results in an unambiguous specification without
arbitrarily constraining Pr, G, and the associated efficiency and mismatch losses. In terms of Equation[7.4] we define
effective isotropically radiated power (EIRP) as this product

EIRP = PT nr er GT (75)

EIRP can be more formally defined as the power applied to an efficient (e = 1), conjugate-matched (n7 = 1), and
isotropic (G = 1) antenna that results in the same power density at some distant point that would result from applying
the actual power to the actual antenna, including efficiency and mismatch losses. In other words, EIRP is really a
description of power density, but is quantified in terms of power delivered through a standard “reference” antenna.

Example 7.2. An L-band satellite mobile data communication service provider currently promises an EIRP of

55 dBW to its subscribers using a transmitter equipped with a dish-type reflector antenna. For the next generation of
satellites, the antenna must fit into half the area occupied by the antenna on the current generation of satellites. What
does this imply for the new satellite’s transmit power requirement?

Solution: Directivity is proportional to area (Equation [2.64), so a 50% reduction in area amounts to a 50% reduction
in directivity. Since EIRP is proportional to PrG 7, Pr must increase by a factor of 2.

EIRP is certainly not the only way to specify the effective power of a transmitter. An alternative is “effective radiated
power” (ERP) with respect to a specified antenna directivity, G. ERP is formally defined as the power applied to an
efficient, conjugate-matched antenna having directivity G that results in the same power density at some distant point that
would result from applying the actual power to the actual antenna, including efficiency and mismatch losses. For example,
a transmitter using an antenna with directivity G = G has ERP = Prnrep. An advantage of this scheme is that when
G1 = Gy, ERP can be physically measured as the power delivered to the antenna terminals. ERP defined with respect to
the peak directivity of an ideal half-wave dipole (2.15 dBi) is convenient in applications in which antenna directivity is
specified in dBd — that is, dB relative to the maximum directivity of a dipole — as opposed to dBi. Here’s an example:

Example 7.3. In the US, the FM broadcasters of the 88-108 MHz band are typically limited to 100 kW ERP with
respect to a half-wave dipole. Consider an FM transmitter using a vertical array of the type discussed in Example 2.7]
which achieves 8 dBi. Assume this system suffers 3 dB loss in cables; the cables being considered part of the antenna
system in this case. If this broadcaster achieves 100 kW ERP, what is the associated transmitter output power?

Solution: From the problem statement, G7/Go = 8 dBi — 2 dBi = 6 dB = 3.99 and ex = —3 dB =2 0.50. VSWR is

'We’1l have a lot more to say about the product n1 e in Section[12.3.2]
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Figure 7.1: System model for determining the signal to noise ratio at the input to a receiver’s detector. Quantities indicated
by the left column of block arrows are expressed as power spectral densities referred to the input of the receiver; on the
right as power delivered to the detector.

not mentioned, so we’ll assume 17 = 1. In this case ERP = PryrerGr /Gy, so Pr =
(100 kW) /(1 -0.50 - 3.99) = 50.1 kW. Note that this would be the power measured at the output of the transmitter
and at the input to the (lossy) cables leading to the dipole array.

7.4 Signal-to-Noise Ratio at the Input of a Detector

The Friis transmission equation gives the power Pr delivered to a receiver. However the quality of the output of a receiver
depends less on Pp than on the signal-to-noise ratio (SNR) delivered to the input of the detector (typically a demodulator)
within the receiver.

The situation is illustrated in Figure Here we have partitioned the receiver into two parts: The detector, and the signal
path preceding the detector, characterized by gain G px and input-referred noise temperature Trx . The signal power
associated with Pr which is delivered to the detector is PrGrx, assuming the receiver bandwidth Brx is at least as large
as the signal bandwidth B. Since Trx is input-referred, the receiver’s contribution to the noise at the input of the detector
is kTrx Brx Grx. Finally there is the possibility that external noise is significant. Using the concept of antenna
temperature T4 to represent this external noise, the external noise delivered to the detector is kT scgnrBrx G rx. Thus
the signal-to-noise ratio at the input to the detector is

Pr
k[Trx + Taernr) Brx

SNR et = (7.6)

A potential ambiguity arises in the definition of 7’4y when the antenna exists in the proximity of — and therefore may be
electromagnetically coupled to — lossy materials, or when potentially-lossy feedlines are defined as being part of the
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antenna. The ambiguity in these cases is that it may not be clear whether 7’4 accounts for these circumstances, or whether
T4 is intended to be a value which exists independently of loss/noise mechanisms local to the antenna. To avoid potential
confusion, we define the external noise T, to be the antenna temperature prior to accounting for any loss/noise
mechanisms intrinsic to the antenna, including electromagnetic coupling into the ground and other nearby materials. This
choice preserves the definition of e as given above. Thus, we restate the above equation as follows:

Pr

SNR 4.+ =
et T [Trx + Text€rnr] Brx

(1.7)

We are now within striking distance of a simple mathematical relationship between the radio link parameters and the
quality of the signal output by the receiver. For example, we can obtain Pr from Equation[Z.4] SNR4.; from the above
equation, and then knowing SNR.; and the modulation, we could compute the relevant metric of quality (e.g., BER) at
the output of the receiver. While this is OK in principle, some additional manipulation results in a simpler equation and a
new, useful concept: system temperature.

The system temperature 7%, ; can be defined as follows. Imagine a second version of our system in which there is
miraculously no noise; i.e., Tezt = Trx = 0. Now allow only T¢,; to become non-zero. The system temperature T, is
the new (higher) value of T, for which the noise power delivered to the detector is the same as that in the original
system. An alternate definition of T, is as follows: kT, [W/Hz] is the power spectral density of a desired signal
received in the same manner as k7., but which results in SNR4.; = 1. These definitions are equivalent, and a good way
to become proficient with the concept of system temperature is to make sure you understand both of them. Application of
either definition to Equation [Z.7] yields

(7.8)
Note that T, is simply T¢.¢, plus Trx referred to the “input” of the antenna.

It should be noted that in many problems we can assume T, to be dominated by either the T, term or the T’rx term of
Equation[Z.8] in which case the other can be ignored. In particular it is frequently assumed that Trx /€grnR >> Teer such
that Tyys = Trx /€rN RE However there are many practical situations in which this assumption becomes invalid; see
Section for an example. In these cases, it might be that T}, ~ T, or it might be important to account for both T4
and TR X.

The T, s parameter can be used to combine and simplify Equations[7.4]and [7.7] as follows. First, we use Equation[7.§to
rewrite Equation [Z.7] as

Pr
SNRyet = ——m——— 7.9
det kTsysernrBrx {7.9)
Then we eliminate P by substitution of Equation[Z.4k
PTnTGTGTL_lepGR
SNR4et = P (7.10)
det kTsysBRX

This is the desired expression. However when digital modulations are employed, Ej, /Ny is a more suitable metric than
SNR.: (see Section[6.5.2]for a quick review of the E}, /Ny concept). We may obtain this as follows. First, note that the bit
energy F at the input to the detector is

Ey = PrRGrxTy, = PrGRrx/rs (7.11)

where 1, = 1/T}, is the bit rate. Similarly, the noise power spectral density Ny at the input to the detector is
No = kTsysernrGRrx (7.12)
thus we find )
Ey PTnTGTGTL; €pGR

— = 7.13
NO kTsysTb ( )

20ften the assumption is not stated; Tez+ Will simply not be considered. If the only identified sources of noise are receiver noise figure and “reference
noise” Tp, then this assumption is in effect.
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These equations will serve as the starting point for the development of link budgets beginning in Section [Z.6]

Before moving on, it should be noted that the noise represented by T, is sometimes more conveniently represented in
terms of a noise figure. Recalling Chapter @l we may define a system noise figure Fy, s with respect to a reference
temperature T as follows:
Teys

T

Foye =1+ (7.14)

where Ty is typically chosen to be 290 K (see Section 4.4.T]for a reminder about this). Thus one may replace T, with
Ty (Fsys — 1) in Equations and if desired.

Example 7.4. In Example[Z.I] we determined the power delivered to a receiver. Assume the antenna temperature is
100 K. If the receiver noise figure is 4 dB and the receiver bandwidth is 30 kHz, then what is the signal to noise ratio
at the input of the detector? For what range of bit rates do we achieve E;, /Ny > 10 dB?

Solution: Frx = 4 dB, so Trx = To(Frx — 1) = (290 K) (2.51 — 1) = 438 K. It i stated that Ty = 100 K;
taking this to mean T,,; = T'a; and eg = 0.7 and nr = 0.889 (from Example [7.1) we have

Tsys = Tewt + Trx /€rnr = 805 K. Using Equation [7.9 with quantities computed in Example [Z1] we find
SNRge: = 17.5 = 12.4 dB. This is the answer to the first question.

The second question can be addressed as follows: Comparing Equations and [Z.13] note

(7.15)

so here we seek bit rates for which 10 > (17.5) (30 kHz) /3. This condition is met for r;, < 52.7 kb/s.

7.5 Sensitivity and G/T

The sensitivity of a receiving system is the power density of an incident radio wave that is required to achieve a specified
SNR.: or Ej, /Ny at the input of the receiver’s detector. However there are many alternative definitions of sensitivity, so
we shall refer to this particular definition as formal sensitivity. To say a radio is more or less sensitive is to mean that the
radio requires higher or lower incident power density to achieve a specified level of output signal quality. The concept of
sensitivity plays an important role in the design and analysis of radio links.

Different applications employ different definitions of sensitivity, many not entirely consistent with the formal definition
offered above. A very common way to define sensitivity is to specify the value of Pg (that is, the power at the input of the
receiver, neglecting any antenna-related losses) required to achieve a specified level of output signal quality. For example,
the US TIA-603 standard for land mobile radio (LMR) systems using narrowband FM specifies that the receiver should
produce an output audio SINAD of at least 12 dB when a properly-modulated audio test tone is applied at a level (Pr) of
—116 dBm [81]]. SINAD is the ratio of desired signal to the sum of noise, interference and distortion. The antenna and
associated losses are not considered, and the result depends in part on the details of the modulation.

Schemes that exclude the antenna and associated losses are popular because they are easy to measure. (The most popular
of these we be addressed in Section[T1.6l) The drawback of such schemes is that not all antennas have the same directivity,
efficiency, or VSWR, so two radios having the same “Ppr-based” sensitivity can exhibit significantly different formal
sensitivity when employed in a link. In applications such as LMR this is not considered a serious problem, because mobile
antenna technology options are very limited, so all manufacturers of LMR radios typically end up building radios with
similar Gr, €r, and ngr, and any two radios used in the same location will experience a similar 7'4. Technology options
for receiver design, on the other hand, are many and vary over time, so differences in the formal sensitivities of mobile
radios tends to be attributable to differences in receiver noise figure (or linearity, as we shall see in Chapter[11)), which is
taken into account in receiver-only sensitivity testing.
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In other applications, sensitivity may be specified in terms of T, (or, occasionally, F,s). We encountered system
temperature T, in the previous section. Compared to a “receiver only” sensitivity specification, T, has the advantage
of taking into account 7., (thatis, T'4), €, and np, but it does not take into account the role of the receive antenna
directivity Gr in improving signal-to-noise ratio.

A T, s-based sensitivity metric which does account for G'r is “G/T” (spoken “G over T”). This metric emerges from
Equation [ZIQ note that the contribution of the receiving system to the signal-to-noise ratio at the input of its detector is
proportional to Gg/Tsys. The ratio Gg/Ts,s is commonly known as G/T, and frequently referred to as a “figure of merit”,
because it facilitates “apples-to-apples” comparison of the formal sensitivity of systems with different hardware
characteristics.

The G/T characterization of sensitivity is most useful when both G'r and T, are separate parameters of interest under the
control of the designer of the receive end of the link, and both parameters can be known to a useful degree of accuracy. An
example is a ground station receiving signals transmit from a satellite. In this scenario, Pr is typically severely
constrained due to limitations in power, space, and mechanical factors in the space environment. Thus, there is particularly
high incentive to maximize G'r and minimize 7, s. Consistently high G r can be achieved using an electrically-large
reflector antenna which tracks the transmitting satellite. However such antennas are mechanically complex and expensive
to construct and operate, so there is strong incentive to make G'r only as large as is necessary to achieve acceptable
sensitivity. Minimizing T, means reducing the noise figure of the receiver, which may not be technically possible, or
might require compromises in other system specifications, such as linearity. Such systems are typically analyzed and
specified in terms of G/T because this metric concisely represents the chosen tradeoff between antenna performance and
receiver noise figure, as well as indicating the formal sensitivity.

Example 7.5. What is G/T for the mobile receiving system considered in Examples [Z.1] and [Z.4?

Solution: From Example [Z1] (problem statement), Gz = 2 dBi. From Example[7.4] T, s = 805 K. Therefore G/T
= GR/TSys =0.00197 K~ ! = —27.1 dB(K—1). Note it is fairly common to use the informal notation “dB/K” in lieu
of the proper but cumbersome “dB(K~1)”.

This section has provided an overview of sensitivity that is sufficient to tackle the remaining topics in this chapter. There is
much more to consider, but for that we require concepts from Chapters [BHITl We shall return to this topic when we
consider the topic of antenna-receiver integration in Chapter[121

7.6 Link Budget

A link budget is simply a calculation of SNR.; or Ej, /Ny for a radio link, typically using expressions from Section
with all values separately and explicitly stated. Frequently, SNR 4.+ or F}, /Ny is specified, and the purpose of the
calculation is to determine the values of the other parameters necessary to “close the link” — that is, to meet or exceed the
specification. It is traditional to express the calculation in logarithmic form, in which the factors are expressed in decibels
and added (if they appear in the numerator) or subtracted (if they appear in the denominator). To illustrate this approach,
consider Equation and let us assume Pr is in units of W. After taking the the base-10 logarithm of each side, the
right side is expanded into the sum of terms, and then each term is multiplied by 10 to obtain expressions in decibels.
Table [Z1]shows the result in the customary form.

There is no one “correct” way to construct a link budget. For example, we noted in Section [7.4that kT, could be
replaced by kT (Fys — 1) if we are inclined to use noise factors in lieu of noise temperatures. In this case, the lines
“Boltzmann’s Constant” and “System Temperature” could be replaced as follows:

] Parameter Unit Calculation +/— ‘

Reference Noise dB(W/Hz) 10logq k1o -
Receiver Sensitivity dB 10log g (Fsys — 1) —
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Parameter Unit Calculation +/— ‘
Transmit Power dBW 10log¢ Pr +
Transmit Mismatch Efficiency dB 10logyo nr +
Transmit Efficiency dB 10logg er +
Transmit Antenna Directivity ~ dBi 10log,o G +
Path Loss dB 10logyo Ly -
Polarization Match Efficiency dB 10log; €, +
Receive Antenna Directivity dBi 10log,y Gr +
Boltzmann’s Constant dB(J/K) 10log,ok —
System Temperature dB(K) 10logo Tsys —
Bit Rate dB(b/s) 10logqo 7 -
Ey/Noy dB (sum)

Table 7.1: Interpretation of Equation [Z.13as a link budget. The last column indicates whether the calculated value is added
or subtracted.

In the “Reference Noise” plus “Receiver Sensitivity” approach, T} is usually specified to be 290 K. Then the constant
kETy = 4.00 x 102! W/Hz, more commonly expressed as —204.0 dB(W/Hz) or —174.0 dB(mW/Hz)H It is often useful
to identify kT; separately, since it is not a design parameter and cannot be changed. The minimum value of Fy, is 1

(0 dB), meaning there is no noise, and therefore E} /Ny — oo in this case. Fyys = 2 (3.0 dB) means simply that

Tsys = Tp. Generalizing, Fs, s — 1 is the factor by which Ty, is greater than Tj.

It should be noted that Te,¢, Trx, €r, and 77 do not appear explicitly in either the kT, or KTy (Fisys — 1) approaches;
instead, they are “embedded” in the definitions of T, and Fy,, respectively (see e.g. Equation[7.8)). In some applications
it may be desirable to show some of these factors explicitly, as separate lines. This is possible in the T, approach if

Tewt < Trx /€ RnRH In that case we can substitute the following for the k and T, lines (using Equation [7.3):

] Parameter Unit Calculation +/- ‘
Receive Efficiency dB 10log g €r +
Receive Mismatch Efficiency dB 10logyg 1R +
Receiver Noise dB(W/Hz) 10log,q kTrx —

Using the relationship Trx = Tp (Frx — 1) we have, under the same assumption:

Parameter Unit Calculation +/— ‘
Receive Efficiency dB 10logg €r +
Receive Mismatch Efficiency dB 10logyg R +
Reference Noise dB(W/Hz) 10logq k10 —
Receiver Noise dB 10log,y (Frx — 1) -

If it is also true that Frx > 1, then we have

’ Parameter Unit Calculation +/— ‘
Receive Efficiency dB 10logg €r +
Receive Mismatch Efficiency dB 101ogyo nr +
Reference Noise dB(W/Hz) 10logq k10 —
Receiver Noise dB 10log,y Frx —

31t is common to see this factor identified in link budgets as “thermal noise” or “noise floor”. Both are misleading, as the value Ty is arbitrary and is
specified only because it is intrinsic to the definition of noise figure; see Section[4.4]
4As demonstrated in Example[Z4land Section[Z.9] this assumption is not always valid, so be careful to check first!
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Now, an important point: This last form of the link budget is not only the F'rx > 1 approximation, but also turns out to be
exact in the special case that T,,; = TOE This fact tends to generate a lot of confusion, since it is easy to forget that this
form of the link budget accounts for the in situ sensitivity only in the special case that T,,; = Ty, which is often not true —
not even approximately. Otherwise, it is only valid if Frx is quite large, which is not a reasonable assumption for many
receivers.

Link budgets are used in many different ways, depending on the application and the intent of the analysis. Also, it is
common to include additional factors in link budgets to account for particular concerns. Two common additions are “link
margin” (demonstrated in Section[Z.7)) and “fade margin” (demonstrated in Section [Z.9). In the following sections we
demonstrate some common uses of link budgets, including these additional factors.

7.7 Analysis of a 6 GHz Wireless Backhaul; Link Margin

The base stations and switches in a cellular telecommunications system are sometimes interconnected using fixed
point-to-point data links operating at frequencies of about 6 GHz. This application is commonly referred to as “backhaul”.
Wireless backhaul links are typically implemented using reflector antennas mounted high above the ground, using the
same towers used to mount the cellular antennas. In a well-designed backhaul link the propagation is nearly “free space”
because the power is concentrated in a narrow beam formed by the transmit antenna. Here are some design parameters for
the particular system we would like to analyze:

* Transmit power is 10 mW.

» Transmit and receive antennas are identical 0.5 m diameter circular paraboloidal reflector systems. Aperture
efficiency is 60% and losses due to antenna efficiency and impedance mismatch are negligible.

* The link range is 30 km.

* The system noise figure is 11 dB with respect to Ty = 290 K, which includes losses in cables between the antennas
and ground-mounted equipment. The contribution from noise external to the antenna/receiver system is negligible in
comparison.

* 45 Mb/s QPSK modulation with BER < 1076, without forward error correction, is specified.

Can we close the link? The first step is determine the Ej, /Ny requirement. Recall from Chapter [6] that the BER for
optimally-detected QPSK is Q (\/ 2F, /NO) (Equation [6.43)). From this we find the required Fj,/No > 10.5 dB. Before
constructing a link budget, note that the question can be answered using Equation directly:

¢ From the problem statement, Pr = 0.01 W.

* The directivity of the transmit and receive antennas can be computed using Equation with €,.,4 = 1, ¢, = 0.6,
A=c/f =5cm,and Appys = 7 (0.5 m/2)* = 0.196 m2. This gives G = Gz = 592 = 27.7 dBi.

e From the problem statement we assume e =77 = land eg = nr = 1.

* Path loss in this case can be assumed to be equal to the free space value (Ly0).

* Presumably the polarizations are aligned, so €, ~ 1.

e Toys = To(Fsys — 1) and F, = 11 dB with respect to Ty = 290 K, so T, = 3361 K.

* The bit rate r, = 45 x 106 b/s

SIf this is not already apparent, see the step-by-step derivation in Section[IT.6]leading to Equation T1.37]
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Parameter Value +/— Comments

Transmit Power 10 dBm + 10 mW

Transmit Mismatch Efficiency 0 dB +

Transmit Efficiency 0dB +

Transmit Antenna Directivity ~ 27.7 dBi + see text

Path Loss 137.6 dB — R = 30 km; see text
Pol. Mismatch Efficiency 0dB +

Receive Antenna Directivity 27.7 dBi + see text

Reference Noise —174dB(mW/Hz) — To =290 K
Receiver Sensitivity 10.6 dB — gy, =11dB

Bit Rate 76.5 dB(Hz) — 45 Mb/s

Required Ej, /Ny 10.5 dB BER=10"° for QPSK
Link Margin 4.2 dB

Table 7.2: Link budget for the 6 GHz wireless backhaul of Section [Z.71

Applying Equation [Z.13] we obtain F}, /Ny = 14.7 dB. This is greater than the required E}, /Ny, so the link is closed.

Now we approach the problem using a link budget. First we populate the entries in the link budget as shown in Table
Note Pr is expressed in dBm (as opposed to dBW), which is typical when dealing with powers less than a few watts.
Consequently, the reference noise power spectral density is expressed as —174 dB(mW/Hz).

Notice that the achieved Ej, /Ny is not explicitly shown in this link budget; shown instead are the required E}, /Ny and a
“link margin” equal to the ratio of the calculated Ej,/Nj to the required Ej,/Ny. The sum of these (in dB) is equal to the
expected 14.7 dB. The concept of link margin is useful as a measure of the ability of the link to accommodate
unanticipated losses while remaining closed. This link can accommodate 4.2 dB of additional losses before failing the
E, /Ny requirement.

In this application, a common cause for additional loss is misalignment of the antennas, either as a result of inaccuracy in
installation, or due to effects such as wind loading. Since each antenna is 10\ across, the HPBW is only about 6°. If each
antenna is mispointed by just 3°, then the power delivered to the receiver will be reduced by 3 dB. Since the link margin is
4.2 dB, this very plausible problem will not cause the link to open. Similarly, small amounts of impedance mismatch,
additional loss, and polarization misalignment will not cause the link to open. Link margins are included in link budgets
for most applications, and for some applications can be very large, especially if the reliability of the link must be very high.

7.8 Analysis of a PCS-Band Cellular Downlink

Mobile cellular telecommunications systems consist of fixed base stations operated by a service provider, and mobile
phones operated by the users (See Figure[[.6] and associated text). A base station typically includes one or more
tower-mounted antennas intended to serve all mobiles in a predetermined geographical area known as a “cell”.
Partitioning of the service area into cells is essential due to regulatory constraints on transmit power (which limit range)
and the need to reuse frequency channels due to the limited availability of spectrum.

The principal metrics of performance for contemporary cellular systems are data rate and availability. Availability can be
defined as the fraction of a cell over which a specified data rate can be supported. Presently (c. 2013) cellular service
providers strive to offer data rates comparable to contemporary Wi-Fi systems, which are on the order of 10 Mb/s. The
bandwidth of cellular channels is on the order of 10 MHz (significantly larger for some systems), so such rates are possible
in principle. However 10 Mb/s is quite difficult to achieve on a typical cellular radio link with a high degree of availability.
The highest rates realized in operational systems using 4G technology is about 10 Mb/s, but with low availability. Most
systems are able to sustain rates of only 0.1-1 Mb/s for availability approaching 100%. In this section, we will use link
budget analysis to understand why this is so.
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Let’s consider the design parameters for a hypothetical PCS-band cellular downlink. The PCS band is spectrum around
1900 MHz allocated to the operation of mobile cellular telecommunications systems in the U.S. The path from the base
station to mobile, usually referred to as the “downlink™, is of particular interest because this link typically requires the
higher data rate. Each PCS system follows a technical standard that specifies specific services, data rates, and modulations
and coding schemes (see Appendix B)). However it is possible to understand generally what is possible without limiting
our attention to a specific standard.

Here are parameters for a hypothetical PCS downlink (all typical):

e Maximum available base station transmit power: 10 W. This is constrained by at least two factors: (1) Necessity to
avoid interference to nearby cells which much reuse frequencies due to the limited availability of spectrum, and (2)
the technical challenge (hence, cost) of power amplifiers with sufficient linearity to accommodate complex
modulations and constrain “regrowth” of spectrum into adjacent frequency channels. (More on this in Section[I7.4)

» Base station transmit antenna directivity of 15 dBd over the entire cell, with negligible losses due to efficiency and
impedance mismatch. This can be achieved using a vertical column of patch-type elements which are combined to
make a pattern which is broad in azimuth (to cover the sector) and narrow in elevation. It is typically not practical to
significantly increase directivity, since this would require narrowing the beam in azimuth (leading to reduced ERP at
the azimuthal edges of the cell) or narrowing the beam in elevation (leading to reduced ERP close to the base
station).

* Propagation is characterized by Equation[Z.3|with L,,(R,) = 128.3dB, R, = 1 km, n = 3.2, and « = 0, with
Rayleigh fadingﬁ

» Typical PCS base station antennas employ dual orthogonal polarizations, and base stations are typically able to
near-optimally combine these polarizations, so we’ll assume that there is no loss due to polarization mismatch; i.e.,
ep ~ 1.

* The mobile’s antenna will be assumed to have an approximately omnidirectional pattern with maximum directivity
of 0 dBi, a VSWR of about 2:1, and is about 50% efficient.

* The receiver noise figure is 7 dB with respect to Ty = 290 K.

 External noise will be assumed to be negligible compared to internal noise.

Before constructing the link budget, we should determine how we will account for noise. A receiver noise figure of
Frx = 7 dB with respect to T, = 290 K corresponds to a receiver noise temperature Trx = 1163 K. From the problem
statement we have ng ~ 0.5, ' & 1/3, and T,,: negligible; thus

Trx
€RTR

Toys = Toar + ~ 2618 K (7.16)

Table[Z.3lshows a link budget. To facilitate our analysis, it is structured somewhat differently from the previous examples:
We keep R and 7, as free parameters, and express the result in terms of those parameters in the bottom line. Also, path
loss is now represented as two entries in the link budget: These are obtained by taking 10log; of both sides of

Equation [/.3|and arranging the right side as follows:

_ _ 1\"
10log,y Ly (R) = 10log;, {LP(Rb) <Rb> ] + 10nlogo R (7.17)

Now, as long as we are careful to use the same units for R and R;, we can use any distance units we like. Using km, the
first term is simply L, (R;) in dB, and the second term is simply a “correction” to obtain L, (R) for R > Ry,

These are pretty typical parameters. I obtained them by fitting Equation[Z3]to the COST231-Hata suburban model (Appendix [A3) with base station
height 100 m and mobile height 2 m. The agreement is to within 0.2 dB for R from 1 km to 10 km.
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Parameter Value +/— Comments
Transmit Power 40.0 dBm + 10W
Transmit Mismatch Efficiency 0.0 dB +

Transmit Efficiency 0.0dB +

Transmit Antenna Directivity ~ 17.1 dBi + 15 dBd
Path Loss at 1 km 128.3 dB -

Path Loss Dependence on R 32log;((R/km) dB - n=3.2

Receive Antenna Directivity
Boltzmann’s Constant

0.0 dBi
—198.6 dB(mJ/K)

k=138 x 1072 JK

System Temperature 34.2 dB(K) — Tys ~ 2618 K
nr =50%
VSWR =2
Frx =7dB
Negligible T+
Bit Rate 60 dB(b/s) -
+101log;o (1p/(Mb/s))
Ey/No 33.2dB Mean over fading
—32log,o(R/km)

—101log;q (15/(Mb/s))

Table 7.3: Analysis of the hypothetical PCS downlink of Section

Another feature of this link budget is that bit rate is represented so as to make Mb/s (as opposed to b/s) the “natural” unit

of data rate:
Ty

Mb/s

101og,, 5 = 101ogy, [ (10° b/s)} = 60 dB(b/s) + 101ogy, ﬁ (7.18)

Because we are almost certain to have fading but have not yet accounted for this possibility, we identify the result as the
mean F} /Ny and obtain:
Ey /Ny = 33.2dB — 32logo(R/km) — 101log (rp/(Mb/s)) (7.19)

For example: For R = 1 km and r, = 1 Mb/s, the last two terms are zero and we have simply E, /Ny = 33.2 dB. That’s a
pretty high value (even in the presence of fading), so the situation initially appears promising. However, it is also clear
from the above equation that each order-of-magnitude increase in R “costs” 32 dB, and each order-of-magnitude increase
in ry, “costs” 10 dB. So, for example, if the base station needs to support R up to 10 km and 7 up to 10 Mb/s, E, /Ny sinks
to —8.8 dB, which would be unacceptable even if there were no fading to consider. It is also clear that there is no readily
available method to significantly improve this situation, since it is not reasonable to expect to be able to scrounge more
than a few dB from any parameter appearing in the link budget other than R or 7.

Figure [7.2] shows the relationship between 1, Ej, /Ny, and R under the assumptions made above. This provides a broader
perspective on the situation. Note that any modulation + channel coding scheme capable of delivering data rates greater
than ~ 0.1 Mb/s must be able to work at E} /N, which is quite low. For example, a scheme yielding 10 Mb/s at ranges
greater than about 5.3 km must be able to deliver satisfactory BER for E}, /Ny < 0 dB. Recall from Chapter [6] that this is
not likely to happen — see e.g. Figure[6.26 and the associated text.

The horizontal line at Ej, /Ny ~ 16 dB in Figure[Z2] represents a plausible operating point, corresponding to BER = 102
for coherently-detected QPSK in Rayleigh fading, without channel coding. Although 10~2 would probably not be an
acceptable BER, this could be improved to an acceptable level using an appropriate channel coding scheme (Section [6.13).
However the channel coding scheme would also degrade spectral efficiency by a factor equal to the code rate, which could
be as low as 1/4.

Returning to Figure[Z.2] we see this approach would limit the availability of 10 Mb/s service to significantly less than
1.6 km at best. One additional observation from Figure[7.2t The reason E}, /Ny = 6 dB is identified as a lower bound is
that modulations with channel coding tend to perform worse than modulations without channel coding below some
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Mean E,/N, [dB]

Range [km]

Figure 7.2: E}, /Ny vs. range (R) for r, = 0.1, 1, and 10 Mb/s in the hypothetical PCS system of Section [Z8 The
shaded area indicates the range of Ej /Ny that might reasonably be proposed as an operating point for this system. The
horizontal dashed line is the Fj,/N; required for QPSK to achieve BER= 10~2 in Rayleigh fading without channel coding
or interleaving.

threshold level of Ej, /Ny (Section[6.13), and that threshold is typically below 6 dB. Since channel coding is essential in
this application, F} /Ng = 6 dB is a practical lower limit, and we should be prepared to increase this to achieve an
acceptable level of reliability. Using the E;, /Ny = 6 dB threshold implies 10 Mb/s service will be limited to about 3.3 km
and that any data rate covering the entire 10 km range of interest will be significantly less than 1 Mb/s.

We now have an answer to the question posed at the beginning of this section: “Why is it so hard for PCS to offer
10 Mb/s?”. So what would it take to do significantly better? There are essentially two possible strategies. One strategy is
to simply make the cells smaller, so that R can be smaller. This is practical in some cases (resulting in so-called

“nanocells”, “picocells”, and “femtocells”); however this dramatically increases the number of cells required to cover a
defined service area. This approach is extraordinarily expensive and logistically onerous — but often necessary.

The second strategy is to use more bandwidth, but first let us be clear: The above analysis clearly shows that simply
increasing the data rate to exploit a larger bandwidth would not be helpful. This is because increasing data rate while
holding transmit power constant simply distributes the same power over a larger bandwidth, which degrades SNR because
the total noise power is also increased. However the larger bandwidth could be divided into subbands equal in size to the
original bandwidth, and used to operate multiple links (“carriers”) in parallel. With IV carriers running in parallel, the data
rate available to a mobile which is able to simultaneously access those carriers increases by N. This is referred to as
carrier aggregation.

A different but essentially equivalent approach is adopt the CDMA strategy, in which the data is distributed across a larger
bandwidth using different spreading codes, as opposed to different carriers. The downside in both schemes is that capacity
(the number of users that can be simultaneously supported at a given level grade of service) is reduced linearly with
increasing data rate provided to users. Since the number of users of such systems is continuously increasing, and
additional spectrum is not readily available, increased carrier aggregation (in either the multicarrier or CDMA forms) is
challenging to implement in PCS cellular systems. This analysis should also provide some insight as to why spectrum is
considered so valuable.
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7.9 Analysis of an HF-Band NVIS Data Link; Fade Margin

In this section we consider a long-range portable HF-band “near-vertical incidence skywave” (NVIS) data link. In an
NVIS system, the transmitter uses an antenna with intended maximum directivity toward the zenith. The signal reflects
from the ionosphere and returns to Earth, resulting in a circular coverage area with an effective radius up to 100’s of
kilometers. Under the right conditions this propagation mechanism can have path loss similar to that of free space, so link
closure is possible with transmit power that is very low compared to higher-frequency systems. Examples of applications
in which NVIS systems are used include military operations in large, undeveloped areas; emergency communications
following natural disasters which disrupt existing means of communications; and communications from remote sensors
used in geophysical and biological data collection.

Here are the parameters for the particular system we wish to consider:

 Transmit frequency is 8 MHz, and a single channel having 3 kHz bandwidth is dedicated to this application.

* Transmit power: To be determined; our goal is to specify the minimum transmit power that meets the system
requirements.

* Both transmit and receive antennas are nominally horizontally-mounted half-wave dipoles. However the antennas
are likely to be misshapen due to the “field expedient” (temporary, perhaps improvised) nature of their installation.
As aresult, G and G could be anywhere between 0 dBi and 8 dBi. The dipoles are impedance-matched using
automatic antenna tuners (more on those in Section[12.6), so 17 = nr = 1. If no ground screen is used,
er ~ eg =~ 0.5 due to ground loss (as to why the ground emerges as a loss mechanism, see Section[3.3.2).

* The distance between radios could be up to 200 km. Since the altitude of the ionosphere’s reflecting (F) layer varies
between 130 km and 400 km (Section[3.8)), so the maximum path length R is about 2,/4002 + (200/2)2 = 825 km.

* NVIS path loss is highly variable. However, a reasonable starting point is to assume free space propagation over the
path length and perfectly efficient reflection, plus 20 dB to account for D layer absorption during the day
(Section[3.8)). In addition, an 18 dB fade margin is specified, which in principle provides about 98% availability
assuming the fading is Rayleigh-distributed (Figure and associated text).

» The ionosphere rotates and scatters the polarization of the signal. It is reasonable to assume that the scattering is
sufficient to result in equal amounts of power in any two orthogonal polarizations. Therefore, €, ~ 0.5 regardless of
the azimuthal orientations of the transmit and receive antennas.

* NVIS receive sites tend to be located in unpopulated areas with negligible anthropogenic noise, so we shall assume
this. However this does not mean that 7., is negligible, as is explained below.

» BPSK modulation with BER < 1072 is specified. For simplicity, we shall assume there is no channel coding.

Note that three important parameters have not been identified above: receiver noise temperature, transmit power, and data
rate. Let us begin by considering receiver noise figure Frx. An initial reaction might be simply to specify Frx to be the
minimum value available from state-of-the-art technology, which would then minimize the system noise figure and
maximize the data rate for the specified BER. However minimizing noise figure has some severe consequences for other
aspects of performance. In Chapters[IQland [[1] we will find that there is typically a tradeoff between noise figure and
linearity; i.e., improving one typically happens to the detriment of the other. The principal problem with linearity in this
particular application is that we can expect to receive multiple strong signals closely spaced in frequency with the signal of
interest. This is because this portion of the radio spectrum is very crowded, and because skywave propagation allows
transmitters to be received over global distances with relatively low path loss (Section 3.8). So, one should be careful not
to over-specify Frx; otherwise we risk forcing a receiver designer to unnecessarily give up some valuable linearity.

A better way to specify Frx in this application is as follows. Since nr ~ 1 due to the use of an antenna tuner,
Equation [Z.8| becomes:
Trx
€R
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Parameter Value +/— Comments
Transmit Power 10log,y Pr dBW  +
Transmit Mismatch Efficiency 0 dB + tuner in use
Transmit Efficiency —-3dB + 50% ground loss
Transmit Antenna Directivity 0.0 dB1 + worst case; see text
Free Space Path Loss 108.8 dB - R =825 km
D-layer Absorption 20 dB — Daytime
Fade Margin 18 dB — est. 98% availability
Polarization Match Efficiency —3 dB +
Receive Antenna Directivity 0.0 dBi =+ worst case; see text
Boltzmann’s constant —228.6 dB(J/K) — kE=1.38 x 1072 J/K
System Temperature 50.0 dB(K) — Toys = Toqt = 10° K
er =50%, ngp = 1
Frx <12.6dB
Bit Rate 10log,o m» dB(b/s) —
Ey/Ny 6.7 dB BER=10"3 for BPSK
Link Margin 19.1dB
+10 10g10 PT
—10logqy 7

Table 7.4: Link budget for the HF data link of Section

where 7., quantifies of the external (environmental) noise captured by the antennaﬂ At 8 MHz, the smallest T,,; can be
is ~ 10° K, attributable to Galactic noise (see Equation 29 and associated text). That’s a pretty big value, so it’s worth
considering if the receiver noise temperature even matters. For example, 10° K > 10 x Trx /er when Trx < 5000 K. So:
if Trx < 5000 K, then Ty, is dominated by T, in the sense that Trx contributes at most 10% to T, ;. Summarizing:

Tays ~ Towy if Trx < 5000 K (7.21)

This is useful information because the receiver noise figure Frx = 1 4+ Trx /Tp =~ 12.6 dB (with respect to Ty = 290 K)
for Trx = 5000 K. 12.6 dB is a relatively high noise figure, and there does not appear to be much benefit to making Frx
smaller, since we have just shown that there will be very little effect on T, if we do so. This condition is known as
external noise dominance: The sensitivity of the receiver is determined to a good approximation only by external noise,
which is beyond the control of the engineering team. In a sense, this represents the theoretical best possible sensitivity, and
therefore makes further improvements to F'rx essentially irrelevant.

We now construct a link budget based on Equation [Z13} Recall from Chapter[@] that the BER for optimally-detected BPSK
is Q (s /2FE), /No). From this we find the required F}, /Ny > 6.7 dB. The link budget is shown in Table [Z4] (constructed

following a scheme similar to that employed in the previous section) and indicates we can satisfy this requirement with a
link margin equal to
19.1 dB + 10log,o Pr — 10logq 1 (7.22)

In other words, we have a link margin of 19.1 dB for Pr = 1 W and r, = 1 b/s.

The data rate is constrained by the 3 kHz specified bandwidth, so let’s consider that first. BPSK with optimal pulse
shaping has a spectral efficiency of 1 bps/Hz, so r, < 3 kb/s. For r, = 3 kb/s, the link margin becomes

—15.7 dB + 101log; ¢ Pr. Thus the link is closed for the maximum data rate supported by the bandwidth if Pr > 36.9 W.
Any increase in transmitter power beyond 36.9 W increases the link margin — not a bad idea, as noted below — but cannot
be used to increase the data rate. Of course, the data rate will be reduced by any overhead incurred in channel coding.

It should be noted that there are some good reasons why the necessary transmit power might be significantly less than or
greater than the value of 36.9 W that we have derived. At night, D-layer absorption is negligible and thus transmit power
can be reduced by 20 dB to about 369 mW. Similarly, recall our assessment of antenna directivity in the link budget is

7Also, don’t forget the choice made earlier to define Te+ as the antenna temperature 74 with e factored out.
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pretty pessimistic. If the directivities of the transmit and receive antennas turn out to be 8 dBi as opposed to 0 dBi, then the
required daytime transmit power is reduced by 16 dB to just 920 mW. On the other hand, it should be noted that there are
some good reasons to consider transmit power of 100 W to as high as 1 kW in this application. These include atmospheric
noise “eruptions” (typically associated with thunderstorms and solar activity; Section4.3.2) and anthropogenic
interference (Section[4.3.3), which can increase 7T, and therefore Tsys, by orders of magnitude. Also, NVIS propagation
is vulnerable to anomalous but nevertheless common ionospheric scattering which can temporarily increase path loss by
orders of magnitude. In general, increased transmit power is useful for improving the reliability of the link. Thus, 100 W
to 1 kW is justifiable on that basis.

A caveat before moving on: As noted above, HF propagation and noise conditions are extremely variable. In the scenario
considered in this problem, the irreducible environmental noise T, will typically be significantly higher than assumed
here, allowing F'rx to be be considerably higher while maintaining external noise dominance. Also, the propagation
conditions will frequently be very good, temporarily obviating the need for a large fade margin. Since higher noise figure
implies improved linearity, there is incentive to allow noise figure to be variable so as to optimally accommodate both the
pessimistic situation presumed by the link budget, and more favorable typical conditions.

A second consequence of the variability of HF propagation and noise conditions is that link budgets typically cannot be
used to design specific links, as is common practice at higher frequencies. At HF the utility of link budget analysis is
limited to understanding the link in a generic way. This is nevertheless useful: In this application, for example, link budget
analysis provided a means to synthesize reasonable hardware requirements and to confirm the feasibility of a link capable
of the maximum data rate supported by the available bandwidth.

7.10 Analysis of an K, -Band Direct Broadcast Satellite System

Direct broadcast satellite (DBS) is a popular method for distribution of television channels to homes and businesses. A
DBS link consists of a broadcast satellite in geosynchronous orbit, and a home user receiving system consisting of a dish
(reflector) antenna assembly and a receiver. Because the satellite is in geosynchronous orbit, its position in the sky remains
fixed, eliminating the need for the dish assembly to move. Dish assemblies consist of a dish with a low noise block (LNB)
feed system. The LNB is a single assembly containing the feed horn, the first stages of gain and amplification, and a
downconverter. The purpose of the downconverter is to shift the center frequency of the signal from Ky-band (=~ 12 GHz)
to L-band (approximately 1-2 GHz); see Chapters[14] and [I3]for more on this technique. The reason for the shift to
L-band is that this results in lower loss when the signal is sent by cable from the dish assembly (typically on the roof) to
the receiver (typically near a television), which subsequently mitigates the contribution of the cable loss to the system
temperature — see Example [4.6] for an example of how that can happen.

In this section, we wish to consider how to specify the performance of the dish assembly, and then consider the range of
dish sizes and LNB noise figures that is viable for this application. As we have done in previous sections, let us begin by
itemizing what is known in this problem. All of the following values are typical.

* The satellite is in geosynchronous orbit, so the range from satellite to home dish assembly is approximately
36,000 km.

* The satellite broadcast EIRP is at least 55 dBW per channel.

¢ The center frequency is 12 GHz.

* Free space propagation can be assumed, with two modifications: First, about 0.5 dB attenuation is expected due to
absorption by the atmosphere. Second, the link is vulnerable to severe fading when it rains. A 7 dB fade margin to
account for rain is assumed sufficient for 99.9% availability; that is, it is assumed the loss due to rain is less 7 dB at
least 99.9% of the time.

* Linear polarization is used. It is difficult to align polarizations with high precision, so we shall assume 0.4 dB loss
due to polarization mismatch. You might ask why not instead use circular polarization, which would obviate the
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’ Parameter Value +/— Comments ‘
Satellite EIRP 55 dBW +
Free space path loss 205.2 dB — Geosynchronous orbit
Atmospheric absorption 0.5 dB —
Rain fade margin 7.0dB — 99.9% availability
Polarization match efficiency —0.4 dB +
Ground station G/T 10.5dB(K™1) +
Boltzmann’s constant —228.6dB(K) —
Bit Rate 70.0 dB(bps) — 10 Mb/s
Required Ej/Ny 8.0dB
Link Margin 3.0dB

Table 7.5: Link budget for the Ky-band DBS satellite link of Section

need for precise alignment. The answer in this case is that horn antennas tend to yield intrinsically linear
polarization, and synthesis of a circular polarization from linear polarizations (as described in Section2.3) requires
RF hybrid devices whose intrinsic losses would significantly impact the satellite’s power budget and the receiver’s
system temperature. Since neither end of the link moves very much relative to the other, linear polarization works
OK in this application and yields slightly better performance from a link budget perspective.

* The antenna temperature varies with pointing relative to zenith, which depends on the geographical location of the
user. Anthropogenic contributions are typically negligible. A worst case value of T¢,; = 100 K will be assumed.

* The design of the LNB-cable scheme is such that the signal-to-noise ratio at the receiver input is approximately
equal to the signal-to-noise ratio at the LNB output. (Again, this is the “trick” demonstrated in Example [4.6])

* The nominal channel data rate is 10 Mb/s, and E}, /Ny > 8 dB is desired at the receiver input.

* A link margin of 3 dB is deemed adequate to account for manufacturing tolerances and likely errors associated with
installation and aging. The dominant source of error is expected to be dish assembly pointing error.

First, we wish to determine the required G/T for the dish assembly. We wish to specify G/T in particular, as opposed to
dish directivity and LNB noise figure separately. This is for two reasons: First, G/T conveniently accounts for all factors
associated with the dish assembly in one figure of merit. Second, dish assemblies are typically purchased from
manufacturers who are separate from the DBS service provider. The G/T specification allows the manufacturer maximum
flexibility in design. For example, a manufacturer that is particularly skilled in LNB design might be able to meet the G/T
specification with a smaller-than-expected dish, whereas a manufacturer skilled in dish design might be able to achieve a
lower overall cost by improving aperture efficiency, allowing a noisier but less-expensive LNB to be used. By specifying
G/T as opposed to dish size or LNB noise figure, all of these options remain open.

We now construct a link budget. As before, we begin with Equation but some modifications are in order. Since
transmit power and receive sensitivity are quantified in terms of EIRP and G/T respectively, we use Equation [7.5and
G/T=GR/Tsys to obtain:
-1

Ey _ (EIRP) L, ¢, (G/T) (723)

N, 0 krb
The above equation is the basis for the link budget shown in Table We find that the required G/T for the dish assembly
is11.2K! =10.5dB(K ).

Now we consider the range of possibilities available to the dish assembly manufacturer. If the dish has a circular aperture
then the dish assembly can be described in terms of the dish diameter D, the aperture efficiency ¢,, and the system
temperature T,,. From Equation[7.8] the system temperature depends on T, and the LNB noise temperature Trx. If we
assume that eg =~ ng ~ 1, then Ty =~ T, + Trx. The G/T specification can now be written in terms of the remaining
parameters as follows:

e (D/N)?

>11.2K™! 7.24
Ta+Trx — (724
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Figure 7.3: Tradeoff between dish diameter and LNB noise figure in the DBS system of Section [Z.10l

where the numerator is the directivity of a circular reflector (Equation[2.64). We might conservatively assume an aperture
efficiency of 50% (Section[2.10.2)), then ¢, = 0.5. Earlier in this section, a planning value of T,,; was indicated to be
100 K. The only two remaining parameters are D and Trx, and the G/T specification bounds one once the other is set.

Figure[/.3| shows the resulting tradeoff between D and Trx, which is expressed in the figure as noise figure (Frx) with
respect to 290 K. Note that D must be ~ 0.4 m or larger, and that the penalty for increasing noise figure is a significant
increase in the required dish size. Many contemporary dish assemblies have noise figures of about 1 dB and dish diameters
of about 0.5 m, which corresponds to a point on the curve shown in Figure[7.3

7.11 Specification of Radios and the Path Forward

In the introduction to this chapter two goals were stated: Presenting techniques for the analysis of radio links, and
quantifying typical specifications for radios. Table summarizes the latter. From the examples presented in this chapter,
we have seen transmit power range from levels on the order of 100 mW to levels on the order of 1 kW, depending quite a
bit on the application. These values are representative of the vast majority of applications one is likely to encounter. We
have seen useful receiver noise figures also vary quite a bit depending on application, ranging from ~ 1 dB (DBS LNB) to
~ 12 dB or higher (HF NVIS). Here too, these values are typical of the vast majority of applications one is likely to
encounter. This information, combined with the theory of Chapters 2] through[6] provides the necessary background to
confront the problem of radio design in a properly well-informed manner.

Beginning with the next chapter, we consider the elements of radio design. At various points we will need to know
something about the goals of the design; in other words, the system requirements. Suggestions will typically be offered at
these points, perhaps referring to an example presented in this chapter. It is useful to keep in mind that the simple methods
demonstrated in this chapter are always applicable, so one can often derive a requirement, or propose a requirement by
making a few reasonable assumptions.

Problems

7.1 A land mobile radio base station transmits 50 W into a lossless and well-matched antenna having a directivity of
9 dBi. The antenna polarization is vertical. The center frequency is 155 MHz. The propagation is well modeled as
free space up to 500 m, and n = 4 beyond that range. The receiving mobile is 5 km distant, using a
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Application Sec. Freq. Pr Frx T R
DBS™M 7100 12 GHz <1dB 10Mb/s 36,000 km
Backhaul(® 77 6 GHz 100 mW 8.0dB 45 Mb/s 30 km
PCS Downlink [7Z.8 1.9 GHz 10w 7.0dB 10 Mb/s ~ 2 km

1 Mb/s ~ 3 km

0.1 Mb/s ~ 7 km

HF NVIS®) 8 MHz I0W >12.6dB  3.0kb/s 200 km
~1kW

(1) For DBS, only EIRP was indicated, so Py is not available.

() For backhaul, F,, = 11 dB. Frx value shown accounts for 3 dB cable loss.

(3) For HF NVIS, data rate was constrained primarily by 3 kHz channel bandwidth, and indicated R is distance between
radios (i.e., not path length).

Table 7.6: Comparison of the radio links considered in this chapter, sorted by frequency. For more systems, see Appendix Bl

vertically-polarized antenna with about 4 dBi directivity in the direction of the base station. The receive antenna has
a VSWR of 1.5:1 and is connected to the radio using a cable with 2 dB loss. What is the path loss and the power
delivered to the receiver?

7.2 Broadcast emission limits are sometimes specified in ;V/m at the receiver location, as opposed to EIRP in W. If the
200 MHz emission limit 20 km from the broadcast antenna is 7.2 V/m, and free space propagation is assumed,
what is the associated EIRP?

7.3 Show that Equation [7.13]is dimensionally correct. That is, show that the units of all quantities in the equation are
mutually consistent.

7.4 In Section[Z@lit is noted that if T'4 is negligible and Tsys > T, it is possible to construct a link budget in which g,
( 1-|T R|2), and F'rx appear as separate lines. Beginning with Equation [Z.13] derive this link budget.

7.5 We noted at the end of Section[Z.6lthat if T is negligible and Tsys > Ty, then it is reasonable to represent k7,5 in
the link budget as two lines, one for k7 and one for F'rpx. Show that this condition does (or does not) apply in the
case of the wireless backhaul link of Section[7.7] What is the error if we use this approximation?

7.6 In Example it was found that bit rates up to 52.8 kb/s could be supported. What combinations of modulation
and pulse shaping would accommodate this rate?

7.7 In the PCS system of Section the receiver noise figure Frx was assumed to be 7 dB. Recreate Table [7.3]and
Figure[7.2]assuming Frx = 1 dB. Comment on the availability of 10 Mb/s service with this revision.

7.8 HF NVIS can also be used for analog voice communications. For the HF NVIS system of Section recreate the
link budget (Table[Z.4) assuming SSB voice with a required predetection signal-to-noise ratio of 6 dB, and assume
fixed transmitter power of 100 W.

7.9 In the DBS system of Section we considered only EIRP, not transmit power or transmit antenna directivity. If
the transmit antenna aperture is circular and the transmit radiation efficiency is 70%, plot the relationship between
aperture diameter and transmit power required to achieve the stated EIRP.

7.10 Create a plot of maximum data rate as a function of range for a 60 GHz data link having the following
characteristics: Transmit power 1 mW, receive and transmit use identical phased arrays with antenna efficiency
40%, VSWR 1.5:1, and directivity 8 dBi, negligible polarization mismatch loss and external noise, receiver noise
figure 4 dB. Assume BPSK without channel coding, BER < 10°.



Chapter 8

Two-Port Concepts

8.1 Introduction

The electronic circuits which comprise modern radios are complex, typically consisting of discrete components numbering
in the hundreds to thousands. Analysis and design of a radio entirely at the component level, while technically possible, is
usually not efficient and is rarely done. Instead, radios are viewed as consisting of blocks, where each block is a circuit
which performs a function that can be readily understood without detailed knowledge of the consistent circuitry.

Two such blocks are filters and amplifiers. A filter may consist of many capacitors, inductors, or other structures, but to
one using a previously-designed filter it is usually just frequency response and interface impedance that are of interest — a
detailed schematic is not required. Similarly, an amplifier may consist of transistors plus circuitry for biasing and
impedance matching, but a useful block diagram-level description might require just two numbers: gain and port
impedance.

Two-port theory is the tool that facilitates representation of complex circuits as simpler building blocks. A two-port is
shown in Figure 8.1l As the name suggests, it is a device consisting of two-ports. Each port has an associated voltage and
current, defined as shown in the figure. Assuming the two-port consists entirely of linear, time-invariant, and causal
devices, the port voltages and currents can be expressed as linear combinations of other voltages and currents at the same
and other ports. Following from this idea there are four common schemes for describing relationships among the port
voltages and currents: impedance (“Z”’) parameters:

Vi=2Zuli + Zi2ls 8.1)

Vo = Zor Iy + Zaa s (8.2)
admittance (“Y”’) parameters:

I =Y Vi + Y2V (8.3)

I, =Y V1 + Yoo s (8.4)
hybrid (“H”’) parameters:

Vi=Huli + HigVs (8.5)

Iy = Ho1Ih + Haa Vo (8.6)

and scattering (s) parameters, which are introduced in Section[8.2] Other two-port parameter schemes include inverse
hybrid parameters, ABC' D parameters, and transmission (“¢”") parameters which appear in Section[8.6 In this book,
s-parameters will be used primarily.

The objectives of this chapter are to introduce two-port theory, and explain how this theory is employed to understand the
gain, input and output impedances, and stability of two-ports and cascades of two-ports. The organization of this chapter is
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I Iy
— -
+o0— —o0 +
Vi Vy

Figure 8.1: A two-port.

as follows: Section [8.2]introduces s-parameters. Sections[8.3] and [§.4] summarize the intrinsic and embedded properties,
respectively, of two-ports. Section[8.3]addresses the issue of stability and the determination of two-port gain given the
possibility of unstable operation. Section [8.6]introduces ¢-parameters and describes their use in determining the
s-parameters of systems consisting of cascaded two-ports. Finally, Section[8.7]introduces differential circuits, describes
their applications, and describes how they can be accommodated within the framework for analysis and design established
in earlier sections.

8.2 s-Parameters

In this section we introduce the two-port single-ended s-parameters (Section [8.2.1) and derive the s-parameters for a few
important two-ports, including series and shunt impedances (Section [8.2.2)) and transmission lines (Section [8.2.3). We
conclude with a summary of techniques for obtaining s-parameters for other two-ports (Section [8.2.4)).

8.2.1 Derivation of s-Parameters

Consider a two-port device which is accessed using transmission lines having characteristic impedance Zj, as shown in
Figure[8.2] As with any transmission line, Z is real-valued[] A voltage wave V/(d) travels toward the input (“1”) port. d
indicates distance from the associated port along the transmission line; i.e., increasing with increasing distance from the
associated port. Another voltage wave V;°(d) travels away from the input port. From transmission line theory, the total
voltage and current at any point on the input side transmission line is

Vi(d) = Vi (d) + VP(d) (8.7)
L(d) = [Vi(d) - V?(d)] /Zo (8.8)

(The minus sign in the above equation is correct, and follows from elementary transmission line wave theory.) These
equations can be manipulated to obtain expressions for V;'(d) and V°(d) in terms of the total voltage and current:

Vid) = [Vi(d) + ZoI1(d)] /2 (8.9)
VP(d) = [Vi(d) = ZoLi(d)] /2 (8.10)

Finally, we define quantities a; and b, in terms of V;'(d) and V°(d) respectively, as follows:

Vi(0%) _ VA(0*) + ZoLy (0)

a = 7 7 (8.11)
by = V") W(0F) — Z 1L, (07) (8.12)

VZy 2vV/Zy

I'This is not strictly necessary; however the presentation in this book assumes this and the equations for the general complex-valued case are different.
A discussion of the general case is presented in [39].
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Zy Zy
Vi (d) — ~— V5 (d)
Vlo(d) - —V(d)

Figure 8.2: Voltage waves incident and reflected at the terminals of a two-port. d is defined to be zero at the port and
increases with increasing distance from the port.

% Z
a1—> 4—3:2
b1<— —>b2

Figure 8.3: Power waves used in the s-parameter description of a two-port. Note the values of the power waves are specified
to be the values exterior to the two-port; that is, on the transmission line side of the terminals of the two-port.

where d = 0% indicates that the quantity is measured just outside the two-port and on the transmission line, where the
characteristic impedance is Zj. Note that a; and b; are associated with the inbound and outbound waves, respectively, and
have units of V/v/{2; i.e., square root of power.

On the output (“2”) side, a voltage wave Vy (d) travels toward the output, a voltage wave Vi’ (d) travels away from the
output, and the total voltage and current at any point on the output side transmission line are V2(d) and I>(d), respectively.
Following the same procedure previously applied to the input side, we obtain

_ V3(0%) _ Va(0) + Zol»(07)

a2 == N ®13
o —+ +\ +

V7o 7,
Since Vi (d), I1(d), Va(d), and I5(d) are linearly related (that is, any one can be represented as a linear combination of the
others), and since a1, by, as, and by are linear combinations of V1 (0%), I;(0™), V2(0T), and I3(0™), then ay, b1, az, and
bs must be linearly related. Thus:

by = s1101 + S1202 (8.15)

by = s2101 + S2202 (8.16)

for some set of complex-valued coefficients s11, S12, S21, and So5. These are the scattering parameters or simply
“s-parameters”. Equations and can be interpreted as shown in Figure[8.3} Each outbound wave is a linear
combination of the two inbound waves, and the s-parameters are simply the combining coefficients that apply at the ports.

The reader may fairly note that the above derivation of s-parameters seems a bit convoluted, and wonder why z or y
parameters might not be a better way to characterize two-ports. There are two reasons why s-parameters are usually
preferred for RF work. First, s-parameters are relatively easy to measure, because they are always ratios of voltages. For
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Z
o—o o—Ll o
(@) (b)

Figure 8.4: Two-ports consisting of a (a) series impedance and (b) shunt impedance.

example:
by _ V2(0%)
a1 |g,=0 B Vli(0+)

in other words, to measure s,; you launch a signal into the input port and compare it to the signal that emerges from the
output port. For radio frequency devices, this is pretty easy compared to measuring voltages and currents simultaneously,
while also shorting or open-circuiting ports. In fact, the latter is often not even an option, because some some devices
become unstable or otherwise inoperable when open- or short-circuited.

(8.17)

S21 =

The second reason s-parameters are worth the trouble is that each of the s-parameters have a useful physical interpretation.
For example, we see above that so1 is the voltage transfer coefficient from port 1 to port 2. Similarly, s is the “reverse”
(port 2 to port 1) voltage transfer coefficient. Examining s11:

g = b _w(0h)/VZy, Ve (ot)
1= — = =
a1 lg,—0  VI(01)/VZo Vi(0T)

We see s11 is the voltage reflection coefficient, typically assigned the symbol “I"” with the appropriate subscript.
Similarly, so9 is the voltage reflection coefficient for a wave arriving at the output from a transmission line with
characteristic impedance Z.

(8.18)

Now for an important point: The quantity 7 is part of the definition of the s-parameters, and in that sense is referred to as
the reference impedance. In other words, the values of the s-parameters of a two-port depend on Zj. Zj is nearly always
chosen to be 50¢2, so this point is easily forgotten. However, it is reasonable and occasionally useful to choose Zj to have
some other value, so one should always be careful to check this. The policy in this book shall be that Z; = 50€2 unless
indicated otherwise.

8.2.2 s-Parameters for Series and Shunt Impedances

Let us now work out the s-parameters for some simple but important two-ports. Figure [8.4]shows perhaps the two simplest
possible two-ports: A series impedance and a shunt impedance. In each case, the internal impedance is identified simply
as /. Let us consider the series impedance first. s11 is simply the reflection coefficient at the input when the source and
load impedances are Zj. Let Z;,, be the impedance looking into port 1. Then:

Zin —Zo (2 + Zy) — Zy Z

A _ _ 8.19
U Zn+Ze (Z+Z0)+ 20 Z+ 220 (8.19)

and from the symmetry of the problem it is apparent that

Z

_ 2
Z + 27, (8.20)

522 = S11

The forward voltage transfer coefficient s2; can be determined as follows: First, we replace the wave incident on port 1
with the following Thévenin equivalent circuit: A voltage source 2V;/(0T) in series with a discrete impedance Z,. This is
shown in Figure 8.3l This equivalent circuit can be confirmed by replacing everything to the right of port 1 with another
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....{.)...

Figure 8.5: A voltage wave on an uninterrupted transmission line (fop) replaced by a Thévenin equivalent circuit at d = 0T
(bottom).

discrete impedance Z, and noting that the voltage across the load is V;/(07). Upon substitution of the equivalent circuit,
we have a voltage divider in which V(0") is given by

V2(0T) =2V (0") s———— = V{(07) =——— , thus: 8.21
2(07) =0 7, = 0 g, - thes (8:21)
ba VL(0T) 27y
= = = _Z = 8.22
821 ai a2=0 ‘/1/‘ (0+) Z + 2ZO ( )
and from the symmetry of the problem it is apparent that
27y
= = — .2
S12 = 521 7 + 27, (8.23)

Example 8.1. What are the s-parameters for a two-port in which (a) the output terminals are connected to the input
terminals (Z = 0), (b) the output terminals are disconnected from the input terminals (Z — o0), and (c) the output
terminals are connected to the input terminals by a series resistor Z = Zj.

Solution: In each case, we can use Equations[820and[8.23] (a) Z = 0, s0 511 = s22 = 0 and s9; = s12 = 1. (b)
Z — 00,80 $11 = S92 = 1 and s91 = s12 = 0. (¢) Z = Zp, s0 $11 = S22 = 1/3 and s91 = 12 = 2/3.

The s-parameters for a parallel impedance Z (Figure[8.4(b)) are provided below, and their derivation is left as an exercise
for the student (Problem [8.7.3):

—Z
= == 8.24
511 = S22 571 Zo (8.24)
27
= e — 8.25
821 = 812 57 + Zo (8.25)

8.2.3 s-Parameters for Transmission Lines

It is useful to know the s-parameters for a section of transmission line having length [ and characteristic impedance equal
to the s-parameter reference impedance Zj. This is shown in Figure In this case there will be no reflection, because
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-Q-----0-
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Figure 8.6: A matched transmission line represented as a two-port.

(1+511)(1—522)+512521
(I—s511)(1—822)—s12521

§11 = (z11—1)(222+1)—212221
11 (z114+1)(z11+1)— 212221

211 =

2512
(1—s511)(1—822)—s12521

2212
512 = (Z11+1)(222+1)—Z12221 <12

_ 2291 2591
521 (z11+1)(z22+1)—212221 ~21 (1—s511)(1—822)—s12521

s (z11+1)(202—1)—2z12221 P _(1+822)(1—811)+812521
22 (z11+1)(z11+1)—212221 22 (1—s511)(1—822)—s12521

Figure 8.7: Conversion between z-parameters and s-parameters. z-parameters are normalized to Zy, so multiply by Zj to
get Z-parameters in impedance units.

the input and output impedances are matched. Thus, s1; = s92 = 0. The other two s-parameters can be obtained from the
voltage transfer functions, which can be worked out from transmission line theory. First, let us represent the propagation
constant of the transmission line comprising the two-port using the symbol v = « + j3 A The real part of 7y is «, the
attenuation constant, having units of 1/length. The imaginary part of -y is the wavenumber 3, having units of rad/length.
Now for a forward-traveling wave:

VE(01) =Vi(0M)e " s0 sy = e (8.26)

and for a reverse-traveling wave
VP2(0r) = V5 (0T)e ", 50 519 = (8.27)

8.2.4 s-Parameters for Other Two-Ports

For other two-ports, methods for computing s-parameters include analysis (as above); simulation, in the case of more
complicated circuits; and measurement. In Section 8.6l we will develop a fourth method in which the s-parameters of
complex two-ports can be determined from the s-parameters of simpler series-connected two-ports. Finally, it is possible
to convert between s-parameters and Z, Y, or H-parameters. These conversions are shown in Figures[8.7][8.8] and[8.9]
respectively. Note that the first step in the scheme to obtain s-parameters from Z, Y, or H parameters (whichever is of
interest) is to first obtain the normalized (unitless) z, y, or h-parameters, respectivelyﬁ Similarly, the scheme to obtain 7,
Y, or H-parameters from s-parameters requires “denormalizing” from unitless quantities in the final step.

2As is common in this field, some of these variables are being reused with different meanings. Here’s a reminder if you might have lost track: “y”

appearing here has no relationship to the fading envelope ~y(t) in Chapter[fl “c’” appearing here is the same one appearing in Chapter[7} “/3” appearing
here is the same one appearing in Chapters 2land Bl but has no relation to the path loss exponent 3 in Chapter[7]
3Note the use of lower case to distinguish the normalized two-port parameters from the unnormalized parameters. s-parameters are normalized “as

»

is”.
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S12 =

S91 =

S99 =

Figure 8.8: Conversion between y-parameters and s-parameters. y-parameters are normalized to Yy = 1/Z, so divide by

_ (=y11)(A4yao) 41092
(1+y11) (1+y22) —y12y21

—2y10
(I4+y11) (14+y22) —y12921

—2y2
(I4+y11) (14+y22) —y12921

(I1+y11)(1—y22)+y12921
(14y11)(1+y22) —y12921

Y} to get Y-parameters in admittance units.

S11 =

S12 =

S91 =

5§22 =

Figure 8.9: Conversion between h-parameters and s-parameters. h-parameters are normalized to Zy, so H1; = h11 2,

(h11—1)(y22+1)—hi2ha

(h114+1)(hog+1)—hi2ha1

2h12

(h11+1)(hoo+1)—hi2ho1

—2ho;

(h114+1)(hoo+1)—hi2har

(14h11)(1—=hos)+hishoy

(h11+1)(hoo+1)—hi2ho1

Hiy = hig, Ho1 = ho1, Hag = hos/Zy.
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Y = (1+s22)(1—s11)+812521
11 (I4511)(14822)— 812821

_ —2519
Y12 (14s11)(1+522)—S12521

_ —2591
Y21 (I4511)(14822)— 812821

Yoo = (1+511)(1—522)+512521
22 (14511)(1+522)—512821

_ (1+s11)(1+592)—s12521
hll —

(1—511)(14822)+812821

_ 2519
h12 T (1—s11)(14522)+512521
ho1 = —2521

T (1-811)(1+522)+S12521

_ (1—=s922)(1=511)—512521
hao

T (1—s11)(14522)+512521
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8.3 Intrinsic Properties of Two-Ports

We now consider some metrics that are commonly used to characterize two-ports.

Forward & Reverse Power Gain. The forward power gain of a two-port is the defined as the ratio of the power delivered
to an output load equal to Z; (i.e., equal to the reference impedance) to the power applied to the input from a source
impedance equal to Z. Because so; is a voltage ratio defined with respect to input and output impedances equal to Z, the
forward power gain is |sg1 %, or 20 logy |s21] in dB. Similarly the reverse power gain of a two-port is defined as the ratio
of the power delivered to an input load equal to Zj to the power applied to the output from a source impedance equal to
Zy:ie., |s12]?, or 201og, |s12| in dB. For passive devices, the power gain is less than or equal to 1. For active devices, the
power gain may be greater than, equal to, or less than 1.

Insertion Loss (IL) is the ratio of power applied to the input of a two-port to the power delivered to a load attached to the
output, when the source and load impedances are Z. In other words, IL is the reciprocal of forward power gain, and is

> 1 for passive two-ports. In terms of s-parameters, IL= |s9; |_2 or —201log; |s21| in dB. Although forward power gain
and IL report essentially the same information, forward power gain is more commonly used to describe active two-ports
whereas IL is more commonly used to describe passive two-ports.

Reverse Isolation is analogous to IL, but applies in the reverse direction: It is the ratio of power applied to the output of a
two-port to the power delivered to a load attached to the input, when the source and load impedances are Z,. Thus, it is the
reciprocal of reverse power gain and is > 1 for passive two-ports. In terms of s-parameters, reverse isolation is |s 12|72 or
—201log( |s12| in dB.

Input & Output Return Loss (RL) are defined as the ratio of power applied to the port to the power returning from the
port, when the source and load impedances are Z. Applying s-parameter definitions, we see input RL is |s11 |72 or
—2010g, |s11] in dB, and output RL is |s92| > or —20log; |s22| in dB. Note passive devices always have RL > 1

(> 0dB). Be aware that RL is sometimes reported as a gain, so that passive devices are reported to have RL less than 1
(< 0 dB). This unfortunate practice can usually be inferred from context.

Input & Output Impedance. The impedance Z; looking into the input of a two-port whose output is terminated into Z
can be determined by first noting

Zy — Zy
s = ==>>=— 8.28
11 'S Z (8.28)
and then solving for 71, yielding
1
7y = Zg— 51 (8.29)
1—s11
Similarly the output impedance Z5 looking into the output of a two-port whose input is terminated into Zj is
1
Ty = Zg—t 522 (8.30)
1-— $922

An important point about all of the above metrics: These are intrinsic characteristics of a two-port; they do not necessarily
indicate what happens when you connect the two-port to other devices. For example: If you connect the output of a
two-port to a load Zj, then the magnitude of the reflection coefficient with respect to a source impedance Z is equal to the
inverse square root of the input RL. However if the source or load impedances are not equal to Zj, then the input reflection
coefficient is not simply related to the RL; instead, it is given by Equation [§.33] as explained in the next section.

Example 8.2. What is the forward power gain, IL, reverse isolation, RL, and input impedance for a two-port in
which (a) the output terminals are directly connected to the input terminals, (b) the output terminals are disconnected
from the input terminals, and (c) the output terminals are connected to the input terminals by a series resistance equal
to ZO o

Solution: We worked out the s-parameters for these three cases in Example[8.] so we need only to apply the
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definitions:
Two-Port |s21]” IL Rev. Iso. RL 73
(a) 0 dB 0dB 0dB +oodB Z
(b) —o0dB +o0c0dB  +oodB 0 dB 00
©) —3.5dB 3.5 dB 3.5dB 9.5dB 2%,

We continue with some additional ways in which two-ports are characterized:

Reciprocity. Passive two-ports will usually be reciprocal, meaning their behavior does not depend on which port is
considered to be the “input” and which port is considered to be the “output”. Consequently, Sy, = Spm . All two-ports
considered so far in this chapter have been reciprocal. Two-ports containing active devices are typically not reciprocal, nor
are passive two-ports containing non-reciprocal devices or materials.

Lossless vs. Lossy. Passive two-ports can be classified as “lossless” or “lossy”. Since a; and ay represent power flowing
into the two-port, and b, and by represent power flowing out of the two-port, the principle of conservation of power
dictates that a lossless two-port has |b1|? + [b2|? = |a1]? + |az|?, and a lossy two-port has |b1|? + |b2|? < |a1]? + |az|*.
The lossless/lossy distinction is usually not meaningful for a two-port containing active devices.

Unilateral vs. Bilateral. Usually, we prefer power within the two-port to flow only in one direction; i.e., only from the
input (17 port to the output (“2”) port. This condition implies s;5 = 0. A two-port having this property is referred to as
“unilateral”’; otherwise, it is classified as “bilateral”. This distinction will become an issue when we consider gain and
stability of embedded two-ports in Section and in Chapter [I0] when we consider amplifier design.

8.4 Properties of Embedded Two-Ports

We now consider the behavior of two-ports embedded in a larger circuit. From the perspective of the two-port, the rest of
the circuit presents an impedance to the input and/or output ports which is possibly different from the reference impedance
Zy. When embedded, the input impedance (looking into port “1” of the two-port) and output impedance (looking into port
“2” of the two-port) change, with an associated change in reflection coefficient, gain, and so on.

8.4.1 Reflection Coefficient for Embedded Two-Ports

A common problem is to determine the reflection coefficient I';,, at the input of a two-port with respect to the reference
impedance Z;, when the output is terminated into an impedance Z;, # Z. This is shown in Figure[8.10l (top). First, by

definition:

b $1101 + 81262 a
= == ———""°= =311 + S10— (8.31)
ay ay ai

Fin

Let I, be the reflection coefficient looking into Zr,, with respect to Zy; i.e.,

Z5, — 7
I, = TJrZZ (8.32)
Note I';, = as/bs. We can use this to find as/aq in terms of the s-parameters and I';, as follows:
e R (8:33)
Solving for as/as:
o2 _saln (8.34)

aq o 1-— SQQFL
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Figure 8.10: Definitions of the embedded reflection coefficients I';,, (top) and I',,,,; (bottom).

Substituting this expression into Equation [8.3Tk

r
Din = 811 + 22220 L (8.35)
1 —s00I'g,

Example 8.3. In Examples[8.1land[8.2] we considered a two-port consisting of a series resistor connected between
the input and output terminals. What is the reflection coefficient at the input if the source impedance is Zy and the
load impedance is (a) Zy, (b) 0, (c) oc.

Solution: We determined in Example[B.dlthat s11 = s22 = 1/3 and s12 = s91 = 2/3. (a) By definition,
T =T = s11 = 1/3. However we can also use Equation [8.35lwith Z;, = Z, which yields I';, = 0 so again
Ty, = 1/3. (b) When Z;, =0, T';, = —1, so from Equation8.33 T';,, = 0. (¢) 'z, = 1,s0 [';, = 1.

Similarly, we can find the reflection coefficient I',,,,; at the output of a two-port with respect to the reference impedance
Zy, when the input is terminated into an impedance Zg # Zj. The derivation is left as an exercise for the student
(Problem|[8.7.3)). The result is

S128911
Tout = S99 + —22t 5 (8.36)
1-— 511FS
where P P
s — Zo
g ==-"-——+ 8.37
57 Zs+ Zo (8.37)

8.4.2 Transducer Power Gain (TPG)

Another common problem is to determine the contribution of a two-port to the gain of a system in which it is embedded.
This is the intrinsic forward gain (defined in the previous section) only if Zg = Z1 = Zj. If either Zg or Z, are different
from Zj, then the situation is not so straightforward. A particularly useful definition that applies in this case is transducer
power gain, also known as TPG or G, defined as follows:

G = Power delivered by the two-port to a load impedance Z;,
T

= 8.38
Power delivered by the source to a conjugate-matched load (8.38)



198 CHAPTER 8. TWO-PORT CONCEPTS
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Figure 8.11: Quantities used in the definition of TPG: (a) P4, the power available from a source, and (b) Py, the power
delivered by a two-port to a load.

This is a relatively complex definition. To make sense of it, let us first consider the numerator and denominator separately.

The denominator in Equation[8.38lis the definition of available power, P4. Figure[8.11(a) illustrates the concept. For
simplicity, let us refer to all circuitry connected to the input of the two-port as “the source”. A Thévenin equivalent circuit
for the source consists of a source voltage vg in series with the source impedance Zg. The source delivers maximum
power to the load when the impedance of the load is Z§; i.e., a “conjugate match”. Py is the power delivered to the load in
this scenario, which is readily determined to be

. Z3 vg : |vs|?
Pys=R =R s = 8.39
4 =Re{vaiz} e{[vSZS+Z§] [ZS+Z§] } AR (8.39)

where we have assumed vg is in root mean square (RMS) as opposed to peak units. Similarly the numerator in
Equation[8.38lis given the symbol P, and is simply

P =Re{vLi}} (8.40)
as indicated in Figure 8. 11kb).

Example 8.4. A two-port consists of a series impedance equal to the reference impedance Zy = 50 2. This two-port
is driven by a source with open-circuit voltage 1 V (RMS) and impedance Zg. The output is terminated into a load
Zr. Let Zg = Z1, = Zy. Compute the power available from the source, power delivered to the load, and from these
quantities compute TPG.

Solution: The power available from the source is P4 = |vs|?/(4Rs) = 5 mW. The power delivered to the load is

Pr, = Re{vri} }. From elementary circuit analysis, vy, = 1/3 V and iz, = 20/3 mA, so P;, = 2.22 mW. Applying
the definition of TPG: G = P, /P4 = 0.444 = —3.5 dB.

Example 8.5. Repeat Example 8.4l now with Z;, = 100 Q.

Solution: The power available from the source is still P4 = 5 mW, since noth